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Abstract: This article is devoted to present the c-power function, calculus on ¢-time scale, the ¢-logarithm and their applications
on o-difference equations. We introduce the a-power function as an absolutely convergent infinite product. We state that the a-power
function verifies the fundamentals of ¢-time scale and adheres to both the additivity and the power rule for ¢-derivative. Next, we
propose an (-analogue of Cauchy-Euler equation whose coefficient functions are ¢-polynomials and then construct its solution in
terms of a-power function. As illustration, we present examples of the second order o-Cauchy-Euler equation. Consequently, we
construct a-analogue of logarithm function which is determined in terms of o-integral. Finally, we propose a second order BVP for
o-Cauchy-Euler equation with two point unmixed boundary conditions and compute its solution by the use of Green’s function.
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1 Introduction

After the concept of time scales T was invented [17], not only the studies on the discrete settings
hZ:={hx:x€Z,h>0}, or K,:={¢":neZ,q#1}U{0}, (1)

have been unified and extended but also the theories of differential and discrete equations have been gathered under
the roof of dynamical equations (see [7,9] and the references therein). Although the notion of time scales has provided
significant contributions in pure and applied mathematics, some elementary notions such as polynomials, power functions,
Taylor series have not been established in explicit, efficient and applicable forms on a general time scale. In order to
overcome these deficiencies, researchers usually prefer to study on particular time scales. For instance, in [12], the general
time scale is narrowed to a special time scale, namely (g, h)-time scale,

h
T)(Cgh) = {q"x0+h[n]ql HGZ}U{l—_q}, hZO, qu,q+h>1,x0€R,

which covers /- and g-discretizations (1). Here [n], := qqn%ll. The studies on ']I"(Cg n) attract the attention of many researchers

[15,26,27,30,28,20,21] where the delta and nabla (g,/)-analysis have been widely investigated separately.
In [13], motivated by [1], we presented a comprehensive framework which combines and expands the delta and nabla
(g, h)-analysis. We introduced the a-time scale, for xg € R\ {1%1}’ heRy and g € RT\ {1}

TS = { o (xo) : neZ}U{%}}, )
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where we defined the a-operator as

ox):=t (X_Th) +(1—1)(gx+h),xeR, he R, ge R, 1 €[0,1], 3)

a convex combination of the backward and forward jump operators of 'H‘)(‘g By We emphasize that, the weighted operator

o unifies delta and nabla (g, h)-analysis for ¢ € {0,1} and produces their extensions for ¢ € (0,1). Generated by the
operator o, for k,m € Z, we introduced the oM _derivative which not only covers various kinds of discrete derivatives
such as symmetric (g, h)-/q-/h-derivatives, (p,q)-derivative [14], delta (q,h)-/q-/h-derivatives and nabla
(g, h)-Ig-/h-derivatives but also provides their extensions. Based on the -operator, we constructed the a-polynomial
which possesses the characteristics of a-time scales. We showed that the a-polynomial recovers discrete polynomials
such as delta (g, h)-/g-/h-polynomials, nabla (g, h)-/g-/h-polynomials and produces their extensions.

The concept of power function and its applications on dynamic equations have not been established on a general time
scale. Because even the polynomials could have been presented only in implicit and recursive forms by integrals as A-
polynomials [9, 16], V-polynomials [2] and diamond-alpha polynomials [25,24], the studies conducted on the exploration
of power function on time scales have been notably absent so far. As a result, Cauchy-Euler equation on time scales could
have been studied for order two with very specific variable coefficients [8] and its Hyers-Ulam stability was analyzed [3].

The primary motivation of the current work is to address these gaps. For the attainment of this objective, we first
introduce the power function on ¢-time scale. We express the ¢-power function as an absolutely convergent infinite
product. We showed that the o.-power function reveals the fundamentals of the ¢-time scales since it obeys the additivity
rule and power rule for o-derivative. Such rules have an additional key role to propose the form of the o-difference
equations and to construct their solutions. We plot the graphs of the a-power function with different real powers and for
specific g, h,t,k values. This is where the significance of a-operator comes to the forefront. One can observe that the
convex combination structure of a-operator provides more balanced approximations to discrete power functions.

The subsequent substantial contribution of the current paper is to present the a-analogue of Cauchy-Euler equation.
We first present an o-difference IVP which admits a-power function as a unique solution. We propose an nth order
a-Cauchy-Euler equation whose coefficients are o-polynomials. We present the solutions of o-Cauchy-Euler equation
in terms of a-power functions unlike the exponential forms studied in the literature [8]. In order to illustrate concrete
examples, we focus on second order o-Cauchy-Euler equations whose linearly independent solutions are derived by the
reduction of order method. In the first example, we obtain two linearly independent solutions where both are a-power
functions with different real powers which can also be constructed from one another by the use of additivity rule. In
the second example, similar to the repeated root case, the second linearly independent solution consists of a -power
function and its logarithmic counterpart. Such applications allow us to introduce the a-analogue of logarithm function
whose figure is plotted to demonstrate its reductions to (g,h)-/g-/h- and ordinary logarithm functions. After Bohner posed
the open problem of defining a "nice” logarithm function [6], numerous articles have been published [18,23,4]. We
present a partial answer for this open problem following the second approach given in [6] by introducing the a-logarithm
function which is expressed in terms of a-integral presented in the Appendix. We additionally compute the solutions of
nonhomogeneous o-Cauchy-Euler equation using the variation of parameters method. Finally, we propose a second order
BVP for the a-Cauchy-Euler equation with two point unmixed boundary conditions and derive its solution by the use of
Green’s function.

2 Preliminaries

In[13], fork € Z, n € Ng, ¢ € R, and ¢ € [0, 1], we introduced the a*-integer as

(+(1-1)g)" 1
[ = ¢ (GHI-09)-1
n if

it L (-1 A1,
—t

+
+(1
Now, we extend it to the real numbers in the following obvious way.

Definition 1.Fork € Z, r € R, g € Ry andt € [0,1], the o*-number is defined by

(1-1)g#1,

t
c+
t+(1-1)g=1.
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The following properties of o*-numbers follow from the definition and are very handy in the rest of the manuscript. Since
their proofs are almost identical to those in the integer case [13], we state them without proofs.

