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Abstract: A method has been introduced recently for deriving indefinite integrals of special functions that satisfy homogeneous
(nonhomogeneous) second-order linear differential equations. This paper extends this method to include indefinite Jackson g-integrals
of special functions satisfying homogeneous (nonhomogeneous) second-order linear g-difference equations. Many g-integrals, both
previously known and completely new, are derived using the method. We introduce samples of indefinite and definite g-integrals for
Jackson’s g-Bessel functions, g-hypergeometric functions, and some orthogonal polynomials.
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1 Introduction and preliminaries

Conway in [1] introduced a simple method of deriving indefinite integrals. The method applies to any special function
satisfying an ordinary differential equation. The main result derived in [1] is the indefinite integral

/ Sx) (B (x) + p()h (x) +q(x)h(x) y(x) = £ (x) (K ()y(x) = h(x)y (x)),

where f(x) satisfies the first-order differential equation

10 = exp( [ px)a).

Here p(x) and g(x) are arbitrary complex-valued differentiable functions of x in R, with A(x) being at least twice
differentiable. In a series of papers, see [1,2,3,4,5,6,7,8], Conway developed this method to obtain more indefinite
integrals. This paper extends Conway’s results to include special functions satisfying second-order g-difference
equations.

Throughout this paper, ¢ is a positive number less than 1, N is the set of positive integers, and Ny is the set of non-
negative integers. We follow Gasper and Rahman [9] for the definition of the g-shifted factorial, g-gamma, g-beta function,
and g-hypergeometric series. A g-natural number [n], is defined by [n], = ll%qqn, n € Ny. The g-derivative D, f(x) of a
function f is defined by [10,11]

() = flg)
(1—g)x

* Corresponding author e-mail: Karima.Mohamed @suezuniv.edu.eg

(D(]f)(x) = ’ lfx#oa
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and (D, f)(0) = f'(0) provided f’(0) exists. Jackson’s g-integral of a function f is defined by [12]
a o
| F0di=(1-g)a Y ¢'flaq"). ac . M)
n=0

provided that the corresponding series in (1) converges. A function F(x) is called anti-g-derivative of a function f(x)
if DyF (x) = f(x). if F(x) is any anti-g-derivative of f(x), then the most general anti-g-derivative of f(x) is called an
indefinite g-integral and denoted,

[ £ dyx = )+,
where C(x) is a g-periodic function, i.e. C(x) = C(gx), for all x. From the g-product rules
Dy(uv)(x) = D M( Jv(x) + u(gx) Dy (x), @)
D1 (uv)(x) = Dy-1u(x)v(x) +u(x/q)Dy-1v(x), 3)

and the fundamental theorem of calculus, see for example [13], we obtain the indefinite g-integration by parts rule:

/u(qx)Dq (x)dgx = (uv) /D u(x
/u(x/q)qulv(x) dgx = q(uv)(x/q) — /qul u(x)v(x)dyx. @

Moreover, if f and g are defined on an interval [a,b], a < 0 < b, and they are continuous at zero, then

b
/ D, u(x)v(x)dgx = u(x/q)v(x/q) ’ - —/ u(x/q)D,-1v(x)dyx. (5)
a
We shall use the following proposition from [14].

Proposition 1.Let the functions f and g be defined and continuous on [0,0[. Assume that the improper Riemann integrals
of the functions f(x)g(x) and f(x/q)g(x) exist on [0,00]. Then

- _J(0)g(0), 1=
/ FDgg (e = FEE Zing — | 8D, £

0
N f(lo)igéo) Ing— /:g(czx)qu (x)dx. ©

The remaining sections of this paper are organized as follows. In Section 2, we derive a g-analog of the Euler-Lagrange
method. The method will generate indefinite g-integrals for functions satisfying homogeneous and non-homogeneous
second-order g-difference equations. Section 3 contains applications of the derived method to Jackson’s g-Bessel and
Struve functions. Section 4 includes applications of the derived method to other special functions. Finally, we added an
appendix for the definitions and main properties of the functions we need in this paper.

2 The g-type Lagrangian method for second-order g-difference equations

In this section, we extend the Lagrangian method introduced in [2] to functions satisfying homogeneous second-order
g-difference equations of the form (7) or (14) below. We also extend the method introduced in [1] to functions satisfying
non-homogeneous second-order g-difference equation of the form (21) or (23) below.

Theorem 1.Let p(x) and r(x) be continuous at zero functions defined on an interval (a,b), —eo < a <0 < b < . Let y(x)
be a solution of the second-order g-difference equation

éququ(x) +p(X)Dy-1y(x) +r(x)y(x) =0 (x € (a,b)). 7
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Then

/ ) (éDq,Ith(x) + pU)D 1h(x) + r(x)h() ) () dyx

= 1/a) (Y6 Dy h(x) = h(x) Dy () ), ®)
where h(x) is an arbitrary function, and f(x) is a solution of the first order g-difference equation
1
aDq—lf(x) =p()f(x). ©)

Proof.Applying (4), we obtain

[ WD, D x) = 1 )y D 1)
! (10)

— % D, 1h(x)D 1 (f(x)y(x))dgx.

From (2), we get
1 1/
> / Dy-1h(x)Dy-1 (f(x)y(x)) dgx = ~ / J(x/q)Dy-1y(x)Dy-1h(x) dgx
q | q (11)
> / D1 h(X)D1 (f(x))y(x) dy.
Applying (4) on the first g-integral on the right hand side of (11) and substituting into (10), we get
1
p / FOED, 1 Deh(x)dgx = £(5/q) (¥(/g)Dy1h(x) — h(x/ @)Dy 13())
1 1
+ / () £(3) 2Dy 1 Dy (x) e+ / WD 1¥(¥) D1 f3) dy. (12)

Substituting with the value of éququy(x) from (7) and using (9), we get

/ ) (éDq,] Dyh(x) + p(x)Dy 1h(x) + r(x)h(x) ) () dyx
= 1¢/a) (¥(x/@)Dy-1h(x) — h(x/q)Dy13(2)). (13)
But one can verify that
£c/) (Ye/ @)Dy 1h(x) = h(x/@)Dy15(x) ) = £(x/) (¥(6)Dy 1h(x) = hx)D,1¥(x)).
This yields (8) and completes the proof.

Remark.It is worth noting that the right-hand side of (13) can be represented as f()W,-1(v,/)(x), where W1 (v, ) (x) is
the g~ '-Wronskian defined by

W1 (0,2)(x) = y(x)Dy-12(x) — 2(x)Dy1y(x),
see [15,16].

Theorem 2.Let p(x) and r(x) be continuous at zero functions defined on an interval (a,b), —o0o <a <0 < b < oo. Let y(x)
be any solution of the second-order g-difference equation

éququ(x) + p(x)Dgy(x) +r(x)y(x) = 0. (14)
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Then

/f(x) (%ququh(x) + p(x)Dgh(x) + r(x)h(x))y(x) dgx

= 100 (YD, 1h() = h(x)Dy13()), (15)
where h(x) is an arbitrary function and f(x) is a solution of the first order g-difference equation

Dyf(x) = p(x)f(x). (16)
Proof.-We omit the proof because it is similar to the one of Theorem 1.
Corollary 1.In Theorem 1, let h(x) be a solution of the inhomogeneous equation
1

1
;Dq*] th(x) +p(x)Dq*'h(x) + r(x)h(x) = f(x) ’ (]7)

where f(x) is a solution of (9). Then
[300dex = £/ 35/ DD-1h() = b5/ D17
= £(x/q) (Y)D,-1h(x) = h(x)D-1¥(x)).

Proof.Let h(x) be a solution of the inhomogeneous Equation (17). Substituting with (17) into (13), we obtain the required
result.

Corollary 2.In Theorem 2, let h(x) be a solution of the inhomogeneous equation
1 1

§ D e () + LI+ r(h(x) = . (18)

where f(x) is a solution of (16). Then
3@ = 1) (36D, 1hx) ~ WD, -1y() ). (19)

ProofLet h(x) be a solution of the inhomogeneous Equation (18). Substituting with (18) into (15) yields (19) and
completes the proof.

