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Abstract: In this paper, we first consider the Jacobsthal and Jacdlisibas quaternions and octonions. By making use of defimstio
of these sequences, we derive some novel and interestipgntiess and relations for the Jacobsthal and JacobsthalksLaucaternions
and octonions. As universal formulae for these sequenaesbtain the binet formulas. Finally, we introduce a newsti#octonions of
Jacobstal and Jacobstal Lucas sequences. We then intestigaral new properties including Catalan identitiéecBgents identities
and binet-like formulas.
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1 Introduction defined the Jacobsthal octonions and the Jacobsthal-Lucas
octonions and provided diverse relations between

. o . . Jacobsthal octonions and Jacobsthal-Lucas octonions.
Intensive research activities in such an topic as speci

number sequences, which includes Fibonacci, Lucas, Pe
and Jacobsthal sequences, are primarily motivated b

their importance in combinatorics, computer algoritth’Szynal-Liana et al. [10] introduced the Jacobsthal

biological settings and several fields of mathematics (se ; ) -
[1-3.5-12] and also cited references therein). Akkasl (E]uaternlons and the Jacobsthal-Lucas quaternions and

alici [8] investigated the complex Fibonacci quaternions
nd presented the generating function, Binet formula and
Ynatrix representations for the aforesaid sequences.

[1] proposed the split Fibonacci and Lucas octonions an erived some of their properties. Savil] determined

ided thei " d relati AVl ultifarious properties of Fibonacci octonions and then
proviae eir some properties and relations. Aydtp [ considered the generalized Fibonacci-Lucas octonions

introduced bicomplex Fibonacci quaternions and gave,ith several basic properties. Uygehal. [13] developed

some glgebralg properties Of. blcqmplex I:'bonacc'some formulas fok-Jacobsthal numbers akelacobsthal
quaternions which connected with bicomplex numbersl_ucas numbers

and Fibonacci numbers including Binet's formula,
Cassini's identity, Catalan’s identity for these quatensi, | e usual Jacobsthal numbels and Jacobsthal Lucas
Aydin et al. [3] investigated various relations between the NUmbersiLn are defined byd(. [3,7,10,12,13])

Jacobsthal quaternions connected with Jacobsthal and

Jacobsthal-Lucas numbers and provided Binet formulas 9 = J-1+2Jh-2  Jo=0,J1=1 1)

and Cassini identities for these quaternions. Bilgical. = JLy = JLy_1+2JL, 2, Lo =2,J; = 1. (2)

[5] introduced the Fibonacci and Lucas sedenions and

presenteq generating functio_ns and Bingt formu_las forthe | view of (1) and @), the following properties given
Fibonacci and Lucas sedenions. Catariipdonsidered  for Jacobsthal and Jacobsthal Lucas numbers play

octonions and gave some properties involving the[z 7 10,12 13]):

mentioned sequences, including the Binet-style formulas
and the ordinary generating functions. Cimen et @. [
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Proposition 1 Each of the following formulas holds true: x5 + ax3 + X3 + a X3 + yx3 + ayx2 + Byx3 + afyx.
Also, the multiplication table for the basis 0 (a,3,Y)

Iln = Jnt1+ 251 (3)  can be found in the referencekl]. Forx € Og (a,B, ),
Jn+Iln = 23041 (4)  if n(x) =0ifand only ifx= 0, then the octonion algebra
it = In+231 (5) O (a,B,y) is called a division algebra. Otherwise,
_ Or (a,B,y) is called a split algebra. In the special cases
Jbn = Jni1t 20 of (()R (a,ﬁ)i, y), the octonion algebr@g (1,1,1) is a
i1 = dn+ 201 division algebra which will be used in this paper and the
Jnio+2k 2 =Jlh1 octonion algebraOg (1,1,—1) is a split algebra, (see
33+ JL, = 2™t [1,4,6,7,11] for more details). In this paper, we study on