Proposition 1. (i)[0]« =0 and [1] 4« = 1.
(iDlfg=1ort= L, then 7+ (1 —t)g= 1 and hence [r] x = r for all r € R.

n—1 Jjk
t
(ii)If n € N, then [n] x = Z <5 +(1 t)q> .
j=0
(iv)The of-numbers have the following limits

1 , PN

lim [1] g1 = 1—(L+(1—t)61)k ! 0<<q+(1 t)q) -
oo if 1§(§+(1—t)61)k,
oo i 0<(tr(1-ng) <1,

Am e = 1 if 1<<é+(1—f)61)k

1- (é +(1 —t)q)k

(V)For r,s € R, we have [s] jx — [r] 0 = (é +(1 7t)q)fk 5= 1]
(vi)For ;s € R, we have (é +(1 —t)q)Sk [ g + [8] gt = [r+ 5] -

In [13], we found the explicit form for the integer powers of the a-operator (3).

Proposition 2./13] For n € Z and x € R, the a-operator satisfies

') = (L+-0) w=n(E-1-0) bl @

In [13], we introduced the o-time scale as in (2) which unifies delta and nabla (g, h)-analysis for t € {0,1} and allows
extensions forz € (0, 1). We extend the convenient form (4) to the real powers of « and present its fundamental properties.

Definition 2.Forx e R, h >0, g > 0,1 € [0, 1], and r € R, we introduce the extended o.-operator, denoted by o, as follows

o (x) = (é +(1 t)q)rxh (g — t)> .

Proposition 3. ()If r € Z, then 0,(x) = o’ (x).
(ii)For r,s € R, we have 0 0 O = Qg

(ii)For r € R, we have 04 (x) = (é +(1 —t)q)r( — %q) 4

(iv)For r € R, we have o (x) = x ifand only if r =0 or x = ﬁ or é + (1 —t)g = 1. The last case occurs when g =1 or
r= 1.
q+1

(v)The extended oi-operator admits the following limits

o if f—]+(1—t)q>1 and )c>1th7
lim o (x) = ¢ —oo if f—]+(1—t)q>1 and )c<1th7
r—yoo

i Lr(i-ng<1,

i Lr(-ng>1,
i = o jf L — _h
,Eri,a’(x)_ if q—i—(] t)g<1 and > 1

—oo if §+(1—t)q<1 and x<lth.
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(vi)For r,s € R, we have

o (x) — 0, (x) = (§+<1r>q) s~ Aa(a(x) )

(éJr(lt)q) [s — 7] <é+(lt)q1) (x%) .
Proof. (i)Follows from (4).

(i1)By Definition 2 and Proposition 1/(vi) with kK = 1, we have

_ - (L 9-h(:
- <2+(1t)q>s<<é+(1t)q>rxh<g(1t)> [r]a> h(é(lt)> e
= <2+(1t)q>x+rxh<é(lt)> <<2+(1t)9>s [r]a+[5]a)

_ (§+(1 —I)CI)er_h (é - _Z)) Sl = )

(iii)By Definition 2, we have

Note that (1 —g) (f—] —(1- t)) = é—f— (I —1)g — 1, hence we conclude with

AT [
(Xr(x)x<<é+(1t)q)rl) <x%}>, )

+(1-1)g=1.

(iv)By (iii), we get

which implies that o, (x) = x if and only if r = 0 or x = % or
(v)Obvious from (iii).
(vi)By (iii) and (5) with r = 1, we derive

a)- o) = ((L+a-na) (-2 )+ 1) -
(setema) (o) ) (%)
= (é+(1 —t)cz)r[s—r]a (é+(1 —1)g— 1) (x—qu)

= (£+0-04) b~ rlatats) -

L
q

By Proposition 3/(i), from now on we prefer to use the notation o instead of e, for any r € R. Now, we recall o*-
factorial [13] and extending ak—permutation coefficient [13] to real numbers which will be necessary in the remaining of
the text.
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Definition 3.For j € Ny, the a*-factorial is introduced as
[j]a"! = [j](xk [J - ]]a"’ [J - 2]0("’ T [z]ak[]]ak

with convention [0] ! = 1. For n € N, a*-permutation coefficient is defined by

|
ok*

Polrj] = {[[]ak[r Ha-olr=j+1as ; ;il(\)a

The notions for k =1 in Definition 3, are called as a-factorial and o.-permutation, respectively. Note that by Proposition
(3)/Gii), x > 1f and only if o, (x) > %q. In the rest of the article, any function under consideration is real valued and

either deﬁned forx € [ =g o) or for x € (—oo, lth] depending on whether the seed element xp > %q or xp < lth'

Definition 4./13] For any k € Z, we define the a*-derivative of f by

flo(x) = fx)
W if x# lfq,
D k = 6
akf () f(ﬁ) P o (6)
S*)lh *L <1_Q) ¥ MR
SGTOq o

if the limit exists.

Note that, the a*-derivative (6) is a comprehensive derivative. For ¢ € {0, 1}, it leads to the (g,h)-derivative generator
which provides delta/nabla (g, h)-derivatives [26,30], g-derivative generator which covers delta/nabla g-derivatives [19]
and h-derivative generator which produces delta/nabla /-derivatives [7]. Moreover, for ¢ € (0, 1), a*-derivative provides
extensions for the (g,h)-derivative generator, g-derivative generator and h-derivative generator. For details see [13].

Definition 5.For any r € R, we define the shift operator on f, denoted by Sor (f), as
(Sar f)(x) == f(&"(x)). @)
The following simple form of the chain rule will be repeatedly used especially in applications.

Proposition 4.For any r € R, k € Z, we have

kr
t
Dot ) = (£ 4(1-0)0) (Da) (S ()
Proof.Using Definition 4, Definition 5 and Proposition 3/(vi), we have

F@ D () = fok () (@) () = fak (1)) @) () — @ (x)

Dot (Saurf(x)) = ok (x) —x T o) (x) — ok () ok (x) —x
([ k1) — krla(@(x) =) :
~ (Lra-ng) B0 @t

- (éﬂlt)q)kr(Dakf)(ak’(X)) - (§+<1z>q)”< Do f) Sy (1),

We finish this section, by rewriting the product rule [13] for the o*-derivative in terms of shift operator (7).

Proposition 5.The product rule for the a*-derivative is given by

Dy (f(x)g(x)) = Sgif (X)D s 8(x) + 8(X) Do f (x) = S k8 (¥) Do f (x) + f (X)Die 8 (%)
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3 a-Power function

This section is devoted to introduce the power function and its properties. Our objective is to formulate an explicit ot-
power function such that it is compatible with an additivity rule and power rule for a*-derivative given in Definition 4
and it is consistent with the ordinary power function. To achieve this, the convex combination structure has to function
on the level of forward and backward jump operators rather than on the level of delta and nabla (g, h)-derivatives. This
approach yields an explicit, efficient and applicable a-power function which exhibits a structure that is in harmony with
Ty . The a-power function recovers nabla (g, h)-power function [15] and delta (g, /)-polynomials [26,27], nabla (g, h)-
polynomials [30] for nonnegative powers.