Theorem 3.Let p(x) and r(x) be continuous functions at zero. Let y(x) be any solution of the second-order q-difference
Equation (7). Then

| e [%Dq,lz)qh(x) - p()D,-1h(x) + r(0)h(x) | y(x)dx

= (th(O)y(O) - h(O)qu(O)), (20)

where h(x) is an arbitrary function and f(x) is a solution of (9).
Proof. Applying Proposition 1, we get

D4h(0)£(0)y(0)

/0 e

1

Ing—— / D, 1h(x)D, 1 (f(x)y(x)) dx.
qJo

From the g-product rule, we obtain

D,h(0)£(0)y(0)
l—¢q

1 [ 1 /=
- /0 Dy h()f(¢/a)Dy 1y(e) e /O D1 h(x)y(x)D, 1 f(x) dx.

/wa(x)y(x)Dquq h(x)dx = Ing
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Applying the Proposition 1 again, we obtain

-/ meh(x/q)f(x/q)quny(x) dr= %ﬂ’;y(o) Ing
+/ h(x) f(X)DyD, -1 ¥(x dx+/ h(x)D,-1y(¥)D, f(x/g)dx
Using Equations (7) and (9) yields
1 D,h(0)£(0)y(0)

Thus, we get the desired result.

Theorem 4.Let p(x), r(x), and g(x) be continuous functions at zero. Let y(x) be any solution of the second-order g-
difference equation

D, 1 Dyy ()4 D, 13(3) + () = (). e
Then
[ 16) (5241010 + pla >Dqlh<x>+r<x>h<x>) () dye =
£(5/9) (YWD, 1h() = h(x)Dy 13(x /f
£(x/9) (y/ @)Dy 1h(x) = h(x/ Dy 15(0) + [ FLORCR)gl) dy, 2)

where h(x) is an arbitrary function and f(x) is a solution of (9).

Proof.The proof is similar to the proof of Theorem 1. In Equation (12), substituting with the value of équl Dgy(x) from
(7) and using (9), we obtain (22) and completes the proof.

Theorem 5.Let p(x), r(x) and g(x) be continuous functions at zero. Let y(x) be any solution of the second-order g-
difference equation

%qunmx)+p<x>qu<x>+r<x>y<x> — g(x). 23)
Then,
1
/ £(%) <51)q1 Dyh(x) + p(x)Dgh(x) + r(x)h(x)) y(x)dyx =
50 (Y92, -1hx) ~ D)) + [ F@I(x)gx)

where h(x) is an arbitrary function and f(x) is a solution of the first order q-difference Equation (16).

(24)

Proof.The proof follows similarly as the proof of Theorem 4.

3 Applications to g-Bessel and Struve functions

There are unlimited indefinite g-integrals follow from (24) as i(x) is an arbitrary function. The art of using Equation (13)
is to choose A(x) to give interesting g-integrals. In this section, we introduce applications to Theorems 1 and 2 to define
g-integrals of g-Bessel and Struve functions.
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3.1 g-Bessel functions

Theorem 6.Let m and v be complex numbers, such that R(v) > —1 and R(m+v) > 0. IfJ‘(,3)(.;q2) is the third Jackson
q-Bessel function defined in (1.3), then

1 Vg — 4" "ml;
+1 _ WYq g ) 3. 2
J* (u_q)z e TRl
—m_m m m—
= g" ! (—[x]qJé”(x;qQ)q 'un§3>(x;q2)), 25)

or equivalently,

1—q)? X
— ! N () + o
x I—q
In particular,
/xVHJ‘(?) (.x;q2)dq-x — (1 _q)XVjL]J‘(,i}l(x;qz), (27)
and
) X\ 1V x
/xl VJS,3)(x;q2)dqx= —(1 _Q)(é) J\(,S,)l(g;qﬂ. (28)

Proof. The third Jackson g-Bessel function J‘(,3) (x;¢?) is defined in (I.3) and satisfies the second-order g-difference equation

(I.15). By comparing (I.15) with (7), we obtain

I q" (1-¢")
- = 1— . 29
P = )= (1- 85 9)
Thus f(x) = x is a solution of (9). Also, Equation (8) associated with the third Jackson g-Bessel function is
3 3 X (.3 3
[ %) dyx = (@)D k() D1 (57)) (30)

where

1 1 —v 1—g")2
(Lg?\)/h)(x):aququh(x)nL%quh(x)Jr 1 7 <1( 7") >h(x)_

Substituting with #(x) = x™ into (30), and noting that

() g a g —q VI
L = -
(Lygiy)x™ =" ((1Q)2 a |
we obtain

. 1 VI —a""mlg\

./f’“((l_q)z L) S )

(3. 2
. m|gJy 7 (x;q m—

_ ot (Hgvx#—q qu1153>(x;q2)>,
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using the g-difference equation [17, Eq.(3.5)]

1-v
q' Vv
D,y (v:q) = 7)([ g9 (i) - ff

we obtain

/ X << i [v];qzmmg) I () dy

1—gq)? x

_ e <<qv’"[m1q = Y1) ), 2) 1 o (x;q2>> |

X v 1—gq
Substituting with m = v into (26) gives (27). Substituting with m = —Vv into (25) yields
/ VI (P dgx =
g’ (1—q)°x"™" (L: MqJ@ () —q " "'Dy I (v 612)) :
Applying [17, Eq.(2.10)] (with x is replaced by g )

=y x x
LD )00 i) = L i i),

using 15,3)(5;512) =x(qg7' - 1)Dq71J\(,3) (:¢%) + I8 (x:¢%), we obtain

3 - 3 " () X
W g +q Dy (vg?) = 7 — _qfﬁ,)](;;qz)-

q' "Vl

Substituting into (33), we get (28) and completes the proof of the theorem.

Remark.Equation (27) is equivalent to [17, Eq.(2.10)] (with v is replaced by v + 1)

xv+1

l—g¢q

3 3
D, (xVHJ‘(,ll(x;qz)) = J‘(, >(x;q2).

Proposition 2.Ler 1 and v be a complex numbers. Assume that R(1) > —1 and R(v) > —1. Then

. —VIy, —u 2_ -V VZ
/x(q l[v_q”]“rq M"xzq []q>Jﬁ”(x;qz)l,f)(x;qz)dqx

= (g — VI (I (02

X 3 3 3 3
e (A2 (g2 (50%) = 5 s g () )

Proof.The proof follows by substituting with A(x) = J, ,(f) (x:¢?) into Equation (30).

For the convenience of the reader, we set the following notations in the remaining of this section.
Apy = q "[n—V]y[n+ V],
Chy = q% [n+v],+ qii‘ n—v+1],
Kuy = —n=3 (qfv[n +Vvlg+q¢'In—v+ 1]q),

(1 +q)—v+1

Cvlg) = LoD (v+ 1)

€1y

(32)

(33)

(34)
(35)
(36)

(37)

© 2023 NSP
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Theorem 7.Let m and v be complex numbers, such that R(v) > —1. Let sin(-;q) and cos(+;q) be the functions defined in
(1.10) and (1.11), respectively. Set

A 3ntvil

Nn,v =q ? (1 _Q)An,v

—1 -1 -1
q—n+v[n_v] ) qT(n+v+2)x qT(n+v+2) qT(n+v+1)x
Dy y(x):= ; < sin( —4 1q) + g cos( 4 3q),
—1 —1 —1
. q’"*v[n—v]q qT(n+v+2)x qT(”JrV“) ] qT(n+v+1)x
Duyv(x) == 1q) — 4):
() T eos( i) - T sin L)
Then
1 =1
: T(n+v+1)x 1 ~ T(n+V)x
/([Zn—f—l]qxncos(qlT;q)—f—q?x”1Nn,vsin(%;q) J\(,3)(x;q2)dqx
—1
- (n+v+2)
3n+v+2 X n+v+2 . 2 X
=g (1= D R (i) g sin(E =) (s ), (38)
and
—1 1
. T(”+V)x ) T(n+v+1)x
/<Xn1Nn,vCOS(%QQ)[2”+1]q’f"51n(q17§® 19 (x:q?) dy
Ity il (3),X - PRV R qT'(n+v+2)x (3) 2
=q 2 (1—q)X""'Dyy(x)Jy (g;q)Jrq T X cos(li_q;q)JvH(x;q ). (39)

Proof.From Theorem 6, we get f(x) = x is a solution of (9). Equation (13) associated with the third Jackson ¢-Bessel
function is

3 3 X 3), X 3

J LR ) s =% (17D, ) — b/ @)D, 11 ) ). (40)

where

1 1 1—g")2
(Lg?efh)(x):aququh(x)nL%quh(x)Jr 1 <1( 7") >h(x)_

L (n+v)
Substituting with A(x) = x" sin(4 217q =, q) into (40), we get

—1
> (H+V)x

l—gq

—1 —

< (Bn+v+2) 19 1 = (nt+v+1)
q [2n+ ]f]xnflcos(q x
l—gq l—gq

(L))h(x) = 2

3q) +Ap X" sin( :q).

