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Abstract: In this paper, we investigate an inclusive innovative fourth-order nonlinear Kadomtsev-Petviashvili-like model, a three-
dimensional nonlinear partial differential equation. The focus is on utilizing the Lie symmetry method to derive exact solutions that
demonstrate significant advancements in the model. Initially, a systematic approach is employed to compute the Lie point symmetries of
the equation. These symmetries play a crucial role in identifying a diverse range of group invariant results for the model. The obtained
solutions encompass logarithmic, exponential, and hyperbolic functions, as well as elliptic integral functions, with the latter being the
most general solutions. Additionally, several noteworthy algebraic function solutions are also discovered. This research distinguishes
itself by presenting a wealth of results that exhibit substantial variation. Furthermore, the dynamics of the solutions are thoroughly
explored through diagrammatic analysis using computer software. Towards the conclusion, Ibragimov’s theorem is applied to construct
various conservation laws for the underlying model. This technique yields a multitude of conservation laws, which are subsequently
discussed and highlighted.

Keywords: Nonlinear (3+1)-Dimensional Kadomtsev-Petviashvili-like equation; Lie Symmetry Analysis; Group-invariant and Exact
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1 Introduction solutions to NLNPADE:s serves a very crucial purpose in
observing certain physical circumstances. Besides, the

Nonlinear partial differential equations (NLNPADES) diversity of solutions of NLNPADEs occupies an

remain the subject of much research that is done today. ~ ©ssential position in a variety of areas of sciences
This is due to their unquestionable role in attempting to ~ inclusive of —optical ~ fibres, chemical  physics,
model natural and man-made relationships between gF:ocherI}lstry, biology, ~ hydrodynamics, chemlf:al
physical quantities. In recent times, significant inroads kinematics, meteorology, heat flow, plasma physics

have been made in coming up with algorithms for  together with —electromagnetic theory. Given the
handling NLNPADEs, with much credit due to the aforementioned and for emphasis, having realized that

advancement of computers and their computational sizable scientists have contemplated nonlinear science as
power. Nevertheless, great minds have had to lay the the ‘most outstanding borderline for 'fundamental
theoretical foundations upon which these technologies are ~ cognition of nature, we present some pertinent models
built. that include an investigation in [1] was carried out on the

modified as well as generalized Zakharov-Kuznetsov
model, delineating the ion-acoustic meandering solitary
waves resident in a magneto-plasma and possessive of
electron-positron-ion observable in the autochthonous
universe. This model was utilized in representing

Lately, many researchers who have a keen interest in
the nonlinear physical phenomena have delved into
examining exact solutions of NLNPADEs due to their
relevance in analyzing the outcome of any given model.
Therefore, it is germane that the research into closed-form
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dust-magneto-acoustic, and ion-acoustic, together with
dust-ion-acoustic waves in the laboratory dusty plasmas.
Additionally, the bright solitons, alongside their various
interaction attribute related to the coupled Fokas-Lenells
system was studied in reference [2].

Femtosecond optical pulses embedded in a
double-refractive optical fibre, modeled into an
NLNPADE, was further investigated. Moreover, the
Boussinesq-Burgers-type system recounting shallow
water waves and also emerging near ocean beaches and
lakes was given attention in the paper [3]. We can
continue with the list, but we mention a few. See more,
e.g.,in [4-16].

Now, having established the fact that no general
technique in achieving various exact traveling wave
results of NLNPADEs has been found, researchers have
come up with some sound, effective, and efficient
techniques so that the seemingly nagging problem could
be nibbed in the bud. Some of these techniques include
bifurcation technique [17], Painlevé expansion [18],
homotopy perturbation technique [19], tanh-coth
approach [20], extended homoclinic test approach [21],
Cole-Hopf transformation technique [22], Adomian
decomposition approach [23], Bicklund
transformation [24], Lie symmetry analysis [25, 26],

F-expansion technique [27], rational expansion
technique [28], tan-cot technique [29], Hirota
technique  [30], Darboux transformation [31],

tanh-function technique [32], the (G’/G)—expansion
technique [33], sine-Gordon equation expansion
technique [34], generalized unified technique [35],
exponential function technique [36], and so on and so
forth.

Take for example, Sophus Lie (1842-1899), with his
quintessential work on Lie Algebras [25,26] is essentially
a unified approach for the treatment of a wide class of
differential equations (DEs). More recent methods of
solving DEs include Hirota’s bilinear method [37],
simplest equation method [38], multiple exponential
function method [39], Kudryashov’s method [40],
extended simplest equation approach [41], just to mention
a few. Since the inception of Kadomtsev and
Petviashvili’s hierarchy of equations a little more than
half a century ago, dozens of research papers have
emerged, each exploring an aspect of this rich domain of
equations, see for example, [42-48]. Basically, the
standard Kadomtsev-Petviashvili model (KPm) is given
as [49]:

(ut + 6uty + Uzga), + Uyy = 0. )

The KPm is established as a common generalization
of the well-recognized Korteweg-de Vries equation
(KdVe). In the KdVe, waves are stringently
unidimensional. Nonetheless, in the KP model, this
stringency is slackened. Both the KdVe as well as the
KPm are completely integrable. The KP hierarchy has an
infinite number of bilinear equations [50]. These

hierarchies contain the extended form:
(us — 6U Uy + Ugza),, + QU + DUy — Uyy =0, (2)

where a # 0, b # 0.

In particular, this model furnishes an extension of the
KPm (1). We remark that its KPm extended version
(eKPmm) emerges in [51] as non-integrable which is an
example revealing the extent to which Hirota’s technique
can be applied with regards to systems that are not
integrable. In addition, as asserted in [51], the eKPmm
model is non-integrable due to the reason that it possesses
no three-soliton solution unless we have a = b%/12
contingent upon the fact that it is transformable to (1).
Therefore, upon introducing the additional terms
presented as a us; alongside bug, engenders the extended
model to be non-integrable in comparison with various
other extended KPm where the added terms do not
suppress or terminate as it were, the integrability property
of the equation (see for example [52]). Moreover, it is
from this hierarchy that we also obtained the B-type KP
equations, BKP in short. Additionally, there are other
derived varieties of models of KP referred as the extended
KP-Like equation (exKp-Likeq) that reads [53]:

Wi + Wz Wy + wag + gwgwm + ngwm + wyy = 0,
3)
where w = w(t, x,y).

Some researchers have examined exKp-Likeq (3),
intending to achieve some solutions to the model. For
instance, the authors in [53] studied (3) via the
generalized bilinear differential equation related to KP
type given as [30]

(DtttDJ;J;J; + Dizz + Diyy) f ’ f =
2feuf = 2fefo + 62 +2f fyy — 22 =0,

to seek various results in polynomial structures.
Eventually, nine classes of rational solutions were secured
through the use of Maple symbolic computation.

Moreover, we have the three dimensional KP-like
equation that reads [54]:

“

w —|—3w3w +3w2w +

3wwi + 3WpWeg + Wyy + W, = 0,

which is observed to be an extended version of (3). So (5)
is called the extended Kadomtsev-Petviashvili-like
equation (extKP-Lke). Lii et al. adopted the generalized
bilinear operators with p = 3 to generate eighteen classes
of rational solutions to extKP-Lke (5). They were able to
accomplish a search for polynomial solutions associated
with generalized bilinear equations via symbolic
computations. Later, in [55], the authors engaged the
concept of Lie group theory to compute exact solutions of
(5). Moreover, Kudryashov as well as power series
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techniques, were employed to achieve more solutions to
the equation. Conservation laws of (5) were constructed
via Ibragimov’s method. Besides, in [56] the authors
obtained various copious invariant solutions associated
with extKP-Lke (5) using the symmetry method.