a0 the Jacobstal and Jacobstal Lucas quaternions and
Jlpy1+JLy =32 . . ; . i
octonions. We derive some new and interesting properties
9n = Jlnp1+ 21 and relations for the Jacobstal and Jacobstal Lucas
Jlni1 = 2L, —3(—-1)". guaternions and octonions. The generating functions of
. ) . ] the foregoing numbers are acquired. Finally, we introduce
Quaternions and octonions have been increasingly used ifthe k-Jacobstal octonions andk-Jacobstal Lucas

multifarious areas such as quantum physics, group theorsctonions. We then invertigate several properties.
computer sciences, differential geometry, geotatics and

color image processingcf, [1-4,6-12]).The quaternion
numbers or the bicomplex numbers are defined dify (

2.3.6.8-10.12)) 2 Jacobsthal and Jacobsthal Lucas

Quaternions and Octonions

C2=(q=0q1+i02+ jg3+ij4 | g1.02.03.04 € R) (6)
2.1 Bicomplex Jacobsthal and Bicomplex

wherei, j andij satisfy the conditions Jacobsthal L ucas Numbers

i2=-1,j>=-1ij = ji. , , . ,
We will start with by giving the definitions of classical
Moreover, three different conjugations can operate onJacobsthal quaternions and Jacobsthal Lucas quaternions,

bicomplex numbers as follows and some properties of them.
Bicomplex Jacobsthal and bicomplex Jacobsthal

A= Oy +idz + g3 +ijqa = (1 —d2) + ] (G +ida), 9 € Co Lucas number®8Jy and BJLy (or so called Jacobsthal
o =q-—iq+jg—ijg = (o1 —igz) +j (a3 —ida), quternions and Jacobsthal Lucas quaternions) are defined

qj = a+iq—ja—ijo = (a1 +ig2) — j (a3 +iq4), (cf.[3,7,10,12]) by the basig1,i, j,ij }

Gj = q—id—ja+ijg = (0L —id2) — j (G —i0a) : . .
N , L C ={Bh=d+ i1+ Inez+iidnsaldn}  (7)
and properties of conjugation, fqf g, € C; andA, u € R

(a)* = q, i?=-1, j*=-1ij = ji.
(91-02)" = G301, i . .
(+ )" = g+ s, Ol = {BILy=Jlg+ It + JJLn+2+IjJLn+3|JLn]é
()\ql)*:)\q’L i2=—1 j2:_1ij=ji ( )
AL+ pd2)" = Ag;+ Has. ’ ’

Starting fromn = 0, the first few bicomplex Jacobstal

The norms of the bicomplex numbers are defined as and bicomplex Jacobstal Lucas numbers can be written

: respectively as; Blh = i 3] 5ij, B =
Ng. = [l G| = /| & + 68 — 6B — & +2j (01 G5 + o), 1+p3i+5jy+ 1) Bio - 3+‘5Li +Jlﬂ+’1m _'_Jland
Ng = || gxdj|l= /| B — 0@ +2 — G2+ 2i (G1.C + zCla), BJLO=2+.i+5j.+7ij.,_ BJLy = 1+ 5 + 7j + 14ij,
K : \/ s ' * BJL, =5+7i+17j+ 31ij and so on, sedd.
No, = 1| Q% Gij [|= \/| 0B+ B+ 3+ 03 +2i] (do.a— 2. Gs). Let

Bl =Jd+idn+ jIn+ijd
Let Og (a,B,y) be the generalized octonion algebra over k= Wn - Jn +11n

R with basis {1,e,e,---,e;}. This algebra is an and

eight-dimentional non-commutative and non-associative BIv = Im+idm+ jIm+ijIm

algebra. Let x € Og(a,B,y) With  pe two bicomplex Jacobstal numbers. The addition,
X = Xo + X181 + X282 + X383 + X4€4 + X585 + X6 + X7€7  gyptraction and multiplication of these numbers are given
and its conjugate py

X = Xo — X1€1 — X282 — X363 — X484 — X565 — Xe€5 — X7€7.