Hence, substituting into (40) yields

%'(n+v)x

) F (vl e 3
/ [2n+1]x cos(ﬁ;q)Jqux N,y sin( —¢ 3q) | v (x:q7) dgx

n+v+2 —1 |
(1 — gt 5 (n+v+2), o (ntv+l), X
_ (q ( q ) sin(q ;q)+anOS(q ] - ;q) xn+lj‘(/3)(5;q2)

X 1—gq

Then, from

qlv x
DI (x:4%) = &153)(;;42) -7 iq)@l(x;qz),

=
—~

S ty)
see [17, Eq.(3.5)], we obtain (38). Similarly, (39) follows by substituting with i(x) = x”cos(" 2]7; < ¢q) into (40) and

using

F(n+v) q%(3n+v+1)[2n+1]q i

- q) — - X" sin(

q%'(nJrqu])x

(LEA() = Anya"cos( )
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Corollary 3.For R(v) > —1,

l—g¢
KVl ~(vH3)y x gty
= 2v 1] (qvcos(q =¢ ,Q)J$3)(5;q2)+q"+'sm(7q17(] ;q)J‘(Eg](x;qz) , 41
q
and
~(v+3)
/x" sin(%;q)]ff)(x; q*)dyx
XVt gy 3) X | —(v+1) 5
= —[2v+ ]] <qV sln(_q =, ;6])]\(; )(a;qZ) 7qV+2 COS(%;Q)J\(HEI(X;QZ) ' (42)
q

Proof.The proof follows by setting n = v in (38) and (39), respectively.

Theorem 8.Ler R(v) > —1, L € C and R(m+vVv) > 0. IfJ‘(,l)(/'Lx|q2) is the first Jackson q-Bessel function defined in
(I.1), then

[ ( 24 qm[m]éxz qv[v]é) I Gl =
o (qm[m]q;qV[V]qjél)(lxmz) +q"lJ‘(,21(lx|q2)) _ (43)
In particular,
[x 1 0la?) dy = ’%J&EI (Axlg?). (44)
and
[0 g = =, ). 45)

Proof.The second Jackson g-Bessel function J‘(,z) (Ax|g?) is defined in (I.2) and satisfies the second-order g-difference

equation (I.16). By comparing (I.16) with (14), we obtain

a2 (] —
p(x):M, r(x)

X X

I M\
- : .

X

Th =
I = o ).
g-Bessel function will be

is a solution of Equation (16). Also, Equation (15) associated with the second Jackson

X
/ (—x2A%2(1 —q)%;¢?) (Lg’%)qh)(x)J\(/Q)(AxVIQ)dqx =
X
2221 — )% 4% (J‘(’Z) (Ax|q2)Dq,1h(x) - h(x)Dq*]JS/z)(lﬂqz))v (46)
where
1 1—gA%x*(1— gA>x> — g )2
L0 = 20, Dyh(a) + =P P g Mg, “7)
© 2023 NSP
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Substituting with h(x) = x™, we get

LB = g (mz A q”[v]é) |

Hence, substituting into (46) yields

Kt my 2 -2y 7(2) 2
/(—xmz(l—CJ)z;qz)m ("3 A=) Iy (Aol dopr =
—m 2 2
(_xzsz]m ilq)z;QZ)w (q [m]"Ji)(MQ) i, oIV (Axlg )) (48)
using [18, Eq.(2.1)],
Dy a8 i) = C g2 )~ g1 ), )

and by substituting into (48), we obtain

Kt mo 2 -2y 7(2) 2
/(fxzxz(lfq)z;qz)oo ("4 A 5) (Al g =

art (q’"[m]q —4q "[Vly

(—=222(1 = ¢)%:¢)w x

By using (1.4), we get (43). Substituting with v = m into (50) yields

I (Axlg?) + ¢ AT (Axlg? ) (50)

xv+l

/. xv+l J(z)(l | Z)d -
| =g 4 = S g

using (1.4), we get (44). Substituting with m = —v, into (50) and using [9, Eq.(1.25)] (with x is replaced by 2xA (1 — g)
and ¢ by ¢* )

(Ax|q?), (51)

2
I (Axlg) — 2Vl 100102 — 2 (axlg?), (52)
X

we get
x @ (2xle? —x! @ (52
/ (_lez(] _51)2§C]2)oojv (Ax|gq )qu: l(—xzﬂ(l —q)Z;QQ)MJV*I(Axm ), (53)

using (1.4), we get (45).

Example 1.For v =0 and m = 1, Equation (43) will be
[ (1422¢2) 3 (xl?) dy = w1 (xig?) + a2 (xi?).
Moreover, if A is a zero of JO (x|q ), then
/Ol (1 + lzqzxz)lé])(),ﬂqz)dqx = ql]l(])(qu)

Theorem 9.Let v and n be a complex numbers with R(v) > —1. Let Siny(-) and Cosy(-) be the functions defined in (1.8)
and (1.9), respectively. Set

Mn—v
) 1= LM i (7 4) 4 3 Cosy (g ),
= tn—v
() = LM o () — i (g,

© 2023 NSP
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Then
(-1 L ong3 nt 3 (1)1 2
(x" ApvSing(q"2x) +X"C v (x)Cosy(q" 2x) ) Jy ' (x|g”) dgx
= (L (I8 (31g%) + 0 Sing (g 2003, (<)) (54)
and
[ (- AnyCosya2) —x"cn,v(x)Sinqw%x))Jé”<x|q2>dqx
= (LI W)+ 47 Cosy g 0 ). 63)

where A, v is defined in (34).

X

(—?*A%(1 = q)%q%)e

Proof.From Theorem 8, we get f(x) = is a solution of (16). Substitute with A(x) = x”Sinq(q”*%x)

and A = 1 into (47), we get
(LR (x) = gx" ! (x*‘An,vsmq(qH%x) + cn,v(x)cOsq(qH%x)) .
Hence, substituting into Equation (46), using (49) and the identity
Sinq(q’”r%x) (1 - )xCosq(q”%x) —i—Sinq(q"Jr%x)7

yields

' 1 _ PR il
/(7x2(17q)2.q2) (xn 'AnvSing(q" " 2x) + 2"Cy,v (x)Cosy (g +2x))J‘(,2)(x|q2)dqx

xn+l

= St g Unr @AY l6) + ¢ Singlg 4002, () ). (56)

using (1.4), we get (54). Similarly, we get the g-integral (55) by substituting with A(x) = x”Cosq(q”+%x) into (46) and
using (/.4) and

(L) () = @' (x7 Ay Cosy(¢" ) = Gy (¥)Sing (4" 1) ).
Corollary 4.For R(v) > —1,

[ Cosy(a* 10wl d,

xv+1

= iy, (Cosala TR (W) +g3Singlg" 1)L (e ). (57)
q

and

[ x¥Singa" 300 e d,

xv+1

. 1
= Vil (qu( V+2x (x|q —q2"VCosy(q V+2x (x|q )) (58)
Proof.The proof follows by setting n = v in (54) and (55), respectively.