One other member of KP hierarchy is the
Bousinesque-Kadomtsev-Petviashvili, abbreviated as
BKP and one of the families of these BKP equations is

This equation has been the subject of much
research [43-46]. Studies have shown that in [57], the
author articulated the multiple exponential-function
approaches in handling BKP (6) using symbolic
computation in dealing with the involved computational
algebraic systems. As a result, the shape-changing
character of the anti-kink solution of (6) was explored.
Besides, Ma and Fan in [44] utilized the analyzed linear
superposition principle associated with exponential
travelling waves for Hirota bilinear equations. In
consequence, the construction of a specific sub-class of
N —soliton solutions was achieved via the linear
combinations of these exponential travelling waves which
were later applied to secure some particular N —wave
solutions. In their recent work, researchers in [43]
successfully derived two new NLNPADESs from equation
(6) and simultaneously established the validity of the
equations by using the simplified linear superposition
principle [44]. Furthermore, there are other derived
varieties of models of KP referred to as KP-like
equations. One such is the derived equation in [43], that is
the (3+1)-dimensional Kadomtsev-Petviashvili like
equation (3D-KPLike)

gy + bugy+cup, —

Uz Ugy

— UzzlUy + €Ugy = 0,

with arbitrary non-zero constants a, b, ¢, d and e. The
authors went on to obtain generalized resonant
multi-solitons whose existence, according to the authors,
justifies the wvalidity of the equation. We state
categorically here for novelty, that model (7) is a new
equation which has not been comprehensively examined
using Lie symmetry analysis. Therefore, in this paper, for
the first time, a detailed and comprehensive study of
equation (7) is performed using its Lie algebras with a
view to generating various exact solutions of the equation.
We intend to use the symmetries to find group-invariant
solutions of equation (7). Therefore in Section 2, stepwise
computations of Lie point symmetries associated with (7)
are outlined. Section 3 reveals the reductions of the
underlying model using the obtained symmetries so that
various possible exact solutions could be found. Besides,
Section 4 is dedicated to the display of various graphical
representations of the obtained solutions. Finally, we
compute conservation laws using Ibragimov’s theorem in
Section 5. The concluding remarks are made thereafter.

2 Lie symmetries of 3D-KPLike (7)

We begin by extracting the Lie symmetries associated with
the 3D-KPLike (7). A generic infinitesimal generator of
(7) takes the form:

543 +n3, ®)

0
x=¢ _+§2 +§3 0z ou

where &1, €2, €3, ¢4 and 7 are functions of (t,z, vy, 2).
Generator (8) must, however, conform to the invariance
condition:

X[4](autz +buy + cup, —

— 3UgUgy

d Ugzry

9
— BUpply + eum)|(7) = 0.( )

Here X4 is the third extension of the generator X given
by:

0 0
(3]
XP =X+ Cz + Cym— o,
8 0 0
+ Ctz + Ctym— au, + Gt au, (10)
(’) (’) 0

xmxy

with va Cyv Ctz; Ctya Ctza CJ;J;» Czy and Cllly defined by

Co = Dq(n) — “tDz(El) - UIDI(§2)_
uy Dy (€7) — uz Dy (€Y),

Gy = Dy(n) — Dy (€') — up Dy (€3)—
uy Dy (€7) — uz Dy (€Y),

Cro = Dy($e) — uee Do (€Y) — uge Do (€%)—
Uy D (€7) — ur=Da(€7),

Coy = Dy(G) — upDy(€") — ue Dy (€%)—
Uy D (‘53) utz D (54)7

Gz = D2(G) — ueeD=(€') — ww D, (£%)—
ury D= (€%) — ue= D= (€Y),

Cor = Da(Co) = uar D (€) =tz Do (€2)—
“ZyDCE(‘EB) — g Dy (€1),

Coy = Dy(Co) — taeDy(E1) — 1z Dy (€%)—
Ugy D (‘53) Uz y(‘£4)v

Goae = Do (Gow) = Uaat Da(€") = e Do (€7)—
ummyDZ(gg) - UzzzDz(§4)a
Coany = Dy(Cane) — tzzet Dy(§") = Unaae Dy (€7)—
Uray Dy (%) = Uzan=Dy(EY),
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where Dy, D;, D, and D are the total derivatives,
which are given by:

Dy = ngUtéJrUttiﬂLutziJr
ot ou ouy Ouy
0 0
utya Jrutzauz +e
D :2+u 2+u iqLu tiJr
T 9 T ou T Dy  Ouy
0
U$yauy+uzzauz+"'7 (11)
D :2+u 2+u iJru iJr
Yooy You Y ou, Y Dy
0
D :2+u 2+u i+u tiJr
0z Fou 2 Ou, = Ouy
0
uzyauy +UzzaUI + -

Expanding (9) and splitting leads to the following Lie
symmetries:

X5:ct%—a2%_bz(’%_cz§z’
Xﬁzgct% 3(bz Cy)a%‘Lceyau’ (12)
9 0
Xy =2ctz —(az —cz)z-+
(bz—Cy)a__cuaﬁ’
XG:G(t)%’ Xp = F(z)%,

where G and F' are arbitrary functions of ¢ and z
respectively.

3 Symmetry reductions and exact solutions of

(7

In this section, we obtain different types of exact solutions
of the 3D-KPLike (7) by utilizing the symmetries (12).

3.1 Invariant solutions under the symmetry
X1+ Xg

First we take into account symmetry X; + X which
furnishes invariants:

QEm0) + / G(t)dt = u(t, z,y, 2),
Y, (= z.

(13)
=z, n=

Inserting the value of u in the equation (7) yields the
NLNPADE

eQee —3QyQee —3QeQey — dQeeeny =0,  (14)

which can be easily integrated using Maple. Thus, we
gain the solution of 3D-KPLike (7) in this regard as

u(t,z,y,2) = /G(t)dt + As+
5)

2d Ao tanh (Angr 1, —y

+A3Z+A1) ;

where arbitrary constants Aj, As,..., Ay are
involved. Furthermore, we observe that (14) possesses the
symmetries:

0 0 0
Ml aga M2 a_é.; M3_a_77)

0 0 0
M4—a_§+a_n+a_§7

0 0 1
M5§(’)_§+<8_C+< en+¢— Q) 90"

We invoke M; and this furnishes the invariants
W(r,s) = Q(&,n,(), r = £ and s = 5. Using these
invariants, (14) reduces to:

eWrp — 3WWip — 3WWyg — dWiprs = 0. (]6)

Solving (16), we achieve the solution of 3D-KPLike
(7) as:
u(t,z,y,z) = 2d C} tanh <01$ b 4d01 Y+ CO>

—l—/G(t)dt + (s,
a7

with arbitrary constants Cy, C; and Cs. Further

exploration of (16) gives its symmetries as:

0 1 0
Jo = F2(S)$ + (geFl(S) + 1) W’

0 0 1 1 0

J3 = rm + F3(s )8 + (§€F3(S) + 3655~ W) FTa

By taking F; = 1, ¢ = 1,2, 3, the symmetry .J; yields
the invariants H(w) = W(r,s), w = s — r and making
use of them further reduces (7) to the nonlinear ordinary
differential equation (NLNODE) given as:

2eH" (w) — 6H'(w)H" (w) + dH"" (w) = 0.  (18)

Now, for symmetry Jo, we have H(w)+ (3¢ + 1) s =
W (r, s), where w = r, hence transforming (7) further to

© 2024 NSP
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linear ordinary differential equation (LNODE) H" (w) =
0. This, then gives a solution of the equation (7) as:

1
u(t,z,y,z) = Biz+ (ge + 1) Yy

(19)
+/G(t)dt+Bg,

where B and B, are arbitrary constants. In the case

of symmetry Js, we have invariants
+ {3H(w) + (er +1) s} = W(r,s), w = —In(r), thus
reducing (7) to:
11dH" (w) — 12H"(w)? — 6H' (w)H" (w)
—9H (w)H'(w) 4+ 6dH' (w) — 3H (w)H" (w) (20)

+ 6dH" (w) + dH"" (w) = 0.

Exploring Jz gives a trivial solution of (7) whereas J3
purveys W(r,s) = Q(£,n,¢), where r = £ and s = (.
Hence, (7) gives W, = 0 and so we have a solution of
3D-KPLike (7) in this regard as:

/ G(t)dt, 21)

where f1(z) and f2(z) are arbitrary functions of z.
Now, we consider the symmetry M, and so, we have

W(r,s) = Q(&,1,¢), where r = n — € and s = ¢ — &.
Substituting this in (7), one achieves the NLNPADE:

u(t,x,y,z) = fi(z)x + fa(z

eWrr + eWss + 2eW, s — 6W, . W — 9W,. W5
- 3W7"Wss - 3WSWTT - 3W5Wrs + dWT’I’TS (22)
+ 3dWrrss + dWrsss + dWrrrr =0.