The norm of X is nxy = xx = Bh+BIn= (InEIm) + (GnEtIn)i+ GnEtIm) i+ GnEtIm)ij
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and Theorem 3If BJy bicomplex Jacobsthal number
B x BJn = (Indm+Int-1Im+1 + In2Idmi2 + In+3Im3) respectively, then for & O,

+ (InImt1 +Int19m — Int2dm3 — In3dmi2) i Blhi1—2BJ, 1 =B}

+ (InImr2 +Ins2Im-Int 1Ime3 — Inradmea) |

+ (InImr3 +Ins3dm+ Int1Imez + In2dmea) i
We now give the Binet formula fdBJ, andBJL,.

and
B2 —2J-2=Bkhi1.

ProofLet
Theorem 1(cf. [3,12])Let BJ, and BJL, be bicomplex

Jacobstal and Jacobstal Lucas numbers, respectively. For B = Jn+idni1+ jIns2 +ijdnis.
n > 0, the Binet formulas for these numbers are given as;
Via Propositionl, we then get

B\}I — a an — BB " Bhi1-2Bh 1 = (Jnfl - 2Jn—»l) +i (Jﬁfz =2In) +] (On43—2)n+1) +ii (Inya—20ni2)
o — B = In+idpy1+ g2 +iidns3 =Bh
and _ and
BJ Ln = aan —|— Bﬁn BJHZ - ZBJFZ = (Jn+2 - 2Jn72> +i (Jn+3—2~Jn—1> + ] <~Jn+4 - 2~Jn> +ij (Jn+5 - 2Jn+1)
= Jni1+idni2+ i3 +ijdnia
ProofBy using the Binet formulas for Jacobstal and = Bt

Jacobstal Lucas numbers,
_ We present the following theorem.
a=1+ia+ja’+ijaandB =1+iB+ jB>+ijB°, .
Theorem4let B} and BJly, be the bicomplex

we find the results clearly as Jacobsthal and Jacobsth Lucas numbers respectively. We
Bl = Jn+idnes+ o +ijdnis then give the following relations:
qnfﬁn . an+17,3n+1 . qn+2+Bn+2 . an+3+Bn+3
= a B +i a—B +j a—B +ij a—p 3BJn—|—BJLn:an+l
Mo
_a (1“0{;}2 +ija®) +[3 (1+|Ba+71§ +ijB3) and
_ Tah 7El3n ZBJ Ln+1 + ZBJ Ln_l = 9BJ{~|
ap ProofLet
and
BJly = BILy+iBILnss+ jBILniz+ijBILnss Bh = +iJnt1+ jIns2+ijIns3

— <qn+Bn)+i(an+l+Bn+l)+j(qn+2+Bn+2)+ij (an+3+Bn+3)

= a"(1+ia+ja®+ija®) + " (1+iB+B%+ijB®) and
= aa"+Bp", BJLn = JLn+ilni1+ jdlnso+ijIlna.
which give the desired results. We state the following Then, we derive that
theorem. _ _ )
3Bh+BIln = (30n+In)+i (81 +Ilnga) +1 (3ns2+Ibns2) +ii (B3 +3lni3)
Theorem 2Let BJ, and BJL, be bicomplex Jacosthal and = L2 o0t jjon+d

_ g+l

Jacobsthal Lucas numbers. Foenl,

B2+ 2Bk »=BJIly1and B+ 2Bk 1= BJL,.

and

BJlhi1+2BIlh 1 = (Jlnpr+2JL0-1) +i(Ilny2+2IL0)