Definition 6.1f x > ]—fq, reR kez, (é +(l—1)q ) <landa> — the ak-power function is defined by
T\ [y _ata(x) . ok
(a+x)p = kr(r—1)

2 h T h
k
Ifx< 1=, reR ke, ( +(1 —t)q) <landa< _1th’ the o*-power function is defined by

_h | irm a+al(x) i _
a+ q H a+0t]‘r+7)() lf a<

(a+x)r = kr(r2 1) ro.
TS S o

_h
1—¢q°

Proposition 6.The infinite products in Definition 6 converge and the ol*-power function is well defined.

Proof.Using Proposition 3/(iii), for any s € R, we obtain

o) o) (-25)

As we showed in [13, Proposition 5], if x 7é 12 then x> 1f and only if xo > = Therefore foralls € R, a+a*(x) >0

if xo > ﬁ and a+ o’ (x) < 0if xp < ﬁ and hence the terms of the infinite products are positive real numbers. Now, to
prove the convergence of the infinite product, it is enough to show that the series

=ty ) e - okt ()
Z (a+(xk(r+j)(x) B ]) N Z a -+ okr+) (x) ®)

Jj=0 J=0

converges absolutely, see [22, p. 54]. Using Proposition 3/(vi), we have

; k
= lim <—+(1 t)q)
J= \ 4

k
The condition (3 +(1 —t)q) < 1 implies that & > 0 when L + (1 —1)g < 1 and k <0 when & + (1 —1)g > 1, then it
follows from Proposition 3/(v) that

ak(j+1)(x) _ ak(r+j+1)(x) a—+ akr+)) (x)
a-+ ak(r+j+l)(x) aki (x) — gk(r+j) (x)

a—+ okr+d) (x)

L:= lim m .

Jreo

lim ¥+ (x) = Tim oF U7+ (x) = L,
Jj—reo Jroo I—¢q
and hence )
i a+ ak(rJrj)(x) .
im|—————| =
j= la+ kit (x) ’

which implies that
k
t
L= lim (—+(1 —t)q) <1
J=o \ q
and the series (8) converges absolutely by the ratio test.
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k
Remark.Note that when ( +(1-1)q ) > 1, it follows from Proposition 3/(iii) that

kj
aratiy . at(LH1-0g) (- i)+ |
iy To T Kt) - w7
a+(§+(1—t)q) x— )+ (LJr(lft)q)
kj
B B L a+o(x)
unless r = 0 or x = 1=, and hence the infinite product H 7ak(r+]) ® diverges.

— q=0.8, t=0, h=0.2, k=1, a=2, r=1.5 ) !
100 4 .
—— q=0.8, t=0.9, h=0.2, k=-1, a=2, r=1.5 W
— g=0.8, t=0.6, h=0.2, k=-1, a=2, r=1.5 P 7 6
— q=0.8,t=1, h=0.2, k=-1, a=2, r=1.5 ’
807 ——- {a+x)"r, a=2,r=15 Z
5 o
60 -
4 4
40 3 — g=0.6, t=0, h=0.1, k=2, a=1, r=0.6
—— q=0.6, t=0.2, h=0.1, k=2, a=1, r=0.6
— =0.6, t=0.4, h=0.1, k=-2, a=1, r=0.6
20 27 — =0.6,t=0.8, h=0.1, k=-2, a=1, r=0.6
— g=0.6, t=1, h=0.1, k=-2, a=1,r=0.6
i === (a+x)"r, a=1, r=0.6
25 5.0 75 100 125 150 175 200 0.0 25 5.0 75 100 125 150 175 200

Fig. 1: Graph of a-power function for several parameters

To gain a deeper understanding of the a.-power function, we plot Figure 1. It is evident that, the green graphs in both
sides provide the closest approximation to the ordinary power function. It is noteworthy that in the left graph, the blue and
red graphs ( when r = 0 and = 1) coincide, while in the right graph, the blue and purple graphs (whent =0and ¢ = 1)
coincide. Moreover, the graphs (For Python codes see [31]) in Figure 1, can be considered as approximations to discrete
power functions.

Theorem 1.The following additivity rule holds for the a*-power function

(a—l—x)f;kr = (a+x) . (a+ ak(x)) ., s,reR, kel )

ok

In particular, the shifted form of the additivity rule (9) is given by

(a+ o ()5 = (a+ a(x))Su(a+ @ K)re, s,rjER, keZ (10)
Proof-We prove the theorem for xo > ﬁ, the proof of the case xp < 1th is similar. We first consider the case when
a> —]LW
o\ e a+aki(x) h\’ a+ aki(x)
s+r __ _n _er= v ot LA P
e = (o) e~ (o) (i) sl ot

- h s ) n a+ak‘() h r ] n a+a(S+j)()
B (“+1—q> ;}E‘inﬁak(w)( T r}gl;long+ak(5+’+1)(x)

r n a kj ks X
= (a+x)g <”+L) ,}LmH oo ) = (a+x)S(a+a"(x) .

1— a+ak(r+j)(akﬁ(x)) o
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h

Using Definition 6 for a = — T and Proposition 3/(iii), we derive
h SHr ; k(s+r)(§+r—l) h sbr
<—+x> = <—+(1t)q> <—+x>
l—¢q ak q l—¢q
‘ ks(s{ n h s kr(r{ D! ksr h r
= 5+(17t)q —qux -+ (l—1t)g -+ (l—1t)g Tt

q
t 2 h St
=|-+ 1tq) (—+x> (—+ 1tq)
(q (=) l—gq q (=0
h s h "
(et o),
1- q ok 1- q ak
The identity (10) follows from the additivity rule (9).
Proposition 7.1f n is a nonnegative integer; then
(a+x) =] (a+ ). (1
j=0

Proof.-We present the proof when xy > %], the proof of the case xo < 1th is similar. If n = 0, the statement is obvious. If
n is a positive integer, we have

n—1

N
< +aki + ok
" h\" . & atad(x) ho\" JI:]o (a () jI:]n (a )
(a9 = (et ) Il o mommm ) im v
q =04 X q I (a+ak(n+j)(x)) 11 (a+ak(n+j)(x))
j=0 J=N—n+1

_ h " S0 TT i KV ()
= <a+ 1 —q> jll(aJr(x (x)) j:ll\lfl‘rg’ (a+(x (x)) .

and the result follows as

If 1 < j < n, then by Proposition 3/(v), we have ,\l,im oK) (x) = 1
oo —q

n

(a+x) = (a+ L)n ”ﬁ (a+akf(x)) I1 (a+%])l zﬁ (a—i—ockj(x)) .