Thus, we achieve a solution of the 3D-KPLike (7) as:

u(t, z,y, G(t)dt
i E / (23)

+C3+Cgtanh[01( —$)—Cl (Z—$)+Co],

where arbitrary constants Cy, C7, C2 and C5 exist.
Further exploration of equation (22) yields three
symmetries presented as:

o 1 0 0 1 0

I—2+—+—— L=—+(ze+1) =
Y=o T s T 3%w or 3 oW’

3 3

0 0 1 2 0
Ig(T+1)E+s%+{—e+—e(rs)W}—

Using symmetry I; purveys a trivial solution of (7).
However, in case of I, following the above procedure, one
secures ger+H(w)+r = W(r,s), w = s, which reduces

oW’

(7) to LNODE H”(w) = 0. Solving this equation, one
achieves the solution:

(24)
+/G(t)dt+A2,

which satisfies 3D-KPLike (7) with A; and Aj serving
as arbitrary integration constants. Meanwhile, symmetry
generator I3 gives no result of interest.

Now, we examine the symmetry Ms. This furnishes
& {260 +36C+ 6W(r,8)} = Q(&,1,0) with r = 7
and s = (/¢ Invoking these invariants, (7) transforms
into NLNPADE:

18d s Wy s — 382 W, Ws — 38° W W,
+9d 82 W5 — 15sW, Wy — 3sWW,.s  (25)
— OWW, + 6dW, + ds*W,ss5s = 0,

which can be integrated using Maple. Thus, the 3D-
KPLike (7) has the solution:

2exy + 3xz + 6f1(y) fo (g)
6z (26)
+ / G(t)dt,

u(t,z,y, z) =

with arbitrary functions f; and f> depending on their
respective arguments. Moreover, the symmetries of (25)
are:

o 9 P 9
K=24s8 k=242
1= 5 Ty S
) P) 9
Ky=— 45— —sW—
5= o s Waw

In the case of symmetry K;, one secures
H(w) = W(r,s), w = s/exp(r) as invariants, which
reduces (7) to NLNODE:

18w H' (w)? — 24dwH' (w) + 12wH (w)H' (w)
— 36dw’ H' (w) + 3w’ H(w)H" (w)

(27)
+ 6w H' (w)H" (w) — 12d w* H" (w)
—dw'H" (w) = 0.
Now, we deal with K5, which furnishes

1
—{r+ sH(w)} = W(r,s) with w = s. Substituting the
s

achieved result in (25) gives the ordinary differential
equation (ORDE):

6H (w) + 12wH' (w) + 3w?H" (w) = 0, (28)
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which solves and yields the solution of 3D-KPLike (7) as:

1 6
u(t,x,y,z) = P {Qexy + 3zz + ;

({vi[@rar@e))) o
+/G@¢

where constants Cy and C; are both integration
constants. Next, we take on K3, which yields

1
—-H(w) = W(r,s) with w = (14 rs) /s. This further
s

reduces (7) to:

6H'(w)H" (w) + dH"" (w) = 0. (30)

Thus, we gain a solution of (7) here with regards to
Weierstrass zeta function [58]:

1
u(t,x,y,z) = & {322 + 2eyz

1
+12d WeierstrassZeta | — (z + yz + Coz) ; 0; Cl} }
z
+/G@¢
(3D

where integration constants Cp and C} exist.

3.2 Invariant solutions under the symmetry
Xo+ Xp

Here, we explore the symmetry Xo + X and it purveys
the invariants Q(&,1,¢) + 2F(t) = u(t,z,y,2), & =
t, n =y, ¢ = z, which transforms (7) to yield the partial
differential equation aF'(t) + bQ¢y, + cQ¢¢ = 0. This can
be easily solved and consequently, the 3D-KPLike (7) has
the solution:

ult,2.y,2) = fily. 2) + falt.bz—cy) = Sty F' (1), (32)

where functions f; and f, are arbitrary and dependent on
their stated arguments.

3.3 Invariant solutions under the symmetry
X3+ Xp
The symmetry X3+ X secures the invariants Q (&, 1, ¢)+

yF(t) = u(t,z,y,2), £ =t, n = x,and { = z. Invoking
these invariants, equation (7) reduces to the NLNPADE:

anU + bF/(t) + cQec — SF(ﬁ)an + eQ,m =0. (33)

Solving this equation, we gain a set of solutions of the 3D-
KPLike (7) as:

u(t.2.9.) = Fit) + fal@) + fol2) — “01
3¢ b (34a)
s <7 /F(t)dt - EF(t)> ,

u(ta T,Y, Z) = fl(t)fQ(z)fB(z)i

bF/ (1) 1,
Ao (e —3F (1) <2on Azt ),

(34b)

b
u(t,z,y,z) =yF(t) — e—zltz - EZF(t)

3

+ %z F(t)dt + fa(t) + f5(2) (34c)
1

+ §Cl$2 + ColL' + Cl,

where functions f1(¢), f2(z), f3(2), fa(t), f5(2) are
arbitrary. To secure more robust results we take F'(¢) = 1
in the PDE (33) and then the resulting equation admits the
following symmetries:

R PR A T}
Mi=Que Ms= g (aC+en) g+ G
M=l Lo L
My = 2 (o —en) g + 2 (e = 3) 5
s 5+ 5 e~ 5 )’ e
%G
We engage the combination of Mj, ..., M, and this

yields the invariant functions exp(§)W (r, s) = Q(&, n, (),
r=mn—¢and s = ( — &. Using these results, (7) reduces
to:

aWrT - eWT’I‘ + aWTS + CWTS_

aW, + cWss — Wy + 3W,.. =0, (35)

which admits the two translation symmetries 9/9r and
0/0s. Their linear combination 9/9r + «19/3ds provides
invariants H(w) = W(r,s) and w = (sag — ray) /ap
and these transform (7) to NLNODE:

aaiH"(w) —aagar H' (w) + cadH" (w)
—cagar H"(w) — e H" (w) + acg a1 H' (w) (36)
—calH' (w) + 3aiH" (w) = 0.
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This ORDE can be easily solved and consequently, we
achieve a solution of the 3D-KPLike (7) as:

u(t, ,y, z) = exp(t) {Ao + Ajexp {M
1
<2 taG -0 - a0} |
Qo
(37
Where A = aapa; —aad — ca} + cagag +
ea? —3a?, Ap and A; are arbitrary integration constants.
Next, we make use of the symmetry M5 and see that it
produces the invariants W (r, s) = Q(&,n,¢), r = £ and
s= ﬁ (cn — a(), thus reducing (7) to:

2eWss — csW,s — 6Wss = 0. (38)
Solving the above equation yields the solution of the 3D-
KPLike (7) as

u(t,z,y,2) =y + fr(t)+
/f2 (— c92+(4e—12)t})d9, (39)

with 2 = ﬁ (cx —az) as well as arbitrary

functions f; and fo depending on their respective
arguments. Now for the symmetry Mg, the invariants are

W(r,s) = Q(&n.C), r = sz (en—a¢) and s =
which reduces (7) to:

2eW, —

crWys — 6W,,. = 0. (40)

In consequence, we secure the solution of (7) presented as:

u(t, ,y,2) = y+ fi(z)
41
/f2< [CA§+(4612)Z]>dAO, @l
where Ay = C%/{ (cx — az) and functions f1 and fo

are arbitrary, depending on their various arguments. With
regards to the symmetry M7, we obtain invariants:

W(T7S) = Q(65n7C)a
r= 4(6_%)4_ {2(17]§ - 0772 =+ (12 - 46) fg} s
s=(,

and by utilizing them the model (7) transforms to:

6cW,.—4cesW,.s — QQSWM

(42)
— 2ceW, + 12¢sW,.s = 0.

Eventually, we achieve a solution of 3D-KPLike (7) as:

et
~ de(e - 3){4 - 13) Razz  (43)

z
—cx2+ 12 — 4e) tz] H}—i—y,

U(t,l‘,y,Z) :fl(z) +

where functions f; and f; are arbitrary and depend on
their respective arguments. Finally, for the symmetry My
invariants are:

Ve =QEn0,  r=3
s = m {a2C2 —2acenC + c2n? +4c(e —3 fg“}

which when used in equation (7), reduces (7) to:

12erW, — 36rW, + 3eW — 9W

44
+ der*W,, — 12r°W,,. = 0. @)

Therefore, we secure a solution of 3D-KPLike (7) as:

u(t,z,y, 2) = %{ (%) VP (45)

()" R

with arbitrary functions f; and f» depending on their
respective arguments P = [a®2? — 2acxz + 2

+4c(e —3)tz.