PrOOfLet ‘H <J Loz +2J Ln+1> +ij (J Lnya+2J Ln+2)
= 90 +19n+1+ [9n+2 +1j9hn13
Bl =+ idnr1+ jIn2+ijInyga. = 9B
We then obtain, by Propositidh We now state the following theorem.
Bhi2+2h2 = (ni2+2h-2) +iOnia+Pn-1) + (hea+2n) il (hys + 2hia) Theorem 5For n > 1, we have the following identities
= Jnp1ti0n2+ Pne3 +iidnyg
= Bllny1 BJ{]‘FBJLn:ZBJH_l,
and )
Bli1+2Bh 1 = (Ini1+23n-1)+i(Gni2+23)+i(@Onsa+23n1) +ii (Onpa+23ni2) BJ Ln+l + BJLn =3B2
= In+iJnp1+i9n42+iidp
I +1+ nt2 +3 and
We give the following theorem. BILn1— 2Bl = —3(—1)" (1+i++j +ij).
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ProofTake
Bh =+ iJnr1+ jIn2+ijInys
and
BILh = JLn+iJLnt1+ jILlns2+1jdLnss.

So, by Propositiord, we compute that
BJ,+BILy = (In+JILn) +i(Insr+Inia) + J (Inp2 +Ing2) +ij (Inpz+Ilnya)
=21+ i2Jn+2 + jZJn+3 + iJ'\]n+4
= 28Bhn
and
Blly, 1 +BIln = (lnpg+3bn) +i(bny2 +Ibnya) + Olnaz +Ing2) +ii Olnpa +Ilnia)
= 322y 22 420)
= 382"
Also, we easily get
BILhi1—2BILy = (JLnta —2ILy) +i(Ilnrz — 2ILne1)
+i(ILniz—2ILni2) +ij (ILnpa — 2Lnya)
= —(=1)"(3+3i+3j+3ij)
= =3(=1)"(1+i+]j+ij).

2.2 Jacobsthal Octonions and Jacobsthal
Lucas Octonions

ProofBy using the Binet formulas for Jacobsthal and
Jacobsthal Lucas numbers, we readily derive

7 7 qn+37Bn+s
s;-]mrses = ;J (707[; )es
aniﬁn an+17ﬁn+1
i e+ T p e+ T p &+t B
a" (eo;ae +a%e+...+a’e;) — B (eo, Ber+ P62, BTer)
a-B

n+2 _ pn+2 n+7 _ pnt+7
a™*-p a™'-B

and also

% Lnises = % (a™S4 M) e

s=0 e s=0
= (@"+8") e+ (a"+1+5"+1>e1+(n”+2+13”+2)e2+...+(n”+7+5"+7)e7
= n”<e0+ae1+a2e2+...+a7e7)+B"<eo+Bel+Bze2+...+B7e7)
= nn§+B”E.

We give the following theorem.

Theorem 7We have

Jni1+23-1=jLnand3jn+ jLp =271 (2571 - 1).

ProofBy using the properties of Jacobsthal numbers and
Jacobsthal Lucas numbers in Propositlppne can easily
get the desired results with some basic computations. So
we omit them.

We now state the following theorem.

In this part, we investigate some properties of Jacobsthatheorem 8Let J, and jL, Jacobsthal and Jacobsthal
octonions and Jacobsthal Lucas octonions. The Jacobsthg|;cas octonion numbers, respectively:

octonionsJ, and Jacobsthal Lucas octonionsy,, are
given respectively by the following recurrence relations

(see 1)):

7
jr\1 = \]n+ses (9)
2

= Jn€ + JInt 181+ Ini2€ +Jni363
+In+4€4+ Iny 565+ Ini 666 + Ini7€7
and

7
iLn = insses (10)
n s; n+s

= Jlnep+JILny1€ +Ilnyo€ +Jlny3es
= JLnta€s+ g 565+ In 665 + Iy 7€7.

Jni2+2hh-2=jLns1anddniz 23 2 = Jni1.

ProofThe proof of this theorem just follows from
Propositionl and Egs. 9) and (0).

Theorem 9L et i1 be n-th Jacobsthal octonion numbers.
Then for n> 0, we get

Jni1— 23 1=Jni1

and R L
Inr1+ 23 = Jnyo.

ProofThe proof of this theorem just follows from
Propositionl.

We here give Binet formulas for the Jacobsthal 3 K-Jacobsthal Octonions andk-Jacobsthal

octonionsl, and Jacobsthal Lucas octoniojts.