I—q j=0 j=1 =0
Ifa=- 1th’ the statement is straightforward by Proposition 3/(iii).
Theorem 2.If n € Ny, then
kn(n—1)
n r ! kn ren
a0 = o+ (10 Pylrin) (a+ o) .

Proof.The assertion obviously holds when n = 0. Now suppose it holds for n and prove it for n + 1. Note that

kn(n—1)

D’;}:l (a+x)0k = Do (Dlpye(a+x) ) = (é +(1— t)q) P i[r,n]D g (a+ Ock"(x))

r—n

ak

Using Theorem 1, we have

(a+ oF D)) = (a+ oD () D (a4 a7 (x)),

ak

(a0 (x))7" = (a6 (x)) (a+ @D ) Y
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which implies that

—n a-+ Ock(”')(x) r;n — (a + Ock"(x));kn (a+ ak(”+')(x))r;(”+]) akr(x) — oM (x)
Pa (a +ol (x)) at ( Oc)ko(tx) —x - gﬂk(x) —(x : '

It follows from Proposition 3/(vi) that

o (x) — ok (x) (1 kn
CoE B = (Lra-n) bl

ak(x) —x

Noting Py [r,n+ 1] = [r — n] 4« Py [, 1], the result follows. As in [15], the derivative at the accumulation point %i can be
derived by applying I’Hdpital’s rule and the logarithmic differentiation.

4 Applications

Cauchy-Euler equation models various real life dynamical problems and it has numerous applications in physics and
applied mathematics such as time-harmonic vibrations of a thin elastic rod, in engineering such as wave mechanics and
computer algorithm analysis and in finance such as Black-Scholes PDE’s [5].

We aim to propose nth order a-Cauchy-Euler equation whose coefficients are a*-polynomials (11) and whose solutions
are expressed as of-power functions as in Definition 6. For this purpose, we start this section by presenting the following
nth order IVP.

Theorem 3.The power function (a er)(rxk is the unique solution of the IVP

(@ +x) Dy (x) = 1y(x), (12)
i h
D{Xky<:1>8}7 1:0,1,,1171, (13)
if v, 8; respectively satisfy
kn(n—1)
t 2
Y= (5+(1_I)CI) Pak[ran] (14)
and
kj=1) i
t 2 ho\"
6]': <5+(1l‘)q) Pak[r,j] <a+ 1—_q> . (15)
Proof.Consider y = (a +x); « We use Theorem 2 to compute DZ .y and obtain
kn(n—1)
t 2 _
(@ 0Dy == (E+(1=0) Pl a0t ()"~ at

kn(n—1)
2

_ (§+qu Pyl =7 | (a+2) =0,

where we utilized Theorem 1. Hence the power function y = (a +x);k satisfies the a-difference equation (12) provided
that  satisfies the equation (14). Now we impose the initial conditions (13). By Proposition 3/(iv), it is clear that for » € R,

o’ (+2-) = - and by Definition 6 we have

T—q/ — T
h h o\ h o\
V=) =\at7—) =lat1—]),
I—gq 1—q ) g I—gq

p
which implies that the first initial condition is satisfied for j = 0 if &y = (a + %i) . Inductively, we obtain

Ki(j=1) : KiG=1) .y
Vi h t 2 2 . h 1
Dy 1=5) = (g1 Pylnjlla+—1]

P j] <a+akj<£])>;k] (éJr(lt)Q) 1—¢

Therefore, if (15) hold for j = 0,1,...,n — 1, the initial conditions (13) are satisfied. Hence, by [7, Theorem 3.36],
y = (a+x)", is the unique solution of the IVP (12)-(13).

ok
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4.1 a-Cauchy-Euler equation

In order not to repeat the similar calculations, in this section we restrict x to the case x > 1~ . Motivated by the IVP
(12)-(13), we propose the following nth order a-difference equation

Ly(y) := en(a+x)0u Dy +co1(a+x)0e 1an y+...4ci(a+x)L DLy + ey = f(x), (16)

where ¢; € R for j =0,1,2,...,n, with the leading coefficient ¢, # 0 and the coefficients (a +x)£ . are determined in
terms of the polynomials (11) for j =0,1,2,....n

As (a,q,h) — (0,1,0), the equation (16) reduces to the ordinary Cauchy-Euler equation
n l

1
dn+cnlxn dx—1

dy
AN +clxd— + coy = f(x).
Therefore, the equation (16) can be regarded as an ¢-analogue of Cauchy-Euler equation. The rest of its reductions will
be examined in Remark 4.1.
Proposition 8./f r is a real root of the following characteristic equation

kjG=1)
2

Yo <§+<1t>q> Pulrf] =0, an

=0
then the power function yy = (a +x)! , is a solution of Lu(y) = 0.

Proof:-We use Theorem 2 to compute Dka (a —|—x)ka, j=12,....n

kJ(/ 1)

Ly(a+x), = Xn:cj (é +(1-1t)q ) P k[r,j](a-i-x)ék(a—i—akj(x));*kf.

Then by Theorem 1, if (17) holds, we end up with
kiG=1)
2

n

t .

L,,(a+x)ka:(a+x);chj <;+(1t)q P [r, j]=0.
j=0

In order to analyze linearly independent solutions of a-difference equations, we introduce the o-analogue of Wronskian
in terms of the shift operator (7).

Definition 7.Let fi, f>,...,f, be any real valued functions defined on Tt. We define the Wronskian of the functions
flaf27 cee ,fn, anOllOWS

Sa"’(fl) Sak(fZ) Sak(fn)
ock(Dockfl) Sock(Docku) Sock(Dockfn)

W(xk(f17f25"'7frl) = : : :

(D fi) Sg (D e J2) e Ser (D fr)

Moreover, the functions fi, f»,. .. f, as linearly independent if and only if Wei (f1, f2, ..., fu)(x) # 0 for all x € Tg.

In order to present concrete examples for a-Cauchy-Euler equation, we focus on n = 2. By Proposition 8, if r is a root of

k
t
wtailla+er (L+0-0) Pal-1la =0, as
then y; = (a+x)7 is a solution of

Ly(y) = ca(a+x)2, D2y +ci(a+x) DL y+coy =0. (19)
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Theorem 4.Let r be a root of (18). Then 'y, = (a+x)" , and y» = v(x)(a+x)" , are linearly independent solutions of (19),

ok ok
if the non-constant function v(x) solves the o-difference equation

k
ca(a+x)"12D%(x) + <c1 + eafr] i <1 + (é +(1— t)q) )) (a+2)7 ' Dorv(x) =0 (20)

and Wi (y1,y2)(x) # 0.
Note that, setting 7(x) := D v(x), the equation (20) turns out to be a first order ¢t-difference equation.