1
4c(e—3)z

3.4 Invariant solutions under the symmetry
X4+ Xp

The Lie symmetry operator X, + X gives the invariants:

§=1t, n=uwx, ¢=y,

46
Q€0+ [ P =ty 2) (#0)

Inserting the value of u in the equation (7) yields the
NLNPADE:

aQen +bQecteQuy — 3QcQuy,

47)
— 3QnQn¢ — dQunn¢ = 0.

Thus, by solving this equation we gain the solution of
3D-KPLike (7) as:

022 (4d0203 - 6)
aCy + bCs

u(t,x,y, z) = 2d Cy tanh (
(43)
+ Cox + C3y + Cy) + /F(Z)dz + Cy,

where C1,Cs, ..., Cy are arbitrary constants. Further
study of (47) reveals that the equation admits the following

© 2024 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

416 N <SS &

C. M. Khalique et al.: Exact solutions and conservation laws of a new fourth-order...

symmetries:
0 0 o o0
M = —+ — My=— 4+ —
1 66 aQ; 2 6C + aQa
0 o
Ma = — + —
= an T ag
0 1 1 0
Myi=¢6—+(1==at—=bn) —
0 1 0 1.0 2 1 0
Ms=¢6— 4+ —n— 4+ =(— 14+ -el — = —.
5= 85 T 38, T30 T ( g 3Q) 20
We now explore M, ..., Ms in obtaining some solutions
to (7). Beginning with M;, we have invariants
£+ W(r,s) = Q(n,¢), r = nand s = (, which

transform (7) to:

eWrp — 3W Wy — 3W,Wis — dWipps = 0. (49)
Thus, we have a solution of 3D-KPLike model in this

instance as:

u(t,x,y,z) =t + /F(z)dz + Cy
. (50)

2dC tanh
+ 2dCy tan (C’lz+4dcl

y+00)5

with Cy, Cy, C being arbitrary constants.
Further study of (49) gives

0 0 1 0
= — F — —eF! -
Ji 5 T 1(8)as+3€ 1(8)8W’
0 1 0
JQ = FQ(S)% + (geFQ(S) + 1) W’

0 0 1 1 0

Js =r— + F3(s)— + ( =eF: Ces— W) —.
=T T 3(5)53+<36 a(s) + ges )aW

We assume Fj(s) = s, = 1,2, 3, and then for J;,

one secures the invariants H(w) + tes = W(r,s) and

3
w = s/e". Thus, these invariants further reduce (7) to the

NLNODE given as:
dH'(w) — 6w H' (w)* + 7dwH" (w)
+6dw*H" (w) — 6w? H' (w)H" (w) (51)
+dw® H" (w) = 0.
Next, for Ja, one gains the invariants

H(w)+ tes+In(s) = W(r, s) and w = r, which further
reduce (7) to H”(w) = 0. Thus, this gives a solution:

1
u(t,z,y,z) =t+ A1z + gey+

(52)
In(y) + /F(z)dz + Ao,

where A; and A, are arbitrary constants. In the case of
J3, we have invariants 5~ {3H (w) + ers} = W(r,s) and

w = s/r. Hence, using these invariants equation (7)
reduces to:

36dw H" (w) — 18w H' (w)? — 6w? H'(w)H" (w)
— 3w H(w) H"(w) +24d H' (w)
— 12H (w)H'(w) + 12dw*H" (w)
+ dw*H" (w) = 0.
Exploring M5 purveys ¢ + W (r,s) = Q(&,n,¢), r =
¢, s = n, which reduce (7) to:
aWys — 3Wss + eWys = 0. (54)

This equations is solved easily, and so we have a solution
of 3D-KPLike (7) as:

(33)

u(t,x,y,z) :y+f1(t)
+ fa[ax — (e — 3) ] +/F(z)dz

with arbitrary functions f; and fs.

Now, we consider M3 and so, we have the invariants
n+Wir,s)=Q(&,n,¢),r=¢and s = (, which reduce
(7) to W,.s = 0, thus yielding a solution of the 3D-KPLike
(7) as:

w2y, ) =+ fi(t) + fa (y) + / F(z)dz,  (56)

(35)

with f; and f, being arbitrary functions. The
symmetry My furnishes the invariants
n+Wir,s) =Q(&,n,¢), r=&and s = ¢, thus reducing

(7) to:
3rWys +3Ws —e=0. (57)

By solving differential equation (57), one has a solution of
(7) as:

u(t,z,y,z) =x + é {61: — 2axy — be}
6 (58)
+2ey 60 + 3o ) + [ P

with f1(¢) and f2(y) are arbitrary functions of ¢ and y
respectively.

Finally, under symmetry X4 + X we explore M5,
which gives the invariants:

%(6C+9)+ \VLEW(T7S) = Q(€7775C)7
r = % and s = %

Utilizing these invariants, equation (7) reduces to the
NLNPADE:

arWy +bsWes +br Wy +asW,g
+ 2aW, + 206W4 + OW, . W, + OW W, + 3dW,pros = 0.

Further exploration of the above equation yields no
solution of interest.
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3.5 Invariant solutions under the symmetry
Xq,..., Xy

We will now explore various types of solutions emanating
from the translation symmetries.
Jacobi elliptic function solutions of equation (7)
Using the time and space translations X7, ..., X4, we
have the group invariant:

u(t,z,y,2) =U(p), p=ax+Py+vz—nt, (59

where «, 3, v and ~ are arbitrary constants. Using (59),
equation (7) is reduced to the fourth-order NLNODE:

*—aay—bBy—cvy)U"(p)

—682U" (p)U'(p) — dB U™ (p) = 0.

(e

(60)

Integrating (60) once with respect to p gives:

Co+(ea® —aay—bBy—cvy)U'(p)

61
38020 ()% — dBa*U"(p) =0, O

where () is an integration constant.
We now let:

U'(p) = adi(p),
1
dpa3
_ G
~ dBat’

w = {ea2 —aay — bBy — cuv} , and

(62)
Cy

Equation (61) becomes:
¢+ 3 —wip + Cy = 0. (63)
Multiplying (63) by )’ and integrating with respect to
p gives:
L n 3 1 o9
§¢ + 97— 5&”/) +Ciyp + C2 =0,
which when rearranged becomes:

PP = — (20 —wp® + 2010 +2C),  (64)

where C is an arbitrary constant of integration.

Now, the right hand side of equation (64) is a cubic
function and suppose it has factors §; > 62 > 63 such that
0; € R, i =1,2,3. Thus we have:

P = =2( — 01) (¢ — 02) (¢ — 03). (65)

The solution for (65) is well-known in terms of the
Jacobi elliptic cosine function and is given by [59, 60]:

wm%+w19m¥<vﬁg@4ﬁ>,mm

where S? = b1 92.
01 — 05
Notice the appearance of the Jacobi elliptic cosine
function  cn(p|S?) with special ~ parameter
S2? : 0 < 82 < 1. The behaviour of S? greatly dictates
how the function morphs into its trigonometric and
hyperbolic counterparts. In general, when S?— 1,
cn(p|S?)— sech (p) and  when S2— 0,
cn(p|S?)— cos (p) [61]. Now, since U(p) = ad [ ¢(p),
the solution of the 3D-KPLike (7) is thus:

V2 (01 — 63)

uw(t,z,y,z) = ad{ ————=

(t,2,y,2) { I
XE{SH[($a+yﬁ—t’7+ZV)v91—93 91—92}
V2 01— 03

0, —0
X 9192}+92(a$—7t+ﬁy+uz)
01 — 03)°
_ﬁ(ax_w-i-ﬁy-i-uz)

X <1 — 7(91 — 92)2) } )
(61 — 03)

where sn is the Jacobi elliptic sine function and E is the
elliptic integral of the second kind. Solution (67) contains
both topological kink when {(6; — 02) / (61 — 03)} — 1,
and periodic solutions when {(61 — 62) / (01 — 03)} — 0.
Hyperbolic function solutions of equation (7)
Multiplying equation (61) by U” and integrating once
with respect to p leads to the second-order NLNODE:

C1 + CoU'(p) + AU’ (p)?