Theorem 6Let J, be the Jacobsthal octonion and.,
Jacobsthal Lucas octonion. We then have

Lucas Octonions

In this section, we perform to introduce tleJacobstal
octonions andk-Jacobstal Lucas octonions and then

analyze some properties.
The k-Jacobstal numbers arkdJacobstal Lucas numbers

7 ~ P .
Jices = a"a—-p"B are defined by the following recurrence relations
n+sSs — — _— ~»

SZ() a— B Jin = kden-1+ 2] n-2 with initial valuesJ o =0 andJ; =1forn=2  (11)
7 ~ N~ nz Jln = kdln_ 1+ 23 n» With initial valuesJlyo = 2 andJLy; = kforn= 2
Z}JLn%es:a a+p"B. (12)
$= for any real numbek, see [1213] for more details.
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Definition 1.The k-Jacobsthal octonions are defined asWe provide the following theorem.
follows
Theorem 12(D’ocagenés Identity) If m> n, then

7
Jk,n = Z)Jk,mrses
=

= Jn€ + Jk nr1€1 + Jnr2€ + ..+ I 7€7,
where {, is given in (L1).

i,mi,mrl - j\k,erljl;n = UB (_Z)njl\(,mfn,
wherea and 3 are given in TheorerfO.

We note that fon > 0 ProofBy (13), we acquire

T T T P _ _ arM—prM a1 g+l armt1_ pgeml arh— gl
j— _ 1 2 1 2 1 2 1 2
\]k7n+2 = k‘]k7n+1 + 2Jk7n. Jemdkn+1—Im1dkn = ( ) > ( ) - -T2 < -T2 >

2,n+mil mtln, g2, m+ln
acry —nBrl r2+B ]

The binet-like formula for th&-Jacobsthal octonions is ot aprpeg i mid 3

. . 2 2
given by the following theorem. (r1-r2) (r-r2)

=aB(ryrp)" [r'zﬂ’”rl R PR +r'2“’n+1}

Theorem 10The k-Jacobsthal octonions hold the . e men
. . =ap (-2 rq—r
following equality: Pt S e
m-n_ . m-n
~ = —ap(2n A2
~ aa"—Bp" .
Jnts = aigﬁa (13) = aB 2 em-n:

where which is the asserted result.

G—etaetae .. tale andB— et Bet et .t Bl We now state a new extension of the Jacobsthal Lucas
sequences as follows.
witha = 1+er +erf+esri+...+erf andp =1+

era+exr3+erd+...+er] where g andr, are roots of  Definition 2.The k-Jacobsthal Lucas octinions are defined

the equation# —kr —2 = 0. by
ProofBy means of the binet formula fok-Jacobsthal 7
numbers ¢f. [12,13]), we easily get Jlyn = Z)J Lints€s
S=
7 7 [ ghts_pgnts
P = Jlien€o + ILins1€1 + Ilicni 282 + ...+ Ilicni 787,
a”—ﬁ” a”+1—3”+1 a"+7,p”+7 . . .
s ap Nt g g Attt where Jl  is defined in 12).
an <e0+ae1+a2e2+...+n7e7) B (eo+Bey +B2ep +...+Bey ) ) . . )
- ap B ap Binet-like formula fork-Jacobsthal Lucas octonions is
_ "G given below.
a-p
We give the following theorem. Theorem 13Binet-like formula for k-Jacobsthal Lucas
octonions is

Theorem 11(Catalan Identity) We have _ ~ 2
Ilnis=aa"—Bp",

Sencrdense — (Fense) =~ (@B)(-2™ (%)

wherea andf3 are given in TheorerfO.

whered andﬁ are given in TheorerO.