Theorem 10.Ler 1t and v be complex numbers. Assume that R(v) > —1 and R(m+v) > 0. IfJ‘(,z) (Ax|q?) is the second
Jackson g-Bessel function defined in (1.2), then

v (R BB
/x +1 <?+ q(imxz L) (xlg®) dgx =
—q" Vv )L

© 2023 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

454 ~N S B G. Heragy et al.: An efficient method for indefinite g-integrals

In particular,

)v+1 Ax

X
/xv+11\(,2)(lx|q2)dqx= (QTJ\(i)l( p 7).
and
L X))V Ax
/x1 VJS,Z)(lx|q2)dqx: fi(q; Jﬁ)l(;lqz)-

Theorem 11.Ler v and n be a complex numbers with R(v) > —1. Let sing(-) and cos,(-) be the functions defined in (1.6)
and (1.7), respectively. Set

Vi _y
Puy(x) =1 " sing (g 2x) +¢ "% cos, (g ),
—n+V[,
Py (x) = 1 n =V, cos (qfnfgx)fq’”*j sin (q’”’%x).
Then
“sing (g "2 13 1) 7@ ([ 2
[ (A= sing (g 30) 4 Ko cosy (g7~ 10) 17 (o)
X . o3 X
:xﬂ“(Pn,v(x)fﬁz)(glqz)+qV*”*1smq(q " zx)15?1(5|q2)), (60)
and

/ ‘ (An,vx”*1 c084(q " 2x) — Ky " sinq(q*"*%x))#) (x|q%) dyx
= By (R Clg%) 47 eosy (a7 2017 (G, 61)
where A, y is defined in (34).
Corollary 5.For R(v) > —1,
[ ¥ cosyla™ NI (6l s

xv+l b3 @)%, » 1 R o ox
= VT30 - V43 o -v—3 J( ) (X 2 )
q*“[2v+1]q(0054(‘1 AN la)+ a7 sing(q 7200y, (T10) ),
and
[ singla™ 300 @l dir

xv+1

_ v @ X oy v 3@ X o
= iy R Gl = R eosyla R Gl

3.2 g-Struve functions

Theorem 12.Let R(Vv) > %1 AeC, and R(u+v)>—1. IfH‘(,3)(-;q2) is the g-Struve function defined in (1.19), then

. 14+v V4t
1 2 v=172y g3y .. 2 _ATVCy(g)x
./xIH (Apyvx 2 +q V"2 Hy (Ax;q° ) dgx = v e,

—u
FRTES (qTM"H‘(,” (Ax:q%) — g~ ' D B (A, qz)) , ©2
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or equivalently,

A’ ATVCy () — V]
ptl [ va 22 VB Ay g? _ v q VAUl
/x (q v ‘]) v (e ) dgx quv[VﬁLliﬁLl]q[zvﬁLl]qx

v—p o
+xu+1 (q [.u]f] [v]qH\(,3)(lx;q2) + &H‘(,i)l(lx;qz)> . (63)
X q
In particular,
v+1
/xv+1H\(,3)(7Lx; qz)dqx = xk H‘(,?l(kx; 7%, (64)
Y
/xlva\(?)(?Lx; q*)dgx = f xlfVH‘(,i)1 (%;qz) +2¥71Cy (g)x, (65)
and
Colg) [ 15 (ax(1 = ) dy =
v
x
flﬂ, (J\(,3)O,x(l - q);qz)quH\(;)(),x; %) — H\(,3)(),x; qz)quJ\(?)(),x(l - q);qz)) , (66)

where Ay, y and Cy(q) are defined in (34) and (37), respectively.

Proof.The g-Struve function H‘(,3) (Ax;¢?) is defined in (1.19) and satisfies the g-difference equation (1.20). Thus,

7 )Lv+lxvfl (1 Jrq)fwrl

glx) = q"“l—éz(%)l—éz(er 5 and  f(x) =x.
Therefore,
A, v+1 y
/ FOh(x)g(x) dgx = <E) Cv(q) / 2 h(x) dg. 67)

For h(x) = x*, Equation (67) will be

AV+ICV(CI) vt

_— 68
g v+u+1], ©8)

[ g dyx =

Substituting with the g-integral in (68) into Equation (22) gives the g-integral (62). The proof of (63) follows by using
[19, Eq.(3.9)] (with x is replaced by g ) to obtain

1—-v
\%
D, 1HY (Axiq?) — qf[]qH@ (Ax;q%) = Cyi1 (q)AV" (g)v —q VAHY) (Axq?),

and substituting into Equation (62). Substituting with v = u yields (64). Substituting with 4 = —v, into (62) and using
[19, Eq.(3.8)](with x is replaced by g and multiplying with x' =) to obtain

A

1 @G g 2, W3, o () (AX. o
aDq—le (),x,q )+ X HV (),x,q ): EHvil(?,q ),
we get (65). Let h(x) = H‘(,3) (Ax;¢*), then
I 1 o q"IVl; AVHCy(q) -
quleqh(x) + &qulh(x) + (q v IAQ — Tq)h(x) = T{»‘;(_xv l. (69)

Substituting with (69) into (13), we get (66) and completes the proof.
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Theorem 13.For R(v) > %‘ Let sin(-;q) and cos(-;q) be the functions defined in (1.10) and (I.11), respectively. Set

Ay = q%(3n+v)A

n,v

%(n+v+3)[ ]

q L(v4n+1) L(v4n42)

Opy(x):= sin(g?

x:q) +cos(q? x:9),

~ qZ

On,v (x) — v+n+1)

cos(g ™ Liv+n+2)

x;q) —sin(q T :q)-

Then

/ ([2”+ 1" cos(qg " xig) + g3 Ay ysin(g 2 (””*')x;q)) HY (x:¢?) dyx
— OH’v(x)H\(}) (g;qZ) _ q%(n+v+l)xn sin(q%](’”r"”)x;q)qulH‘(}) (x:4%)
qnvav (q)xn+v+2

0 v+n+2; 3 v4n+4, 2 v+m+11
mrvi2], (0,9 a’,q (

:q%,q %)

—q)x

)

and
[ (-t 11p0sin(g # 05 xig) 4 2 Ay cos( P 0 i) B (137) dyx
:xth]On,v(X)H\(?)(g;qz) . qth% L COS(q > ("HH)x;q)qulH‘(,”(X;qz)

q%‘(v—3n+2)cv(q)xv+n+l
[v+n+1],

+ 202(0,¢V g7, gV g g Y (11— g) ),

where Ay y and Cy (q) are defined in (34) and (37), respectively.
Proof.Substituting with

h(x) = ¥"sin(g7 "V Hxg) and  h(x) =" cos(qT "V xiq),
respectively, with A = 1 into Equation (22), we get the desired results.

Theorem 14.Let R (v) > 2 ,AeCxeCandR(u+v)>—1. IfH‘(,Z)(-;qz) is the q-Struve function defined in (1.18),
then

L Ay 2+ " 22 HP (Axlq?) d
(7x212(17q)2;q2)m( pyX “+q ) v (Axlq”)dyx

xu+l —H 1
— g (LR ) - LD P i)

A\ VH! . XVHu
+(E) o) | e 70

In particular,

‘ v Oy 20 gx
/ (*lez(lfq)Z;QZ)mHv (lxlq )qu— l(flez(lfq)z;qz) v+](lx|q
A’vfl 2v+l x2v
_ 'q2V+1CV(CI) ([2V+ 1] ( 2&2(1 _ )2 2) _/( 222(1 — )2 2) dqx) y (7])

S @) (1x|g? @) 32
/(—xzﬂ,z(l —q)Q;qZ)wH" (Axlq™) dgx = gA (—2A(1 _q)z;qz)vafl(A)dq )

1,y : 1
o [ = —dy. 72
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and
X @) (A le?) d oy —
Cola) | s g ) dys =
A’flfv Vy
S gn (O Ol )D B i) — B 0D 1 (Ol ) (73)

where Ay.y and Cy(q) are defined in (34) and (37), respectively.