67
— BU'(p)® — EU" (p)* = 0, ©7

where A = (ea® — aary — bBy — cvy)/2, B = Ba?, and
E = 1/2dBa®.
Now letting U’ (p) = V (p), we obtain:
C1 + CoV (p) + AV (p)?

68
C BV - BV =0.

Letting Cy = C7; = 0, and solving the resultant
equation to get:

Vp) = f% {tanh <%>} —-1].

(69)

Recall that U (p) = [ V(p)dp. Consequently, reverting
to the original variables, the analytic solutions of (7) are:

A
uy = Ep + Ko. (70)
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and
2FEA VEA(C5 —p)
Uy = — tanh{ ———~
BVFEA 2F
_ LA In ¢ tanh 7”E1A(C3_p) 1
+ LA 111 tanh M + 1
BVEA 2F
ML
Bp 1,

where p = ax+ By+vz—~t, with Ky and K, integration
constants.
Exact solutions of (7) using Kudryashov’s method

We invoke the Kudryashov method [62] to determine
additional exact solutions of (7). We begin by assuming
that the solutions to the fourth-order NLNODE (60) can
be written in the form:

M
Ulp) =D AiY'(p), (72)
i=0
where Y (p) solves the Riccati equation:
Y'(p) = Y*(p) = Y (p), (73)
which has an exact solution given by:
Y(p) = L (74)
1+4+eP

The value of M in (72) can be determined by using
the balancing procedure [62] and A;,i = 0,1,..., M are
constants which we will determine. We balance the highest
order derivative with the nonlinear term, that is, U""(p)
and U (p)'U" (p) respectively. This gives M = 1. Thus the
solution (72) can be written as:

U(p) = Ao + A1Y (p). (75)

Substituting (75) into (60) and invoking (73), we
obtain:

—2aa; ayY3(p) +3aa; ayY?(p)
—aaayY(p) —2baifyY?(p)
+3baiSyY?(p) —baiSyY(p)
—2cavyY?(p) +3cavyY?3(p)
—cavyY(p) —24dai3*Y°(p)
+60da3a*Y*(p) —50d a8 a®Y3(p)
+15da1B8a*Y?(p) — da1 B Y (p)
—12a.2%BY5(p) + 30a:%a?BY?(p)
—24a,2?BY3(p) + 6a:2*BY3(p)
+2ea10’Y3(p) — 3ea1a®Y?(p)

+ ea1a®Y (p) = 0.

Equating the coefficients of like powers of Y (p) in
equation (76) we obtain the following five algebraic
equations in terms of ag and a;:

Y (p)
Y*(p)
Y3 (p)

:2da1Ba® 4 a12a?8 =0,
:2daif o + a1?a’?B =0,
eara® — 25 daif a®
—12 a12a25 — aajay
—ba1By —cavy =0, (76)
:5da o’ + 2a12a26 + aaiay
—ea1a® +ba1 By + cavy =0,
: 25 'y?’)\ a1 + 16 72)\ a,?
+8vAM%a;2 —4ywva; = 0.

The solution of these equations is:

ap = ao,

2(aay — a?e + bBy + ey v)
“= a?j C D
de a’e —aay—bBy —cyv

a3p
Thus, the solution of the (3+1)-D KP-like (7) reads:

2aay —2a%e +2bBvy +2cyv
Oé2ﬂ (1 +eam+ﬁy7'yt+uz)

U(t, z,Y, Z) = ao +
(78)

3.6 Invariant solutions under symmetry Xs

The characteristic equations of the symmetry X5 yield the
invariants ~ G(p, ¢, k) = u(t,z,y, z),
p=tz, ¢ =cxr—az, k = bx — ay. Insertion of this value
of u into (7) produces:
cp Gpp + cGp + a c*d Gygrg + 3abc?d Gypg
+ 3a bQCdekkq +a b3d Grrkk +3a C2Gquq
+9abcGrGry + 6ab*GrGrr + 342G Gy
+3abcGyGri + e Gqq+2bceGrq+ b2eGrp = 0.

(719
Equation (79) has five symmetries, namely:
0 0
I =— = —
1 aq; 2 ak7
0 0
el S Tek
Is= 3acp§p + (3ack — 3abq)% + (beq — cekz)%.

Characteristic equations of I' = I'} 4+ yI%, where 7 is
a constant yields the invariants G(p, q,k) = U(g), g =
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k — ~q, which transforms equation (79) to the NLNODE:

(3abcdy* + ab®d — 3abicdy — actdy®)U""
+ (6a c*y? — 12abey + 6ab®)U"U’
+ (Pey? + bPe — 2bcey)U" = 0,
or
EU'U" + FU" 4+ ZU" =0, (80)
where
Z = 3abc*dy? + ab®d — 3ab*cdy — acdd?,
Y Y Y
& = 6ac®~? — 12abcy + 6ab?,
F = cZey? + b%e — 2bcey.
Solution of (7) by direct integration.
We seek to find the solution of 3D-KPLike (7) by

utilizing the NLNODE (80). Integrating (80) with respect
to g yields:

£
EU’Q +FU' + Z2U" 4+ Py =0, (81)

where Py is an arbitrary constant of integration.
Let U'(g) = p(g), then equation (81) becomes:

£
§p2 +Fp+Zp'+Py=0. (82)

Multiplying (82) by p’(g) and integrating with respect
to g gives:
Z

& F
50/2+6P3+5P2+P0/)+P1=0, (83)

where P is an arbitrary constant.
Then,

£ F 2 2
/2 =3 v 2 iy o) Zp =0. 4
p+3zp+2p+zop+21 0 (84)

Suppose that ry, r5 and r3 are real roots (1, > 15 > 13)
of a cubic equation:

3F 6 6
3 o2 el el —
P+ e+ g Pop+ P =0, (85)

that satisfy the conditions:

rirery = —- P,

&

6
miry + i3+ rer3 = M,

&
3F
-

Then equation (84) is written as:

7’1+7’2+T3:7

p :——(p*Tl)(p*'fQ)(p*TB)a

and has the solution:

p(r) = ry + (1 — 12) cn?

5(7“1—7“3) 9
X { 122 (9 —g0) |[M*= 5, (86)
M=t "
™ — ’f’g7

where 7 is a constant and cn is the Jacobi cosine function.
Thus, by returning to the original variables, we obtain
the solution of the 3D-KPLike (7) as:

u(t,z,y,z) =Fo [EllipticE{sn [fl(g — go),KQ} ,K2}]

1 - K*
+ 7“2—(7“1 —7“2)7

X (g - gO) + kla
(87)
where
f . 12C(7’17T2)2 . 5(7”177”2)
0= (7“1 — 7“3)5K8, te 12C ’

with g = bx—ay—~(cx—az) and k; an arbitrary constant.

3.7 Invariant solutions under symmetry Xg

From the symmetry Xz we get the group invariant
solution:
bzln (bz — cy)

3c
48 (bz — cy) (88)

3c ’

F (pv(Ia k) = u(t,z,y,z)f

where p =z, g = zand k = (cy — bz)/t and equation (7)
transforms to the NLNPADE:

ak*Frp + ck*Fry + cdk Fyprp

89
+ bqFyp + 3ckFypFy, + 3ckFpFy, = 0. (89)
Equation (89) has three Lie symmetries:
0 1 0
= = 4 Fl{g)—=
0 0
Up = 3c— — {blnk — F*(q)} =,
dq oF (90)

0 0 0
Us = (2aq — cp)a—p — an_q + 401@%

+ {CF + ch(q)} 6%’

where F'*, 2 and F'3 are arbitrary functions of q.
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However, here we take a special case ! = F? =

F3 =0, and obtain:

0 0 0
YI=—, Y5=3c— —blnk—
1 ap7 2 Caq n 8F7
0 0 0 0 On
Vs = (2aq — ep) = — cq— + deck— + cF -2
3 =(2aq cp)ap Cq8q+ Ck8k+c 5F

We use the symmetry Y5 to perform reductions on (89).
This symmetry has invariants:

1 .
F(p,q, k) + e (bglnk) = W (r,j),

92)
r=p, s=k.
Substituting (92) into (89) yields NLNPADE:
3 WTS + 3 dW’I‘T’I‘S + 9 WT’I‘WS
as c c ©93)

+9cW, W,s —b=0.

The given equation (93) has the following operator as its
Lie symmetry:

0 0 0 0
L Wa=3e— —ar——, Wi = —.
or 2T s T Taw TP T aw
We use symmetry W5 to perform reductions on (93).