ProofBy utilizing the binet formula for Jacobsthal Lucas

ProofWe have numbers ¢f. [12,13]), we consider that
n—r _ p.n—r n+r g n+r n_pny2 7 7
Jen—rdensr = (‘ﬁ«nﬂ)z: <m1 ,l,gz ) (ml rl—gz )*(a:iif;) SZOJLk.,-,JrSes:SZO@”*S*ﬁnJrs)%: (anfﬁn)eoJr(an+1*B"+1)61+,,,+(a"+7fﬁn+7>e7
- 220 qprl T I _aprl) T p23n B <02r§n ~2aprir] +32r%”> =a" (eo +aey +aey+adeg ..+ a7e7) -p" (90 +Bey +Bey + ... +B7e7>
(n-r2)° (n-r2)? —a"G "B,
aB (r?’rrg“ —rg’rr2+r) 2aprird
- 2 - 2 .
(1-r2) (1-r2) We state the following theorem.
- 5 (r1r2)" <£ ! *2>
. I r .
(1-r2) ) Theorem 14(Catalan Identity) We have
__-aB (2n (rzr +r§l 72)
(r1_19)? (rar2) PN N2 — \2
g2 In-Ilinss = (an) = —aB (-2 ((J L) - 4(—2)') :
~~(@p)(-2"" (rl rz)
rp—ro
=~ @B (2" (%)% wherea andf3 are given in TheorertO.
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7 7
ProofBy Theoreml3, we have kdn+4dkn-1 =k zo\]k,n+ses+ 4 XOJKn_lJrSeS
= =
Iy n rIknir — (JALk.n)z = (ar?’r +/3rg’r) (arTrr +/3rg+r) - (arTJrﬁrg)z 7 R R
= a2 apr AT a2 P2 - 2ape i) - BT = zo (k‘]k,n+s+4\]k7n—1+s) es
7n13(rr)2 ﬁ i—z s=
S (f& ! ) 7
g2l <r%r +r%f —22(r1r2)r ) = zo\] LkJ‘I
Cor £
= —ap(-2" " r2r+r2r72(r r )r _
G f 12)") — Iy
2

= —aB(-2" " ((r+r )2—4(r1r2)r)

(
= —ap(-2"" ((ikr)zw(fzﬂ). and

7 7
One other basic properties of tHeJacobsthal Lucas kJn+Jlin = kzoJk,nJrses"‘ ZOJLK,MS%
octonions is presented below. $= s=

7
Theorem 15(D’ocagenés Identity )The following is = Z)(k‘]k’n+s+‘]'-k-,n+5) &
valid: i

e\ ™" = 2)
jEk.mjtk.n+1 *jT-k,m+1j[k,n = aﬁ k?+8 (jT-k.mfn - 2L2|(2+8> ’ S;) k,n+1+SeS
= ZjknJrl-

wherea andf are given in TheorerfO.
ProofForm> n, by Theoreml3, we attain 4 Perspective

I mIbkng 1 — Ik me1Ilkn = (urTJrBrg“) (ur2+1+ﬁrg+1) - (urT+1+Br2H1> (urg +/3rg>

= (uer“L"*l + uﬁrTrS*l + aﬁr?r?*l +ﬁ2r2””+1)

In the present paper, we have considered the Jacobsthal
and Jacobsthal Lucas quaternions and octonions. We have

(P apr g s aprf T gAY investigated diverse new and interesting properties and
=ap (11r2)" (M "rgrgr I - ey e relations for the Jacobstal and Jacobstal Lucas
= aB (2P [P (g —ry) +7P " (13 -12)] quaternions and octonions. The binet formulas for the

mentioned numbers have been also acquired. Lastly, we
have introduced thk-Jacobstal octonions akeJacobstal
Lucas octonions and we then derived diverse properties
=a (-2 @ +8(Jm-n-2") covering Catalan identities, ‘Bcagents identities and
k+\/:zﬁs>m7"‘ binet-like formulas.

—aB(-2)" (rp—rp) [r?’” - r&"’"}

_ n 2 m-n m-n m-n
=ap(-2) k+8<r1 —ry -2y )

—ap(-2"\/k2+8 <‘ﬂ-km—n -2
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