Proof.By Proposition 8, y; = (a—i—x)fx « 1s a solution of (19). In order to derive a second linearly independent solution,
we use the method of reduction of order. Let y, = v(x)(a +x):x . be the second solution of (19). Using Proposition 5 and
Proposition 4, we calculate Dé{ (), j=1,2 and using Theorem 1, the equation (19) turns out to be

kj=1)
2

v(x)(a+x)" ic- <£+(1t)q> Pilr.jl + cala+x)"2D? v (x)
akj:() i\yg ok L1 ok Pok

k
= ( T ol (1 T (; (1 —r>q) )) (a+x)5 " Dogv() = 0,

whose first term vanishes since r is a root of the characteristic equation (18). Therefore, we conclude that the function
v(x) has to solve the equation (20). Moreover, y; = (a+x)’ , and y» = v(x)(a +x)" , are linearly independent solutions of
(19). Indeed, using Definition 7 and Proposition 5, we compute the Wronskian as

Sak(yl) Sock(yQ)
Sok (Da"yl) Sak (DakYZ)

provided that S« (D v(x)) # 0.

Wor (y1,32) (%) = = (a+ 0" () @+ 0 (x))/pyS g (D v(x) # 0,

k/2
Example 1.1Letcy=1,c; =—landc, =1+ (é +(1— t)q) . Then, one can observe that r; = 1/2 is a root of (18), i.e.,
1/2

. 1s a solution of
04

y1 = (a+x)

k)2
t
(1 (4 0-00)") w0t laplor =0 e

1/2

o and we use Theorem 4. Here

For the second solution, we use reduction of order method, i.e., we let y, = v(x)(a + x)
the equation (20) reduces to

k/2 k
<1 + (é +(1— t)q) ) (a +x)i/,(2D(21kv(x) + (é +(1— t)q) (a +x)i/,(2Dakv(x) =0. (22)

One can observe that (22) admits the following solution
v(x) = (a+ot2(x)) /2,
by the use of Proposition 4. By Theorem 1, we conclude that
1/2 1/2 1/2
y2 = v()(a+x),7 = (a+ @ 2(0) [ (a+x) 7 = (a+)

1

o and

is the second solution of (21). One can check also that r, = 1 is another root of (18). Moreover, y; = (a + x)
y2=(a er)(lx/f are linearly independent by Theorem 4. Alternatively observing that 1 is a root of (18), one can use a similar
procedure with y, = w(x)(a +x)(lxk and conclude that 1/2 is another root of (18) from y, = (a + a* (x));,(l/2 (a +x)(lxk =
(a+x) (lx/,(z. Similar to this example, once we have a solution of L, (y) = 0, it is possible to derive other linearly independent

solutions by the reduction of order method.
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Note that, if y; = (a+x)’, and y> = v(x)(a +x), are linearly independent solutions of (18), but y, fails to be another

power function with a power different than r, this situation can be regarded as repeated root case for which v(x) has
a logarithmic counterpart. We discuss such a case and introduce o-analogue of logarithm function in the forthcoming
example.

Example 2.Let co =1, ¢; = —1 and ¢, = 1. Then, one can observe that » = 1 is a root of (18), i.e., y; = (a +x)('xk =a+x
is a solution of

(a+x)2D%y—(a+x),Dl,y+y=0. (23)

By Theorem 4, if v(x) satisfies (20), then y, = v(x)(a + x) is another solution of (23). Here (20) reduces to

k
m+@303w@+<é+un@ (a+x)2,Dgev(x) =0,

which can be rewritten by Theorem 1 and Proposition 5

k
(a2 (<a+ o )DEur(a) + (44 (1-0)0) Dakv<x>> = (a+0)2Dg ((a+ 0 () Dger(x)) =0.

Therefore, the function v(x) needs to satisfy

D v(x) = m ceR. (24)

Hence, y» = v(x)(a +x) is the second solution if (24) holds. Moreover y; = a +x and y, = v(x)(a +x) are linearly
independent since

_|atof) v(o*(x))(a+ o (x)) _ k
Wer (v1,¥2)(x) = 1 Sk ((a—i—(xk(x))Dakv(x)—i—v(x)) =c(a+a’(x)) #0,
where we used Proposition 5 and (24).
Inspired by (24) and Example 4, we introduce the a-analogue of logarithm function.

Definition 8.7he a*-logarithm function is defined by

Ko (5+(1-1g-1)
In|x ‘ if a=—5 7
kin (£+(1-1)q) 1—¢
Log,i(a+x) = (25)
dakT .  h_
/%Mﬂ i at -k,

where o*-integral (see Definition 10) and its properties are presented in Appendix.

Remark. ()If a = —%q, then using 1’Hopital’s rule, we have the following limit
lim Lo h + In|x]|
i ———+x ) =Inlx|.
T

(A)If h=0,t =0, k=1, (25) reduces to g-logarithm

(¢—1)

1
Ing nxl,

Loga"’ ()C) =

which coincides with the logarithm function presented in [23].
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(ii)If @ # — =, then F is bounded near ]—q and it follows from Definition 10 that a-logarithm function is a well-

defined functlon with Log u (a + lfq) = 0 and can be presented as the following series

Logs(a-+) = (1 ~(L+a —r)q)k> (15) £ (G0 I

k
which is absolutely convergent for (L +(1—1t)g ) < 1. Furthermore, Theorem 10 implies that D« Log.i(a +x) =

- +x To visualize the a-logarithm function, we refer to Figure 2. One can observe that, the green graphs (forz = 0.5
on the left graph and for r = 0.4 on the right graph) best approximate the ordinary logarithm function. Note that, on
the left graph the blue and red graphs (when ¢ = 0 and ¢ = 1) coincide while on the right graph, blue and purple graphs
(when r =0 and ¢ = 1) coincide. Furthermore, the left and the right graphs can be considered as approximations to /-
and g-logarithm functions, respectively. For Python codes see [32].