This symmetry has invariants W (r, s) + (ars)/(3c) =
N (r), r = £ and using them yields the LNORDE:

Wi =

b+ 3aEN" + 3aN' =0, (94)

whose solution is
b
N(&) =CrIn(§) - 55 + (o, (95)

with C'1 and C5 being arbitrary constants of integration.
Hence, the group-invariant solution of (7) under Xg is:

b e
ults,9,2) = 5= {21 (b2 — )} = == (b — cy)
b

+ CiIn(x) — 3"

e —%{zln{%(cy—bz)]}.

3.8 Invariant solutions under symmetry X

The use of symmetry X~ gives the invariants:
p=z q:(CIL'*aZ)/\/EC,
k= Vt(cy —b2)/c,
U(p.a,k) = t"ult, 2.y, 2).

and using these, equation (7) transforms to:

2eUqq — cUp — 2dUqq1q — 6U4qUs,

96
— 6UqUrqg — cqUpq + ckUyp = 0. (%6)

Equation (96) has the following operators as its Lie
symmetries:

0 0
Ql*a—p, Q27%,
0 0 0
= 9p— il L — -
Qs 9p8p+3qaq+(€ V)55
0 0 0
The symmetry Q3 has the invariants:
q
r=—, s=k,
P
LN g ©O7)
H(r,s)= U, q,k) — zek | —,
(r;s) ( (Pa, k) — 3 )\*/T)

which transform the PDE (96) to:
cH+3crH, —6dH, s — 18 H.. H;

—18H,H,s+ cr*H,, —csHy, —crsHys = 0.
(98)

The above equation admits the Lie symmetry:

9] 0 0

which has invariants:
rH(r,s) = F(&), & =r’s,
and so the PDE (98) reduces to the NLNODE:
IF(E)F"(€) — 27€2d F""(€) — 108 d ™ (€)
T (€c — 60)F"(&) + ¢ F'(€)
— 547 F'(§) F"'(§) — 36 F(§) F'(§) = 0.

The use of symmetry @4 provides us with the
invariants:

r=p, s = kg®,

1
H(Tv S) = (U(p7 q, k) - §€k> q,
and these invariants convert equation (96) to NLNPADE:
9H,o H — 27d s*Hygss — 54 sHys Hy
—108ds —60d Hgs — 18H2 — cH,.s = 0.

Equation (99) has two Lie point symmetries, viz.,

o .00
ar 27 Tor T

The symmetry operator 75 has invariants:
S
g =
r
and these transform the PDE (99) to the NLNODE
c W/(é-) _ 27d§2w////(§) 4 Cé»w//(é—)
+ 1086 d W™ (&) — 54EW (W' (€)

—60dW"(€) — 18W"(¢)
+IOW ()W () = 0.

99)

Ty =

H(r,s) =W (r),

(100)
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4 Graphical representation of solutions and
discussions

In this section, we present the graphical descriptions of
some of the obtained solutions in the previous section.
The results comprise various solutions of interest ranging
from exponential, trigonometry, and hyperbolic to Jacobi
elliptic function solutions. Besides, several algebraic
solutions consisting of arbitrary functions were achieved.
These arbitrary functions can assume any possible
mathematical functions with the result satisfying (7).
Therefore, using computer software, we represent a few
of the various interesting solutions in this study with
some graphical display of solitary waves in the form of
three-dimensional (3D), two-dimensional (2D), and
density plots.

In the first place, we explore the dynamics of
algebraic solution (21) in Figure 1 with functions
fi1(z) = sech(z), fa(z) = sin(z), and G(t) = —sin(t),
where z = 1,y = 0, —8 < ¢,z < 8. We further have as
earlier presented, a fixed value of y with f1(z) = sech(z),
f2(z) = cos(z), G(t) = — cos(t), where = 1.2, and
—10 < t,z < 10, thus, we plot Figure 2. In addition,
Figure 3 is presented for the solution of (7) with
fi1(z) = sech(z), fa(z) = cos(z), and G(t) = — cos(t),
where x = 2, y = 0, alongside —8 < ¢,z < 8. Next, we
display solution (55) in Figure 4 where we take
fit) = sech(t), fa(t,z) = sinfaz — (e —3)¢],
F(z) = —sin(z),inwhicha =1,e = 5,2 =y = 0, and
—8 < t,z < 8. Further to that, in Figure 5, we assign
fi(t) as earlier done and F(z) = cos(z),
fa(t,z) = tanh? [az — (e — 3)t], where a = 1, ¢ = 5,
x=0.1,y=0,and —8 < ¢,z < 8. We present in Figure
6 and Figure 7 portrayals of solution (55) with the
assignment functions and parameter values as in Figure 5
but with different values of x and intervals of ¢ and z,
where for Figure 6 function f>(t, z) is doubled. We notice
that by fixing y and other involved constants and varying
x in dissimilar intervals of ¢ and z, we obtain diverse
notable soliton interactions as demonstrated in the
Figures.

Now, we depict Jacobi elliptic solution (67) in Figure
8 with parameter values « = 0.3, 8 = 0.5, v = 5,
v = —0.2, 6, = 90, 83 = 50.05, 03 = 0.04, where
variables y = 1.4, z = 2, and —5 < ¢, x < 5, whereas in
Figure 9, same value allocations are utilized but with
varying interval of ¢ and x. Finally, we represent elliptic
integral function solution (87) in Figure 10, by using
dissimilar values o = —1.1, 8 = 1.1, v = 0.7, v = 0.4,
C=70,£ =10,k =1,r1 =90, ry = 40.05, r3 = 0.05,
where variables ¢t = 0.01, z = 0.02, and —5 < x,y < 5.
Moreover, we further exhibit the dynamics of (87) in
Figure 11 by assigning o = —1.1, 8 = 1.1, v = 0.7,
vy=04,C =170, =10,k =1,r =90, ro = 40.05,
rg = 0.05, with variables t = 0.01, z = 0.02, and
—10 < z,y < 10. It is observed that the elliptic function
solutions exhibit various periodic waves at various values
of parameters and dissimilar intervals.

Fig. 1: Wave profile representing algebraic solution (21) at
r=1andy =0.

5 Conservation laws of (7)

We devote this section to secure conservation laws related
to the 3D-KPLike (7) via Ibragimov’s theorem [63—65].
Using the salient information provided in [64], we have
the following theorem:

Theorem 51The adjoint equation of 3D-KPLike (7) is
expressed as:
G* = avey + bugy + vy — dUgpay + Vaa (€ — 3uy)

— 6V ULy — 3UzVgy = O,

(101)
and the formal Lagrangian given as:
L =vG = v(auiy + bugy + cuy, — digey
g (auy ty t Y 02)
+ eUgy — 3UzUgy — SUzgly),
with
G = auyy + bugy + s, — duggry + €Uy
t ty t Y (103)

— 3UgUgy — FUpaly.

Therefore, using the earlier outlined information, we
have the conserved vectors associated with Lie symmetries
obtained in (12), as:

Tlt = eVUzz — IVULUgy — FVUYUzy — AVUgzay

1
+§cvzut + §bvyut + §avzut
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1 1
+Zdvutmmm - Ebvuﬁ,

+1 + L, + 1
—CUUty — 00U —aVUg,
2 272 oL 1 L 1
= —QUgVUp — —QUgaV — —bUgyV — —ClUg,V