Proof. The g-Struve function H (7Lx ¢?) is defined in (I.18) and satisfies the ¢-difference equation (I.21). Thus,
A ) oy x
— X

= IO = o= g
with h(x) = x*, we get
_AVG(g) xVTH
[ oo dpe= =200 [t dye

Substituting into Equation (24) gives the g-integral (70). Using [19, Eq.(39)] (with x is replaced by g ) to obtain

l—v v+1 —V.,V

(2) o4 Vg 0 o AV (1+g9) % V42

D, Hy" (Ax|q”) - H,” (Ax|q") = qVQ2(%)Q2(V+ 3) Hv+](lx|q (74)
Equation (70) can be represented as
' L A uA%) P (A
/ (7x212(17q)2;q2)m( pvX *+q ) ( x|q)
P qfu u _ql—v v

A v+1 VHatl . xVHu

(5) o0(as T, (22— qPiqD)- *./ P05 ) "q’“) | 7

The proof of (71) follows by substituting with v = u into (75). Substituting with 4 = —V into Equation (75), using (74),
and [19](with x is replaced by % )

\4

Bt i) + L0, B () = A VD, (i)
to obtain

11— q "[2v] ) 2y ACu(g)x —v-l -
Aq"tix VHV+1(/'{x|q )— o H,” (Ax|g”) = WJFQL v— VH (7Lx|q ),
we get (72). To prove (73), let h(x) = H‘(,z) (1x|g*). Then
1 9"Vl AFeu(g) oo
D, 1Dgh(x) + <;qlzx(1q)> Dyh(x) + <q/1274 h(x) = TV(q)xv L (76)

Substituting with (76) into (15), we get (73) and completes the proof.
Remark.For R(v) > —

(1 —¢g)|< 1and R(u+ v) > —1, Equation (70) can be represented as

o A 122 HP (1
/(_lez(l_q)z;qz)w( pyvXx *+q ) ( x|q*) dg

! g Mg ), 0y 1
= (—lez(l—q)z;qz)w< B Hy” (Ax|q )—aD 71H (lx|q >
/'LV+1Cv(q)xv+'u+1
g" v+ u+1],

2¢](0 qv+u+1 qv+u+3 212( )2)
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Theorem 15.For R(v) > —1. Let Siny(-) and Cos,(-) be the functions defined in (1.8) and (1.9), respectively. Set

—n
Buw) = T i (744 1 Cos, (g 1),
—n
By (x) := q—[n]qcosq(qﬁ%x) —q%Sinq(q’”%x).
Then
()2
- ' 3 3 Hy ™ (x|q”)
X Ay Sing (@3 )+ X'Coy () Cosg (g7 v P
/( nvSing(q"22) + "Gy (¥)Cosy(g x)) (21— )%= "
! @) (1,2 | @)/ 2
T (2195 (B”*V(X)Hv (xlg°) — qSing(¢" "2 x)D -1 Hy™ (x|q ))
V4ng; nt
1—v XV Sing ("2 x)
+ C / dgx,
¢ | A g
and

HY (x4?)
(—2(1-9)% )
xn+1

~ 1
= Tt g B 0HY (6) — aCosy (g 0D, B (4la?))

Y+ Cos (qth%X)
Lalve / q
7760 (—2(1—9)%: ¢

where Ay y, Cuv(x), and Cy(q) are defined in (34), (35), and (37), respectively.

/ (x'“ lAn,V Cos, (q"+%x) —x"Cpv(x)Sing (q"+%x)) dyx

dgx,

Proof.Substituting with i(x) = x"Sin, (q”%x), and h(x) = x”Cosq(q"Jr%x), respectively, into (24) with L = 1, we get the
desired result.

Theorem 16.Let Rv > %‘, AeC andR(u+v)>—1. IfH‘(,1> (-:q?) is the q-Struve function defined in (1.17), then
/ (P22 = %) (Aux 2+ g 22) Y (Axlg?) dyx
A? g *u ~
(T ) (T l?) - 'Y ()

/'LV+ICV (q)var,qul
" v+,

101 (gV T g TR 2 -2 A2 (1 - g)?).

In particular,

[ CRR 0 aPs )b il gy = S (- T (1= @) ()

qlvflcv(q)xz‘%l
2v+1],

+ <1¢1 (@ g~ AN (1 —q)%) — (*?(1 - q)zxz;qz)m> :

l—v, 242 2. 2y (1) 2 —(g0)'Y, A 22 2 ) Ax 5
[P 220 - @) g d = I (- T (1= 0P ()

+q 2 TIAYTIC ()1 91 (g:075 47— A (1= g)?),
and
Cv(q) /xv(—lez(l —9)%:0%) i (Axlg?) dyx =
Vx /12
A (55 (1= 200 (1) (Axlg)Dy - 1Y) (Axlg?) — B (x| gDy 1Y (04l ?))

where A,y and Cy(q) are defined in (34) and (37), respectively.
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Theorem 17.For R(v) > %‘ Let sing(+) and cos(-) be the functions defined in (1.6) and (1.7), respectively. Set

Eny(x) = qfnx[”]q sing(q " 3x) +¢~ "% cosy (g 3),
Epy(x) = qir;[n]q cosq(q*”*%x) — g ) sinq(q*"*%x).
Then
/(—xz(l —9)*:¢))w (A,,,vx"’l sinq(cf”*%x) + Ky yx" cosq(cf"*%x)) H\(,l) (xlg*) dyx
=2 (- q—z (1= )% 6% (Eny (0)H <§ 19%) = a~ " Vsing (g~ 20D, H (x]q%))
F47 710 (g) [ R = g esing (g Ex) dy,
and

_ a3 PR |
/(—xz(l —q)Q;qz)m(A,,,vx” Lcos, (g7 2x) — Ky yx"sing (g ™" 2x))H‘(,1)(x|q2)dqx

x? N x —(n a3
= (=551 @)% D)o (Eny W H (S 1g?) — g~V cosy (¢ 2x)D, 1 HY (x]g?)
q q

£ Culg) [ X (1 g wcosy (g ) dy

where Ay v, Ky v(x), and Cy(q) are defined in (34), (36), and (37), respectively.

4 Applications to g-special functions

In this section, we apply the Lagrangian method we introduced in section 2 to the g-hypergeometric functions, the g-
Laguerre and the big g-Laguerre polynomials, Stieltjes-Wigert polynomials, the discrete g-Hermite I and II polynomials,
and the little and big g-Legendre polynomials.

4.1 The g-hypergeometric functions

a+b+1],

Theorem 18.Let a,b,c be complex numbers, ¢ # 0, o = [a][z][qb]", B = [ i and
o a+b+1],
T = — .
) (I+a(l—g)x) g1 —g*th<x)
Then
" el . a b, c. _ x¢ X, a+l b+l, c+1, X
X (x»Q)aerfCZq’l(q yq g 751;x)dqx_ [C] (a»CI)aerchzﬁbl(Cl ,q -q »Q75)7 (77)
. q
. b. c. _ gx° X,
/XC(X,CI)aer—czd’l (Claaq ,qc,q,x)dqx— m(a@ﬁbﬂ—cx -
aly|blsx X
((1 +%) z¢1(q“+',qb“;q”';q,§) — z¢1(q“,qb;qc;q,x)) :
q
/XC(XQQ)aerH—c(*O‘(l —q)x:q)eTa(x)201(q",6":4 14, %) dyx =
X ox a b. c a+l b+l. c+1. X
E(;QQ)aerch(*a(l*Q)XQCZ)M 201(9,97:q%9,%) — 201 (¢ ,4"" 3 q ;q,g) : (79)
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and

"X(q(B — 0)x;q)oe(X: @) atbs1—c a b, c. _
/ (qilﬁx;q)m 2¢1(q qd 59 ’an)dqx—

q"(1—q) (B 0)xiq)e(3:9)atpi1-c (80)

go+Bi—q) (7' Bx:q)w

<z¢1 (q“,qb;qC;q,x) —(I—¢g)(1— gx)zqh (qa+l,qb+l;qc+];q7 g)) .

Proof. The g-hypergeometric functions > (¢, ¢”;¢;q,x) satisfies the second-order g-difference equation (1.22). By
comparing (1.22) with (7), we get

(1-¢)—(1—¢*"" D)2
x(1-q)(q° — q*x)

 (1-¢90-¢"
x(1—q)%(g¢ —q*tPx)

p(x) = r(x) =
If f(x) satisfies (9), then

F(xX) =x (59 atrpr1—c

The proof of (77), follows by substituting with 4(x) = 1 into Equation (13), and using

(1-¢)(1—-¢")

X
D, 1201(¢",q":¢%9,x) = ‘ 201(¢° T g" g g, =), (81)
1 (1-¢°)(1—q) q

Substituting with A(x) = x into (13), we get

./‘xcil(x;CI)aer—c <[C]q - g[a-i- 146+ 1]q> 201 (qa’qb;qc;q’x) dgx =

M2¢l(qa+l,qb+l. c+1. E)) . (82)

X
xc(—;qmbﬂc(z¢1(q“,q”;qc;q,x)— 14 g,
q clg q

Solving (77) with (82) we get (78). Equation (79) follows by taking 4(x) to be a solution of

(1-¢) (1-¢9(1—¢")

D - - =
x(1—q)(gc —g*tox) 4 th(x) x(1—q)2(¢° — qa+bx)h(x) 0,
Le.
alg|b
h(x) = (_a(] _Q)X§C])oo, o — [ ]q[ ]q
[clq
Finally, Equation (80) follows by taking A (x) to be a solution of
1—g) — (1 —gutbH)z (1 — g
(1-¢)=(1—g¢ )qu,lh(x) (1—¢%(1—g") hx) =o0.