3.5
2.0 A
3.0 4
2.5 -
1.5
2.0 A
1.0 154
i — g=0.6, t=0, h=0.1, k=2, a=3
— g=0.9, t=0, h=1, k=1, a=1 : —— g=0.6, t=0.2, h=0.1, k=2, a=3
0 —— g=0.9, t=0.25, h= k La=1 —— q=0.6,t=0.4, h=0.1, k=-2, a=3
—— g=0.9, t=0.5, h=1,k l,a 1 0.5 1 —— g=0.6, t=0.8, h=0.1, k=-2, a=3
— g=0.9, t=1, h=1, k=-1, a=1 —— g=0.6,t=1, h=0.1, k=-2, a=3
0.0 4 === In{1+(x-h/(1-g))/(a+h/(1-q})) 0.0 1 === In{1+({x-h/(1-g))/{a+h/(1-q)))
T T T T T T T T T T T
20 40 60 80 100 0 20 40 60 80 100

Fig. 2: Graph of a-logarithm function for several parameters

(iv)The equation (23) can be understood as a repeated root example whose linearly independent solutions are

= (a+x)p,  y2=Logg(a+a'(x))(a+x),
(L+(1-0gt

since by Proposition (4) D, Log (a + o (x)) = prwTE

which is consistent with (25).

Theorem 5.Let y;, j = 1,2,...,n, be linearly independent solutions of the homogeneous equation L,(y) = 0. Then the
particular solution 'y, of the nonhomogeneous equation (16) is presented as

det(A
Z e e 26)
Wak Y1,¥2,- 7yn)(x)
Here A is the matrix which is determined by interchanging the jth column of the matrix
Sek (1) Sek(32) o+ Sgr(vn)
Sk (Doiyi) Sgk(Dgiy2) -+ Sqr(Dgiyn)
A= . . . .
Sa (D”k Y1) Ser (D 'ya) -+ Sy (D"k Yn)
T
with the vector (0,0, cee, %) .
n (X]‘
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Proof.For the proof, we use the method of variation of parameters. Assume that

= Y ;)5 (0)
=1

is a solution of (16), where u;’s are the functions to be determined for j = 1,2,...,n. Proposition 5 implies that

Do (vp) = i] Dok (v7) 4 S (vj) D ().
j=

We assume that the functions uj, j = 1,2,...,n satisfy the equation

n
Z ak yj )
j=1

I
e

Under the assumption (27),
n
p) = Y Dok (v))-
j=1

Inductively, for/ =0,1,...,n — 2 we assume

n
X Sa (D)D) = 0.
]:

which implies
n
Dl+1 Z (u]Dl“ Vi) + Sy(D ak)’] ) ZMJDIH
j=1

Accordingly, D", (yp) is derived as

n

(xk (vp) = Z ( () + S (D klyj)Da"(uj))'

Finally, plugging the related derivatives (28), (30), (31) of y,, in (16), we end up with

Zu; () +enla+x) kZS(xk ok V1) Dgr () = f(x)
=

from which we derive
fx)

S )=
Z Otk (xk yJ Ock(ul) Cn(a+x)2k

since L,(y;) =0 for j =1,2,...,n. Taking equations (27), (29) and (32) into account, we conclude with

0
Sln)  Seal) oo Sulw) ] [Petlin) 0
Sa"(Da"yl) S(x"(D(x"yz) Sak(Da"y”) ak. ’
: » 27] : : » ,
Sar(D ) St (D0 32) -+ S| () cnd%;k

By Cramer’s Rule, each unknown D (u;) can be determined as follows

det(Aj)
Wak (y17}’27- .. 5yn)('x)7

Do () =

since detA = Wi (y1,y2,.--,¥n)(x) # 0. To sum up, the particular solution of (16) is computed as (26).

27)

(28)

(29)

(30)

€2

(32)
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Example 3.Consider the nonhomogenous problem

1
Ly(y) = W(aﬂ)iwikyf (a+x) Dy +y=(a+x),  seR. (33)
”

One can show that y; (x) = (a +x)(lxk and y2(x) = (a +x)ka are solutions of Ly (y) = 0 and they are linearly independent
since

¢ k
W) = (£+0-00) @+ #0

Assuming y,(x) = uj(x)(a +x)(lxk +uz(x)(a +x)ka and using Theorem 5, we obtain
2 'a+a2kx s—2 2 kd+063kx s—3
O PR N PR
(5+0-n4q) (5+0-14q)
from which we acquire
[2) g (a+ 0" (1)) [2) g (a+ 0% (x))52
uy = — K o anduzz 3k o .
(5+1=0g) ls=1l (5+1-0g) [s=2

Then by the use of Theorem 1, the particular solution of (33) is derived as

1 1

Yp(X) = 2] gr(@ + )3 2%

3k n
(6+01-0q) Ts=2e (5+1-1g) [s—1]u
Remark.The a-Cauchy-Euler equation (16) is a generic equation which unifies well-known discrete Cauchy-Euler
equations and their generators for t € {0, 1} and it allows their extensions for ¢ € (0, 1).

(DIf t = 0, the coefficients (11) and the a*-derivative (6) turn out to be

n—1

(a+2)(, = [T(@+d“x+hlkjly),  Doif(x) =Dignuf(x)

j=0
respectively. These reductions demonstrate that the a-Cauchy-Euler equation (16) reduces to

n

Z Cj (a +x){q,h,k)D{q,h,k)y = f(x)
=0

which can be regarded as the generator of delta-(g,h)-Cauchy-Euler equation since for k = 1, it recovers the delta-

n .
(¢,h)-Cauchy-Euler equation j;)cj (a+ x){q,h)D(q’h)y = f(x).
(i)If r = 1, the coefficients (11) and the o*-derivative (6) result in respectively
n—1 .
x— h[jk] ~
(@0 = 11 <a i) Pl =D ),
h, i
providing the generator of nabla-(g,h)-Cauchy-Euler equation

]Z::()Cj (a+ x)qu,lf,qu fq,h,k)y = f(x)

n . -
since for k = 1 it produces the nabla-(g, )-Cauchy-Euler equation Z cjla +x)€~h)D(qJ,)y = f(x).
= 4
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k
t

(ii)If h = 0, then of (x) = <— +(1— t)q> x, which leads the g-polynomial and g-derivative generators:
q

k
n— . f L—l—(] —t) X —f(x)
(a+2)g00 =] |1 <a+ <2+(1 t)q>k]x> Dy () = ((q 1) ) '

k
J=0

t
(5 +(1 —t)q) x—x
Hence (16) evolves into

_ZOCj (a+x)],,Dlyy=Fx). (34)
]:

(a)Additionally, if # = 0, then o (x) = ¢*x, (a +x)%; = (a +x)} 1, Doef(x) = Dy f(x). In this case (34) takes the

n . .
form Z cj(a +x); kD; .y = f(x) which can be considered as the generator of delta g-Cauchy-Euler equation. The
=0

J
case k =1,a=0n =2 and c; = ¢q leads to delta g-Cauchy-Euler equation whose second order form is studied in

[10]
xG(x)Dgy +c1xDgy + coy = 0.