279 2 27T 9

3 3
17 = evguy — Evyuzut — 3Uy Uy — §’uumyut . .
+§buzvy + §cuz’uz,
3

1 3
—Zdvmyut + §avtut + Evuxuty + Zdvmuty

1 1
157 = Eaum’u + bugyv + cuv — Zduzmy’u

1 1
—eVUty + VU Uty + Edvxyum - §dvxumy 1 3
—3Ug Uy + Eavtum — Zduzvmy

——dUyUtpe + = AVUtpy — —AVU
4 Y 4 LD ’ 1 1 1
+§dumvmy + Zdvmumy — §d’uzumy
1 1
le = QCUt’l]t — §C’U’U,tt; 3
—Zdumzvy + eugv,; — Euivy — U Uy Vs,

i gy 1 1

AN T; = Zdummv - Ebumv + 3Upp

‘ \

1 1 1
+§bvtuz - Zdumvmmm + Zduzzvmm

1 3

_Zduzzzvm - 5“3257}17
1 1
T5 = Ecvtum — jZCumv;
1 1 1
Ti = 3ty + b Uy + Savey S cvuy
1 1
—§b’uuyy — 5 Wliay,
. . . . T 2 3
Fig. 2: Wave profile representing algebraic solution (21) at Ty = §vuzyuy — 3uguy — §Uyuzuy + evzpUy
r=12andy =0.
3
—Zd’umyuy + 2@ty + 3 Vlyylla — EVlay
3 3 1 1 1 1
TY = o Vllaalls = 5 Us Ul — Zdvzmut + §bvtut +§dumy’uzy — §d’uzuzyy + Zduyy’um
3 1 1 1 3 1
—i—;uumum + Zdvmum — Zdvmutm —Zdvyumy + Zd’uumyy — §avuty,
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1
TY = evugy — —UylgUy — ~dUgagyUs — —VUglgy
2 4 2

3 1 1
—Evuyum + Zdumyvm — Zduyvmm

3 1
—Zdvumzy + Ebuyvt + cvug,

1
+§bvuty + avuy,,

1 1
T35 = Ecuyvt — §cvuty,

1 1 1
T = S CUzVz — SOVl + Ebuzvy )

1 1 1 . . .
—3 bvuy, + zau v, — §avum, Fig. 3: Wave profile representing algebraic solution (21) at

2 r=2andy = 0.

. 3 3
TG = Evuyzuw — Euzvyuw + eu v,

—3U Uy Uy — EVUL; + 3VUYU,

3 1 1
—Evuzuzy + Edumvzy — §dvzuzyz

1
+Zduyz’um — Zdvyumz — Zduzvmy

3 1 1
+Zdvumyz + —au,vy — —aviy,,

2 2
Ty = oVl laz = SUsUsVz — Zdumzvx
1
+§'U'Ufzumc + Zdumzvmc - Zduzvxmc

1 1 1
+Zdvuzzzz + §buzvt - §bvwz,

T§ = eVUgy — 3VULUgy — SVUyUzz — AVUzgzy

Fig. 4: Wave profile representing algebraic solution (55) at

1 1 l P
+§Cuzvt + 5 CVUts + bvugy + avueg; z=0andy = 0.
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3
—3czvuyum + bezvuzy + §czvuzuzy
1 1 1 1

Tg = izvum(f — §zumvza2 + §cvuxa — iczvzuza . .
—abzvuyuzy — §cdzuzzvmy — §bdzuzyvzy
1 1
,§bzvyuza — iczuzvza — §bzuyvza + czvug,a . . .
+§cdzvzuzyz + ibdzvzumyy — chzuyzvm
1 1 1
+bzvumya + Ectvzuta + Ectvutma + —02’U’U,Z
1 1 1
—Zbdzuyyvm + chzvyumz + Zbdzvyumy
1 1 1 1
—5022uzvz + §c22vuzz + Ebcvuy — §bczvzuy

3 3
Jrzcdzuzvmy + Zbdzuyvmy — chzvumyz
1 1
—§bczuzvy - §b22uyvy + bezvuy, + §b22zvuyy

3
—Zbdzvumyy — ictvyumut + cetvgug
—=3ctvUgUsy + cetVULy — 3CTVUY ULy

3 3
1 1 —3ctuy v Uy — Ectvumyut — chtvmyut
—cdtvigpry + 502tvzut + §bctvyut + §c2tvutz
3 1
1 +§ctvuzuty + chtvmuty — cetvuyy
+=betvuyy,
2
1 1
3 1 1 +3ctvuy g, + Ecdtvmyum — §cdtvmumy
T izvyuia - §zumvta2 — izvutzQQ

—E2UgUeA + 32UyUg Vs + 32VULUzy A

1 1 1
f§dzvzyuma — Zdzumyvma + Edzvzumya

1 1
+Zdzuzvmya + Zdzvyumma + Zdzvummya

1 1 lb
QCvuta 2czuzvta 5 ZUy V@

" 1 ; 1 lb
2c ULV A 2czvutza 5 ZVUtya

3 3
—§ctvutta + §czuzvyugE + §bzuyvyuz

3
2
_§czvuyzuz — §bzvuyyum + 3bzuyvz

—Ce2ZULVy — bezuyvz + SCzuZuyvz + cezvug,

1 3
—chtvyutm + chtvutmy,

1 1 1

T? = —tupvic® — =vupc® — = 2u,04C°
> 9 2 2
1 s 1 2
f§zvutzc — itvuttc + 320Uz UgyC

—€ZVUgyC + 32vuyumc + dzvummyc

f§bzuyvtc — §azumvtc

1
—=bzVUs, C — = azZVULLC
2 Y 2 ’

3 3 1
Tg = azvuybe - §zuyvyb2 + §cevb

1 3
f§czvzuyb - iceyvyb + §cyuyvyb
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3 3 3
+§czvuyzb - Ecyvuyyb - §azuyvzb

3 3 3
+§azvumyb + §ctvyutb + Qctvutyb

—lc2eyvz + §ch'uzu — —c2yvu >
2 2 L) Y
1 3

—§aceyvm + §acyuyvz — §acyvuzy

—9ctvupsy + 3cetvig, — Ictvuy Uy,

3 3 Fig. 6: Wave profile representing algebraic solution (55) at
2
—3cdtvigery + 56 tv,up + Eactvmut r=0.5andy = 0.

3 4 3
+§c toue, + Eactvum,

¢

Fig. 5: Wave profile representing algebraic solution (55) at Fig. 7: Wave profile representing algebraic solution (55) at
x=0.1landy = 0. x=0.3andy = 0.
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Fig. 8: Wave profile representing elliptic function (67) at
y=14and z = 2.

Fig. 9: Wave profile representing elliptic function (67) at
y=1.4and z = 2.

3 1 1
TY = 5Z%uzvmb — Ezuyvtb2 - §zvutyb2

3 3
+§zvumumyb — e2VUgeb + Ezvuyumb
1 1 1
— Zdzuzyvmb + Zdzvmumyb + Zdzuy’uzmb
3 1 1 1
+ Zdzvuzmyb — —cvuth — —czu,vib — Eazuzvtb

2 2

1 1 1 1
+§ctutvtb - Eczvutzb — —azVUxb — =ctouyb

2 2
3 9 3 3 3
4—§azuz’uz + iczuzum’uz — icz’uumum — §czvuzum
1
—3az0UzlUyy — chzumvm — Zadzum’um

1 1 1
—I—chzvzumz + Zadzvzuxm + chzuzvzm

1 1 1
—l—iadzuzvzm - chzvumm - Zaclzvumm

3 3 1 1
—Ectumvmut + §ct’uumut — —cdtVgpaUus + —cdtvUpppy

4 4
3 1 1
+§ct’uumum + cht’umum — chtvmutm,
1§ = —yuyvtc2 — Zouc?

2 2

1 2+3t 9
——eyviC —turviC
Qyt B tUt

—§y’uutyc2 — Etvuttc2

3 3
— Ebzuy’utc + §bzvutyc;

3
T8 = 5 YLy Uizt — cyv e’ — 5 CVlUaE + Geyuyvze

3 1
—3bzuyvye — icyvuzye + 3bzvugye — chvme

3 1
+chyvmye + 3ctvgure — §acy’ute — 3ctvugge
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9
+§cvuyum — icyuyvyuz + §bzuyvyuz

9 9
+§cyvuyyuz — Ebzvuyyuz — Qcyuivz + szuivz

3
+§cyvuyuzy - Ebzvuyuzy - §cdvmumy

3 3 3
+§cdyumyvzy - §bdzumyvmy + §bdzvzumyy

3 3 3
+—cduyVzy + chyuyyvzz — Ecdyvmumyy

4
3 9 3
—Zbdzuyyvm + chvumy — chyvyumy
3 9 9
—i—Zbdzvyumy - chyuyvmy + Zbdzuyvmy
9 9 3
—i—chyvumyy — Zbdzvumyy — §acvut — Ectvyuzut
9 9 3
—9ctuy v us — ictvuzyut — chtvmyut + iacyuyvt
3 3 3
——abzu,vs + —actuvy — —acyvug, + —abzvuy
2 Y 2 2 Y2 Y