x(1—q)(g¢ — q*Px) ~x(1—q)2(g° — g*thx)
Thus,

L (B-owg.  _farbit,
"= . P

4.2 The big g-Laguerre polynomials

Theorem 19.Let a, b, ¢ be complex numbers. If py(x;a,b;q) is the big g-Laguerre polynomial of degree n defined in (1.23),

then
(b a3 ((qlmlglm—1]g  [mly((a+b)—g"ab) — [m—n| o
/ (ch q)es ( T a9 qab(l—Z))p"(x’a’b’Q)d"x
XA L g)w m x:a.b: m—n+1r, (83)
= ([E)qc;;)qmq) (q[ ]qpni, Lo (qua)(l[]z]b)p"l(x;aq’bq;q)>‘
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In particular,

abg”(1-q) (55 25:9)
(1—aq)(1—bq)(x;q)e

(3, 5:)e
/ ~b I p (xia,byq) dgx = Pn—1(x;aq.bq;q), (84)

(X59)oo
and
M(pra3d)e ([n=1lg  (a+b—gqab) o (g ag 9= [ pu(xia,biq)  pu_i(x;aq,bq:q)
v ( 2 ’aqu(lqulfx))””“’“’b"”d‘f"‘x (5. ( x (—ag(—bg) ) &

Proof.The big g-Laguerre polynomial of degree n is defined in (I.23) and satisfies the second order g-difference equation
(I.24). By comparing (1.24) with (7), we get

:x—q(a—i—b—qab) ") = — q
abg*(1—q)(1 —x) ab(1—q)(1—x)

. The proof of (83) follows by substituting with A(x) = x™ into (8) and using [20, Eq.(3.11.7)] (with

px)

Thus f(x) = (B2
x is replaced by g)
1-n

q "[nly

D sa,byq) = ———————pu_1(x;aq,bq;q). 86

q ]pn(x a q) (1 _aq)(] —bq)pn I(X aq,bq q) ( )

Substituting with m = 0, into (83) gives (84). Substituting with m = n, into (83) gives (85).
Remark.Equation (84) is equivalent to [20, Eq.(3.11.9)] (with n is replaced by n — 1)

(1-aq)(1-bq)

abq2(1 _CI) W(X;avb;q)pn(x§avbQQ),

D, (w(x;aq,bq;q)pn—1(x;aq,bq;q)) =

where w(x;q) =

Proposition 3./f n and m are non-negative integers, then

abg®(1—q) (5gs 239)e
1 —aq)(1 —bg)[n —m]y(x;q)w
m)gpm-1(x:aq,bq;q) pa(x;a,b;q) + [nlgpm(x;a,b;q) pa—1(x:aq,bq:q)) .

/ i) Pm(x;a,b:q) pu(x;a,b;q) dgx =
(x:9)es (

—

=

Proof.The proof follows by substituting with A(x) = pp,(x;a,b;q) and y(x) = p,(x;a,b;q) into (8).

4.3 The g-Laguerre polynomials

Theorem 20.If L% (x;q) is the g-Laguerre polynomial of degree n defined in (1.25) and , = 1 — W, then

+o _ gt m +o+1 _om
[ S (e ey = ) ) s = 2 (U0 i) + 2 12 ) ).

(87)

er?(XQQ)dqx:

/‘ x% (g (1—¢q")x;q)

(G (1= ¢)xig)e [ L3 (559)
(—gx:q)e

T (—xq)- +(1=9)L; (X;q)> ;o (88)

and

oo qoc+1 k q2 1iqn71 1+a) B
¥ (78 ) (TR s e ) ) (Cqmanti(daia)
k=0
=g L% (a;q) — 99 _ o+l a;q). (89)
n

l_qn n—1
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Proof.The g-Laguerre polynomial of degree n is defined in (I.25) and satisfies the second order g-difference equation
(1.26). By comparing (1.26) with (7), we obtain

1= g™+ (1+x) ]
Pl =~ S =
¢**x(1+x)(1 - ¢q) x(1—g)(1+x)
yotl1
Hence f(x) = (7 is a solution of Equation (9). The proof of (87) follows by substituting with i(x) = x™ into (8),
—qx;q)oo
and using [20, Eq.(3.21.8)] (with x is replaced by 2 )
—got! |
DLy (x:q) = 4L (%q)- (90)
(1-4q)
Equation (88) follows by taking A(x) as the solution of
1 ]

D, 1h(x)+

(1 gx(1 1) j) =0,

q
x(1—q)(1+x

which gives h(x) = (g% (1 — ¢")x;¢)<. Taking A(x) as the solution of

—1 [n]q
D k() — p(x) =0,
=g " =g
which gives /(x) = x#, 1, = 1 — 20D Substituting with h(x) into (8), we get
O+ —1 ( [0+ 1] ) X0l (L0 (e g q“"Lo‘jll(x;q)
r ]+ 2 a ) pege oy x = n\6d) 4 T , 1)
/(*qx;q)m altn = 1o g*(1+x) n (4)dy (—x¢9)w \ g% 1—gp
Hence (89) follows by using (1).
Remark.It is worth noting that
x(x x(x+l
—I%x;q)dgxy = ——— L% N (x:1q),
| gt der = g

which is the case m = 0 in (87) is equivalent to [20, Eq.(3.21.10)] (with « is replaced by o+ 1 and n is replaced by n — 1))

Dy (w(xso+ 1:9)L0 (x:q)) = [n]gw(x: 06:q) LY (x:q),

th

where w(x; 0;q) = ————.
(—x:4)

Proposition 4./f m and n are non-negative integers, then

04 a+1

X X
L (x;q) Ly (x:q) dgx =

(o= 1ml0) | e

—X;q)e (LY (x;q) LA (xiq) — L& 1 (x:9)LE (x3)) -

(—x1q)e
Proof.The proof follows by substituting with 2(x) = L%(x;¢) and y(x) = L%(x; ) into (8).

If we substitute with i(x) = L% (x;¢) and y(x) = L¥(x;¢) into (20), we get

o) x(x
———L%(x;q)L%(x;q)dx = 0,if m#n,
/0 = n (X:q) Ly (x39) #

which is the Orthogonality relation , see [20, Eq.(3.21.2)].
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4.4 The Stieltjes-Wigert polynomials

Theorem 21.If S, (x; q) is the Stieltjes-Wigert polynomial of degree n defined in (1.27), ¢ = ﬁi and a > 0, then

ko k Sn—1(qa;9)
q 2 dSy(¢"a;q) = ———"~, 92)
Dy
© ik , m m "S.—1(qa;
Yaqz qmd (qz”[nm]ﬁ%) Sulgiarq) = "5, (arq) + L3-1(09:0). (93)
e} q~a a 1—¢q
¥ o (g4 (- 1a) 2G5 (i) -5, a0 o4
— (S, (qa: (a:q),
k=0 (9a;q)i+1 "
S )
vgh oA DY) g (gaiq) + q"Se(aiq), (95)
k;)q (—¢"aqi " 1(ga:q) +4"Sn(a:q)
and
- g\ eao(q—g"") g *! k Su(asq) |1
S, (¢ a:q) = Sn_1(qa;q). 96
Z,O(l_q”q)q N\ pre T e S wa) == S (qag) (96)

Proof. The Stieltjes-Wigert polynomial is defined in (I.27) and satisfies the second-order g-difference equation (I1.28). By
comparing (1.28) with (7), we get

_ 1—agx _[nq
T e R R ()
Thus f(x) = X3 e’ (c= Thq) is a solution of Equation (9). Substituting with A(x) = 1[”;];’ into (8), and using [20,
Eq.(3.27.7)] (with x is replaced by 2 )
D 18:(50) = = Si1(43:4), ©7)
we get
1 2 x% @Clnz g
x7Z IS, (x:g) dgx = ————S,_1(gx3q), (98)
/ "( q \/q[n]q n (

and (92) follows from (1). Substituting with /(x) = x™ into Equation (8), and using (97) and (1) yields (93). The proof of
(94) follows by taking /(x) as a solution of

1 1
- D _h -
2(1—q) 7" (xsz(l—q)z

Le. h(x) = (¢x;q)- and using (1). Equation (95) follows from (1) by taking A(x) as a solution of

h(x)=0.