(b)On the other hand, if # = 1, then o (x) = g *x, (a +x)i = (a —|—x)’Lk and D f (x) = 5q.kf(x). Here, the equation
4, '

n N
(34) yields to the generator of nabla g-Cauchy-Euler equation Z cjla +x)LkD2 = f(x) which provides nabla
= gk
g-Cauchy-Euler equation for k = 1.

(iv)If ¢ = 1, then a*(x) = x — (2t — 1)kh, and the h-polynomial and A-derivative generators follow:
(a+x)" (a +X)hi, and Do f(x) = Dy s f ().

ok T

These reductions result in the equation (16) to be in the form

Z()Cj (a+x)} . Dl ey =f(). (35)
P

n . .
If t =0, then (35) reduces to the generator of delta s-Cauchy-Euler equation Z cjla +x){l,kD{l,ky = f(x) which
j=0
produces delta h-Cauchy-Euler equation for k = 1. On the other hand, if # = 1, then the equation (35) conforms into
n

Z cja +x)2~k 5{, .y = f(x) which may be interpreted as the generator of nabla s-Cauchy-Euler equation, since for
j=0 ’

k =1, it leads to nabla h-Cauchy-Euler equation. The differential difference analogue of Cauchy-Euler equation is
studied in [11].
(WIf t € (0,1), new extension for discrete derivatives and polynomials are accomplished. For instance, if |s| < 1 and

f— q27q5'+]
= qul S

then ¢ € (0, 1) for which (4) and (6) imply novel extensions respectively

F(@"*x + hlsly[Ka) — f(x)
(¢ = Dx+hslg[kle

fork €Z, |s| <1.The a-Cauchy-Euler equation (16) equipped with (36) produces new extensions.

ot (x) = "5+ hlslglkla,  Dgrf(x) =

(36)

4.2 BVP with two point unmixed boundary conditions

We propose the following BVP for the second order a-Cauchy-Euler equation with two point unmixed boundary
conditions

Lo (y) := co(a+x) D2y +ci(a+x) Doy + coy = f(x), 37
Bi1y(y) == Buy(y) + Br2Dgyiy(y) =0, (38)
Boy(6) := P21y(8) + B2D g y(8) =0, (39)
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where 7,5 € Ty, the constants f3;; € R satisfy the conditions 87, + 2 > 0 and % + B3, > 0. Using Theorem 5 and the
forthcoming lemma, we present the solution of BVP (37)-(39) by means of Green’s functions.

Lemma 1.Let ( )S ( |
Y1{X)O gk Y2\ S ) o
Wi (1 ,yz)(s)(ngs)ék ifx € (a™(y),s),
G(x,s) := "
¥2(%)Sgey1(s) .
CZWak(yl’yZ)(S)(a-i-s)ik if x € (x,8].

Then G(x,s) solves the BVP (37)-(39) for f(x) =0

Proof:Since y; and y, form the fundamental set of solutions, then Ly(y;) = 0, for j = 1,2. It is straightforward to
conclude that L,(G(x,s)) = 0. Moreover, boundary conditions (38) and (39) allow us to have Bjy;(y) = 0 and
Boy»(8) = 0, respectively. Hence

B1G(7y,s) = B2G(d,s) =0. 1

The function G(x,s) can be referred as the o-analogue of Green’s function [29].

Theorem 6.Let

= [ Gl s, @)
[7,6]
where G is defined by (40). Then ¢ (x) solves the BVP (37)-(39).
Proof.-We define
Ki(s) = O!ky]( )f() :1,2
e T
Then (42) can be written as
= /G(x,s)f(s)daks = /y2 ()K1 (8)d s+ | y1(X)Ka(s)d s (43)
[7.0] [v.x] (x,8]

Using Proposition 9, we derive

Do) =Dt { [ 320Ki0Mgss) D { [ niks (s)daks}

:Sakyz(x)l(l(x)—i— 7l Dakyz(x)Kl(s)daks Sak)’l( ) / Dak)’l( )Kz( )dal\s

:/[7 ]DakYZ(x)Kl(S)dakS—i— /( . D yiy1 (X) K2 (8)d yics. )
Similarly, we also achieve
D29 (x) / D232 (x)K1 (8)d s + S g (D gieya (x) Ky (x +/ D231 (0)K (8)d s — S (D gy (x)) Ko (x). (45)

Using Definition 7, we obtain

f)

Sak(Dary2(0)K1(3) = S (Dt ()Kal) = =

from which the equation (45) becomes

f)

2
Dy¢(x /Dakyz x)Ki(s) aks+/ D21 (x)Ka (s Jlors + s s,

(46)

Substituting (43), (44) and (46) in (37), we end up with L,¢ = f. We emphasize that the boundary conditions By ¢(y) =
B¢ (6) = 0 hold by (41). Hence, ¢(x) defined by (42), solves the BVP (37)-(39).
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5 Appendix: o-Integration

This section is dedicated to a*-integration and its analysis. Let f be any real valued function with Dy F (x) = f(x) for all
x # ﬁ, it follows from the definition of the at*-derivative and the shift operator (7) that

(1= Su)F(x) = (x— a“(x)) f ()

and hence by Proposition 3/(iii), we get

(=@ (@)f () = ¥ S (- @) () = LSl ((l - (5 *“ ‘”q) ) (x_ L) ! w)
j=0 =0

) <1 <§““)q>k> <’“%1>§:0<§+<1r)q)kjﬂakf(x)). 7

To be more precise, F' can be written more explicitly as,

Fx) = (1 - (§+(1 —t)q)k> (x—liq)

« ﬁ) (2 +(1 —t)q)kjf <(é +(1 —t)q)kj (x— %q) + 1Lq>

Now we show the convergence of the series (47) under certain conditions.

k r
Theorem 7.Suppose that (éJr(lft)q) < 1and‘(xf]L7q) f(x)’ <Mon0< ’xfﬁ’ <aforsome0<r<1,M>0

and a > 0. Then the following properties hold.

(i)For any b > a, the series (47) is uniformly absolutely convergent on ‘x — ﬁ‘ < b. Hence it is absolutely convergent
for all x.
(i1)The function F given by (47) is continuous at the accumulation point ]Lw with F (]Lw) =0.

(iii)The function F is an o*-antiderivative of f for x # 1th' Iflim 4 f(x) =L €ER, then F is also differentiable at %]
1-q
with (D F) (1th) = L. In particular, if f is continuous at %], then (D« F) (%) =f (1th)

Proof. (i)Let b > a be arbitrary and |x — lhfq| < b. Set

¢(x) = (1 (é+(1;)q)k> ( li_q) <é+(1t)q>kjf(akj(x)).