3 3
+§ctvuzuty + chtvmuty + Ictvuyus, + §cdtvzyum

- = d - = d - dt - —3 t
cdtvg Uty cdtv,u + —cdtVUipy actvuy,
2 x Wtzy l y Utz l trxy 2 tt

3 3
Tg = izvumumyb — §zuyvtb2 — izvutbe
9 9
+§zuyumvzb — 3ezvUgeb + izvuyumb
3 3 3
—Zdzuzyvmb + Zdzvmumyb + Zdzuyvmmb

9 3 1
+Zdzvuzmyb — §cvutb — §ceyvtb

3 3
+§cyuyvtb + ictutvtb — 3czvug,b

3 3 3
+§cyvutyb — 3azvuib — ictvuttb + §ceyumvz

— S CYUyUg Uy —

5 icyvuzumy + iceyvum

3 3
f§cyvuyum + chyumyvm — chyvmumy

1 3 9
+ —cdeyVpgr — ~CAYUyVpae — — CAYVULa2y

4 4 4

9 n 3 d 3 d

— —CYVUYUgy + = CAYUgy Vg — — CAYVp Ugye
9 YUty 4 WYty 4 (WY Vatlaay
9 t + J t 3 dt

— =tV + = CtvUp, Uy — = CdtVgp U
2 £ ! K

9 9

+3c yvue, + 3acyvug, + §ctvumum

3 3 3
—l—chtvmum — chtvzutm + chtvumm,

Fig. 10: Wave profile representing elliptic function (87) at
t =0.01 and z = 0.02.

1 1 1
Tt o 2 2
7 = ZRVUzz A" — Z2ZUgVp Q™ — ZCVULA

2 2 2

1
——C2V, U — —bzUy,uza + —cuvga
2 2 Y 2
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1 1
— §cyuyvma + ibzuyvma + iczumvza

+§czvuma + icyvumya — §czvuma

1
+ctvgura + ctouga — §c21)uz

1 1
+502uvz — Ebcvuy — §c2yvzuy

1 1
+§bczvzuy + §bcuvy - §bcyuyvy

1 1 1
+§b2zuyvy + 502yvuyz - §bczvuyz

1 1 1
+ §bcyvuyy - §b22zvuyy + §c2xvzuz

1 1, 1
+§bcxvyuz — 50 TVUUL, — §bcxvuzy

—6ctvuzzy + 2cetvug, — 6CtvUy Uy,
—2cdtvigery + Ctuug + betvyuy

+Ptvug, + betvuyy,

3 1 1
T = Zavua — = zuyvia® — = 20upa°

—E2UgVg A + 32UYUL VA

1
+320UpUgpya — §dzvmyuma — Zdzuzyvma

3 1
+§dzvmumya + Zdzuzvmya + Zdzvyuzma

3 1
+Zdzvummya — §cvuta + §cuvta

1
— §cyuyvta + ibzuyvta + icxuzvta

“+ctuvia — czoua + icyvutya

1
—ibzvutya + Ecxvuma — ctvutta

3
2
5 ey — 2cevuy + 6cvuy Uy

3 3
— S CUVY UL + = CYUyVy Uy — §bzuyvyuz

2 2

3 3 9

— 5 CYVlyyUa + §bzvuyyum + 3eyuyvg
—3bzu§vz + ceuvy — CeYuyUy

—l—bezuyvz - SCuuyvm + cexu, vy
—3CTUY ULV + CCYVUZy — be2VULy
3 3
— —CUVUzy — = CYVUYUgy + =D2VUY ULy
2 2 2
1
—3CTVULUgy — §cdvmumy + cdug gy

1 1 1
—icdyuzyvmy + ibdzuzyvzy + §cdyvzumyy

3 1
f§bdzvzumyy — —cdvylUzy + §cdxvzyum

4

1 1 1
fzcdyuyyvm + Zbdzuyyvm + chxuzyvm
3 1 1
+§cdvumy + chyvyumy — Zbdzvyumy
3 3
—§cdswzumy — chuvmy + chyuyvmy

3 3
—Zbdzuyvmy — chmumvmy — chyvumyy

3 1 1
Jrzbdzvumyy — chxvyumm — chzvumzy
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—3ctvyugug + 2cetvgus — 6ctuyvyuy

3
2
—3ctvug up — §cdtvmyut + cCxvus,

1
+bcxvugy + 3ctvuz sy + §cdtvmuty

—2cetvuy, + 6ctvuy Uy, + cdtvpy e,

1 3
—cdtvgpUigy — §cdtvyutm + §cdtvutmy,

Fig. 11: Wave profile representing elliptic function (87) at

t =0.01 and z = 0.02.

7

7

1 1 3
= —z:uyv,gb2 + —zvutbe — S 2UyUL VD

2 2 2

3 3
— §zvuzumyb + ezvUgpb — §zvuyumb
1 1 1
+ Zdzuzyvmb — Zdzvmumyb — Zdzuyvzmb

3 1
— Zdzvummyb — §cvutb + §cuvtb

1 1
— §cyuyvtb + iczumvtb — §azumvtb

1
+ ctuvib + czvug,b — icyvutyb

1 3
— §cxvumb + §azvutmb — ctvuyb

3 3
+ 3cvu? — Eczuivm + 5(12”925%

3 3
— Ecuumvz + §cyuyumvm + icyvumuzy

3 3
— CeYVUzy + Ecuvum + §cyvuyum

3
+ 3cxvUpUyy — 3A2VUL ULy — chvmum

1 1 1
+ EcduggvM — chyuzyvm + chﬂcumvm

1 1
— Zadzumvm + chyvzumy + cdvugs

1 1
— chmvzumm + Zadzvzumm — chuvzm

1 1 1
+ chyuyvzm — chmuzvzm + Zadzumvmm

3 1 1
+ chyvummy + —cdrvugpes — Zadzvumm

4
1
— 3ctuzvpuy + 3ctvugpur — icdtvmmut
— chvutz — acyvyy, + 3ctvup iy,

1 1 1
+ §cdtvmum — §cdtvmutm + §cdtvumm,

1, 3

= —uvic® — Zvuc® — —yuyvtc2

2 2 2
1 2 o 1 2
+ §ﬂcumvtc + tupvec” + Eyvutyc

1 1
— §xvut102 — toupc® + §bzuyvtc

1 1 1
- Eazumvtc - §bzvutyc + §azvumc;

1 1 1
—QaG(t)vm - §bG(t)vy - §CG(t)Uz,
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1 1
TE = S0(tuayv + 5aC ()0 — LaG(D)

+ ZdG(t)vmy —eG(t)v, + gG(t)umvy
+ 3G (t)uyvg,

1
T4 = 56 (o ;G(t)umv

1 1 3
z L 1
Té = §CG (t)v — §CG(t)vt,

1 1
T = §CF/(Z)’U - §aF(z)vw

1 1
- §bF(z)vy - icF(z)vz,

3 1 3
TE = §F(z)uzyv — iaF(z)vt + ZdF(Z)Uzzy

3
—eF(2)v, + §F(z)ulvy + 3F(2)uy vy,

Remark 51We observe that by invoking Ibragimov’s
theorem, we obtained nine conservation laws of the
3D-KPLike (7) which contain new variable v and
arbitrary functions F(z) and G(t). These conservation
laws are not the same, and there is the availability of
functions that attest to the fact that a nonlinear
differential equation can possess infinitely many
conservation laws. In addition, some of them represent
conserved quantities such as energy and momentum.

6 Conclusion

In this work, an investigation of a three-dimensional
fourth-order  nonlinear  Kadomtsev-Petviashvili-like
equation (7) was carried out. There are numerous
disciplines in which this equation can be used. We
performed symmetry analysis on the model and obtained
point symmetries given in (12). In order to execute
symmetry reductions and create exact solutions, we first

reduced the equation using the obtained Lie point
symmetries. As a result, diverse group-invariant solutions
were obtained. Besides, using the direct integration
technique along with Kudryashov’s approach, more
solutions to (7) were found. Solutions of interest secured
include logarithmic, exponential, and hyperbolic
functions, as well as elliptic integral functions. In
addition, various algebraic function solutions of interest
were found. Moreover, the solutions secured were
depicted with various diagrammatic representations by
making an adequate choice of parameter values. Lastly,
Ibragimov’s approach was utilized to construct
conservation laws for this model. These conservation
laws represented conserved quantities that included
energy and momentum.
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