1 q"
- D . S
SR L Ty s

i.e, h(x) = (—¢""'x;¢)w. Equation (96) follows by substituting in (1) with the solution of

—1 Y [”]q
x(1 —Q)inlh( sz(l —q)

In(l+qg—4q")
Ing ’

h(x) =0,

h(x) =0,

which is 2(x) =x*, o, = 1 —
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Proposition 5.Let n and m be non-negative integers. Then
1 2 _1 3 2x
([nlg = [m]q) / X2 (x5 )Su(xq) dgx = g 2x2 M 0 (S (x:9)Su-1(9x3) — S-1 (%5 9) S (%)) -
Proof.The proof follows by substituting with 2(x) = Sy, (x;g) and y(x) = S,(x;q) into (8).

Theorem 22.Let n and m be non-negative integers. If Sy(x;q) is the Stieltjes-Wigert polynomial of degree n defined in
(1.27), then

" X" m X2 1—4¢™)S,(x;
/T (qzm[n—M]ﬁ%) Sn(x:q) dgx = ————5 (( 1 ))C n(xid) +q’"5n1(qx;q)), (99)
. (—x,T,q)m q(T’ T?Q)m
2. 20 .
q°x;q)eo _ 1—q)x°(gx;q)
/% (="' + (1+¢")x) Sulx:q) dgx = (Qﬂc—,qz) (Sn—1(qx;q) = Su(x:9)), (100)
(=%, F19) P (G =)
and
"% 0o 1 —)x*(—¢" ' x;0)
/ G ) gy = L DTCT 50 (5 (gig) 45, (139)). (101)
(—X, T’Q)w q(;, T;q)m
Proof.From (1.28), we get f(x) = ﬁ is a solution of (9). Substituting with A(x) = x™ into (8), and using (97) yields
(99). The proof of (100) follows by tél)((ing h(x) as a solution of
1 1
——— D _1h ——h(x)=0
=g MO g =0

which gives (x) = (gx;¢).. Equation (101) follows by taking A(x) as a solution of

1 q"

———D _1h(x) — —=——=h(x)=0

Py R e
ie., h(x) = (—¢""x;q)w.
Remark.The case m = 0 in (99) is

Sn(x:q) X2

/%dqx: N Sn-1(gx:9),
(=%, 5:9)e alnlg(Z,=L:5q)w

equivalent to [20, Eq.(3.27.9)] (with x is replaced by gx and n is replaced by n — 1)

Dy (w(qx:q)Sn-1(¢:9)) = ¢~ [n]gw(x:9)Su(x:9),
1
where W()C,q) = m

Corollary 6.Let n and m be non-negative integers. Then

°° 1

/ %qu(x;q)Sn(x;q)dx:O if m#n, (102)
0 (=x,51:g)e

which is consistent with the orthogonality relation [20, Eq.(3.27.2)] .

Proof.The proof follows by taking i(x) = Sy, (x;q), we get

2

=

S

————Su(:q)Sn(x;q)dx = ——————
q. e 2

i) a(=*=E39)

X

(Sm(x;9)Sn—1(gx:q) — Sm—1(gx;:9)Sn(x;9)) . (103)

Applying Theorem 3 gives (102).
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4.5 The discrete g-Hermite I polynomials

Theorem 23.1f h,(x;q) is the discrete q-Hermite I polynomial of degree n defined in (1.29), then

/x’”(qzxz;cf)w ([m]q[’:z— g ["i_’;]q) ha(3q) dgx = 2 (2507 ([m]qh;(x;q) g [I’l]qhnl(g;Q)) - (104)

Proof. The discrete g-Hermite I polynomial of degree n is defined in (I.29) and satisfies the second-order g-difference
equation (I1.30). By comparing (1.30) with (7), we get

Then we get f(x) = (¢°x*;¢°) is a solution of Equation (9). Substituting with /(x) = x into Equation (8), and using
[20, Eq.(3.28.7)] (with x is replaced by g )

D, 1ha(x:q) = [n]qhnfl(g;qx (105)
we get (104).

Example 2. ()If m = n in (104), then

(2. [ ha(2:q)
/xnfz(qzxz;qz)whn(x;Q)dqx= Tl < &

n—1], x

—q“hnl(g;q)) (1), (106)
(i)If we calculate the definite g-integral from —1 to 1 in (106), we obtain
/;ll x”fz(qzxz;qz)wh,, (x;9)dyx =0,
which is expected since (h,(x;q)) is orthogonal on [—1,1].

Proposition 6.1f ,(x; q) is the discrete g-Hermite I polynomial of degree n, and m € Ny, then
(47"l =" 1la) [ (P53 ) (i)

~ L) ((1 s (Bihn(i0) — (1= (}q)hm(x;w) |

Proof.The proof follows by substituting with a(x) = hy,(x;¢) and y(x) = hy,(x;¢q) into (8).

4.6 The discrete g-Hermite Il polynomials

Theorem 24.Ifﬁn (x;q) is the discrete g-Hermite II polynomial of degree n defined in (1.31), then

ha(x;q) —q' "(1—q)~
/(,xz;qz)m W= e hn-1(x,9), (107)
and
x" [m]Q[mfl] q2m71[n7m]q 7 . x" [m]q~ . m—n .
(108)
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Proof.The discrete g-Hermite II polynomial of degree n is defined in (I.31)and satisfies the second-order g-difference
equation (I1.32). By comparing (1.32) with (7), we get

pW= - =

Then, f(x) = W is a solution of Equation (16). Substituting with i(x) = (l[n—? into (15), and using [20, Eq.(3.29.7)]
(with x is replaced by 3 )

D, 1h(x:q) = ¢" "[n)gha_1(x:q), (109)
we get (107). Finally, substituting with A(x) = x™ into (15), and using (109) yeilds (108).

Remark.It is worth noting that (107) is equivalent to

n—1

D, (w(x;q)zn,l(x;q)) = fiqw(x;q)iz',,(x;q)7

where w(x;q) = (7x21.q2>, see [20, Eq.(3.29.9)]. Moreover, for any ¢ > 0,

~ 0, if nis odd;

< ha(x:q)
/ T dox =

~ | — q 1-n ~
Joe (73%54%) ﬁqu);q)hn,l(c;q), if nis even.

Proposition 7If%n (x;q) is the discrete g-Hermite Il polynomial of degree n, and m € Ny, then

(a1l |

—x2,¢%)e
q o~ o~ ~ ~

- (—%¢)w (qu(l = 4" -1 (x:9)n(x:9) —q (1 = ¢")hp— (XQQ)hm(x;q)) )

1 ~ .
(X3 @) hun (x5, q) dgx

Proof. The proof follows by substituting with /2, (x;¢) and y(x) = Iy (x;q) into (15).

Proposition 8.Forn € N,

/pn(XICI)dqx = g(l —x)201(¢ " q" g% q.%), (110)
. n—1(,__ _
/pn(x;c;q)dqx: q[n] [Eer ﬁ)((clq_ q);) 30207 4" v q3eq39,9). (111)
b q q

Proof.By comparing (1.34) with (7), we get

ogxtx—1
gx(qx—1)’

[n]y[n+ 1],
q"x(1 —qx)

p(x) r(x) =

Then f(x) = x(1 — gx) is a solution of Equation (9). From Equation (17), we get

1 gx+x—1 [)gln+1]4 1
"D, Doh(x)+ " p h(x) = .
g ¢« (xHqX(qx— o (xHq"X(l —qx) ® x(1—gx)
Then h(x) = m. From
D1 pa(xlq) = —q " nlgln+1]g201(¢" "4 %64, %). (112)
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we obtain (110). Now, we prove (111). Comparing (I1.36) with (7), we get

(x):x(1+Q)7Q(C+1) r(x) = — [n]q[n—i—l]q
a0 piE sy o

Then f(x) = (1 —x)(1 — %) is a solution of (9). From (17), we obtain

1 x(1+4) —q(c+1) [nlgln+1]4 1
-D __1D,h D _ih(x)— hx) = ————.
PTG P T e Y T T
an+1
Hence, h(x) = —————. Thus, (111) follows from the g-difference equation
[nlgln+1]4
—1 —n  n+l
Dy1pn(xiciq) = 1—w3¢2(q 4" x43¢439,9).
Appendix
Jackson’s three g-analogs of the Bessel functions, [9, 12], are defined by
v41. o
I (zq) = @ q) v+1 /2)2””7 |zl <2, (L1)
(@:9) =5 (
ey (g V“,q )oo i )”q”(””)( J2)rty c a2
Z;C] = 4 , ze(l, .
Y (@:9) 2 (0.9 500
(n+|)
v+l w o 5
I (zq) _ Z m 2"*”, z€C. (L3)
(@:9)= = (g9
Hahn introduced the identity, See [21],
). 2 /4. ( ) 2 1 14
N (zq) = (=27 /4q9)=ly (z:9), [z]|<2, v>-1 (1.4)
We use the simpler notation
2 2
I (Axg?) =17 2Ax(1 - 9); ). (1L5)

There are three known g-analogs of the trigonometric functions, {sin, z,cos,z}, {Singz,Cos,z} and {sin(z;¢),cos(z;q)}.
Each set of g-analogs is related to one of the three g-analogs of Bessel functions.

The functions sing z and cos, z, see [19], are defined for |z| < — by
. (¢%4°) 1/2 7(1) 2 o (D" o
singz = 22 (2) 20} 5 (22:47) = ) ", (1.6)
= g IR ngb [2n+1],!
_ (612;512) 1/2 4( . ])n
C08¢Z = 57— G- ()21 1/2 (2z:¢%) r;) 2n]q' (L.7)

The functions Sinyz and Cos,z , see [19], are defined for z € C by

S (QZQQZ) 1/27(2) (. 2y _ «— (=1)"q 2n+1
Singz = — 5 G (2)/20) 5, (2zq )7’;07[2”]] T (L8)
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2; 2 oo 1) 2% —n
Cosyz = ((461';2)) @V 0uq) = T ()7412;1_ (1.9)
’ o n=0

The functions sin(z;¢) and cos(z;q), see [19], are defined for z € C by

i
Q«

sin(ziq) = L(1/2)(e(1 — ) I — i) = 3 T (L10)
K 4 1/2\% i = Q(2n+2) ’
cos(zzq) = I(1/2) (g 2(1 =) 210 (1~ 0)/v/a:47) ZOI% i (L11)

The g-trigonometric functions satisfy the g-difference equations

Dysing z = cosy(z), Dy cosyz = —sing(z). 1.12)
D,Sinyz = Cos,(qz), D,Cos,z = —Sing(gz). (I.13)

. 1 1.1
Dysin(z;q) = cos(q2z;q), D,cos(z;9) = —q2 sin(g2z;q). (1.14)

The third Jackson g-Bessel function J‘(,3) (x:¢?) satisfies the second-order ¢-difference equation [15]

1 1 -V 1—g” 2
quleqy(x)wLaquy(x)Jr(lq_q)z (1( xf ) )y(x)O. (L15)

The second Jackson g-Bessel function Jv (kx|q ) satisfies the second-order g-difference equation [18]

| 1 — aA%2(1 — 222 — A V2
JDy D)+ 1= =d) v+ “—f["]"y(x) —0. (L16)

Oraby and Mansour [19] introduced three g-analogs of the Bessel-Struve functions, H‘(,k) (z:4°), (k = 1,2,3), they are
defined by

it 1)k ¥\ 2k+v+l 1
el =Y - 3( ) (=) k<—. (1.17)
im0 Lp(k+5)L2(k+v+3) \l+g —q
2
2 0o -1 quk +2kv+2k X 2k+v+1
B () =Y ( )3 . (1 ) : (1.18)
im0 Lp(k+35)L2(k+v+35) \l+g
and
o 1)k gko+k 2ketvt1
Z ( \'q ( ol ) xeC, (1.19)
k=0 2 Fz(k+v+ ) 1+q
where R(v) > —5. The g-Struve function H ) (7Lx ¢?) associated with the third Jackson g-Bessel Equation satisfies the
g-difference equatlon, see [19, Eq.(21)]
1 1 )Lv+1xv71(1+q)7v+1
-D,.\D,y(x)+—D,- x+<7v*112— 7Vv2x72) X) = . 1.20
;Do (%) sl () + (¢ g [Vl )y(x) (v ) (1.20)

The g-Struve function H (Ax|q ) associated with the second Jackson g-Bessel Equation (I.16) satisfies the g-difference
equation [19, Eq.(40)]

1=vry12 v+l
2D D)+ (- aia(1 - ) ) Doyt + (qaz - %) e e el

© 2023 NSP
Natural Sciences Publishing Cor.



Progr. Fract. Differ. Appl. 9, No. 3, 443-471 (2023) / www.naturalspublishing.com/Journals.asp NS e 469

The g-hypergeometric functions »¢; (¢%,¢”;¢; q,x) satisfies the second-order g-difference equation [9]

1 [clg—[a+b+ 1]q§ la]y[b]y
aququy(X) + x(qc — q‘hLb_x) quly(x) - my(x) =0. (122)
The big g-Laguerre polynomial
(abig) =300 (4 0% | g (1.23)
pPn\X;a,054) = 302 an)q q-9 :
satisfies the second-order g-difference equation, see [20, Eq.(3.11.5)],
1 x—g(a+b—qab) g "'l
-D_ 1D D, _ — =0. 1.24
g PP (g P g0 29

The g-Laguerre polynomial

L(X(x, )_ 1 q7n77'x| . nta+1 a>_1 (I 25
n X g _(q.q)n2¢1 0 q:9 ) 25)

satisfies the second-order g-difference equation, see [20, Eq.(3.21.6)],

1 l_qa+l(] +x)
-D 1D
g ¢ qy(XHtl“*'X(HX)(]—q

)quly(x) + %y(x) =0. (1.26)

The Stieltjes and Hamburger moment problem associated with the Stieltjes-Wigert polynomials is indeterminate, and the
polynomials are orthogonal to many different weight functions. For example, they are orthogonal to the weight function

—C 2 X
wx) = —=e" x>0 and w(x) = ——i—,
v (=%, =1 q)w
see [20,22]. The Stieltjes-Wigert polynomials
Sulrig) = —— 100 (1" | gi—q! 127
n ’Q)_(q‘q)nld)l 0 lg;—q"'x (1.27)

satisfies the second-order g-difference equation, see [20, Eq.(3.27.5)],

LD D)+ ——#_p
-D 1D,y(x)+———D 1y -
g 1 g*(1—¢q) 1 x*(1—q)

The discrete g-Hermite I polynomials is defined by

y(x) =0. (1.28)

" —-n —1
ha(x:q) = ) 26y (q (z)x |q;_qx),neNo (1.29)

and satisfies the second-order g-difference equation, see [20, Eq.(3.28.5)],

1 X q' [l
-D_.1D ——D, - —_ =0. 1.30
2D Dgy() ~ 72Dy 13 + () (130)
The discrete g-Hermite II polynomials is defined by
. —n ,,—n+l _ 2
In(x:q) = X" 201 (q ’g qu;x—g) (131)

and satisfies the second-order g-difference equation, see [20, Eq.(3.29.5)],

1
;Dur Do) - IL_quy(x) + [anqy(x) =0. (132)
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The little g-Legendre polynomials

qfn qn+l
pn(xlg) = 201 < ’q Iq;qx) (1.33)
satisfies the second-order g-difference equation, see [20, Eq.(3.12.16)],
1 gr+x—1 [n]g[n +1]q
-D, D — D, =0. 1.34
g qy(x”wc(qx*l) I ly(x)qu”X(lqu)y(x) (39
The big g-Legendre polynomials
qfn qn+l X
) ’ ) . L
pn(xiciq) = 3¢2 ( g.ca | q,q) (135)

satisfies the second-order g-difference equation, see [20, Eq.(3.5.17)],

x(1 —qg(c+1 nl,ln+1
Ez?;q’ 1><qx( = b, t0) - q1+’[1<]xq ! 1)(3 o)

1
quleqy(x) + =0. (1.36)

5 Conclusion

This work provides a method to obtain indefinite g-integrals for some g-special functions satisfying homogenous and
nonhomogenous second-order g-difference equations. The results give indefinite g-integrals, which involve an arbitrary
function and yield an infinite number of identities for any g-special function that obeys such a g-difference equation. The
method in this paper is a generalization of the method introduced by Conway in [1,2].
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