Our aim is to show that |c;(x)| is dominated by a convergent numerical series. Note that

)

. , kj
and therefore either we have |ot¥/ (x) — %]| <aora<|al(x)— 1th| < b. Since (é +(1- t)q) — 0 as j — oo, the

: h 1 Y
ot (x) — X——— <(§+(1—t)q) b<b forall jeNp,

I—gq

kj
latter case occurs only for finitely many j’s. More precisely, if we choose m so that (é +(1- t)q) < 3 for j >m,
then |t/ (x) — %q| <aforall j>mandsoa < |k (x)— 1th| < b holds for at most m times. When |a%/ (x) — ﬁ| <a,
the condition implies

R o e

. |f (e (x))| < M, (48)

Lot
I—gq
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Natural Sciences Publishing Cor.



(iii)First, let

Appl. Math. Inf. Sci. 18, No. 5, 1051-1074 (2024) / www.naturalspublishing.com/Journals.asp

N S = 1069
and so

()] < (1 (é+(1;)q)k> (éJr(lt)q)(]r)kjblrM.

When a < [aM (x) — {2 < b

where C = max{|f(o*/ (x))| : ¥/ (x
because for only finitely many j’s, o/

~
m
—
|~
|
S
=

7 }. Note that such a maximum exists
hoy )\(%q a, ]ﬁq+a). If we set

- (; +( —t)q)k (§+(1 —t)q)(H)
Cj =

kj .
b'TM i o (x) — %]| <a,

if a<[a(x)— | <b,
we obtain |c;(x)| < ¢; and

oo

Yo<

L <<1(; (1-1) ))bl ’MZ< (1—1) >(1r)kj>+m<1<§+(1t)q>k>bC<oo_

Therefore the series converges uniformly by the Weierstrass M-test
(i0)It follows from (47) that

(i) (o)) (5 B o) ()

When |x — | < a, we have |0/ (x) — ﬁ| < a for all j and hence as in (48), we get

e (1 - (§+<1 —r>q)k>

and this shows F tends to 0 as x tends to % and hence F' is continuous at
us show that D F(x)

Jj=0

1—r
P

I—gq

My (;+(1 —t)q)k(]r)j,

Jj=0

= f(x) for x # &1 Using Proposition  3/(iii),(vi)
) and ok (x) —x = [k] o (

lfq:(é—’—(l_t)CI)k(x_[L S (=1)g—1)(x~

we obtain
hq) and so

(xk X
DakF(x) ( ]E )) ( )

ok (x) —

(
- k(j+1) -
ZO(;+ 17[ ) Jj+ f(ak(]+l)( ))+Z<t
j=
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Now, suppose lim__, e f(x) =L € R. By definition of the derivative at the limit point and using uniform convergence

proved in part (i), we obtain

p
The following example shows that the condition ‘ (x — ﬁ) f(x)| <M in Theorem 7 cannot be weakened. To be more

precise, the sufficiency condition r < 1 cannot be replaced with r < 1.

Kl (5+(1-1)g—1)
Example 4.Let F(x) = Aln ‘x — ‘ with A = —7————=. Then, we have
kln( +(1 l)q)
1
D F(x) = PR
X — ﬂ

This shows that F is an a*-antiderivative of f(x) = —— forx # 1th' It follows from Proposition 3/(iii) that
—-q

; 1
fla (x) = S R
t
(o) ()

and hence the series y

I ¢ J ) o

¥ (Let-n0) s (@) - 3,

j=0\4 =057 T
diverges. Clearly, for any a > 0, f does not satisfy the condition ‘ (x — L) ‘ < M on the interval 0 < ‘x o ‘ <a

for some M > 0 and O < r < 1, but it satisfies for » = 1. Note also that, F is not continuous at lfq.

Definition 9.For any function f satisfying the condition of Theorem 7, the indefinite o*-integral of f is defined by

/f(x)dakxiz (1 - (§+<1 —t)q)k> (x——) x Z ( (1=1) )kjf(“kj(x)) +c

where C is a constant.

Example 5.1Let f(x) = (x — ﬁ) , r € R". Then, we have

[ 1= (1 <5+<1t>q>k> (-2 ino(%(l,)q)” (it -2 ) e

~

© 2024 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci. 18, No. 5, 1051-1074 (2024) / www.naturalspublishing.com/Journals.asp N S 1071

Before we introduce the definite ak-integral, we want to make a convention on interval notation. Since we deal with

functions either defined on (—co, ﬁ] or [1th ,00), for a, b with |a — lfq [<|b— 1th |, we define open, closed, and half-open

intervals as follows

h h h
[a,b]:{x: a—— | <|lx——| < |b——— },
l—q l—q l—q
h h
bl = la——— - <|b——
(a,b] {x a 17q<x =g = 1q}7
h h h
[a,b)::{x: a——|<|x——| < |b——— },
l—q l—q l—q
h h h
b) = la——— - b—
(a,b) {x a ]_q<x ]_q< 1—61}

Note that when a, b # l—fq, if (
1, then (a,b] = [a(a),b], |a, D]

Ly —t)q) < 1, then (a,b] = [a~ 1 (a), ], [a,b] = (t(a),b], etc. and if (5-] (1 —t)q) >
= (a~!(a),b], etc.

Definition 10.For f satisfying the condition of Theorem 7 and a,b,c # ﬁ, the definite o-integral of f on (lthvc] or
[+ c] is defined by

s
[ sdr= | f“’d““‘:(l_(é“l‘”")k) (=) & (L t-0a) e,

(1 ) (5.

and the definite a*-integral of f on (a,b] is defined by

/f(x)dakx:: /f(x)dakxf / F(x)d gex.
(a,b] [

s ] (5.4

k
Theorem 8.If F is an a*-antiderivative of f that is continuous at lth, (é +(1— t)q) < 1 anda,b,c are as in Definition
10, then
h
I—¢q

/ F)dyx=F(c)—F <
|

(e

) and / F(x)dyx = F(b) — F(a).
(@)

Proof For any ¢ # l—fq, it follows from Proposition 3/(v),(vi) and the continuity of F at 1th that

oo E - kj L . N z - kj y
Jzz)(q-i-(l t)q) fla j(c))_l\llﬂwjo(q—i—(l f)Q) Floki(c))
—gim Y (! Y F(a(a(0)) ~ F(a(c))
A]/Lrgojzo<—+(1t)Q> Ock(Oij(C))—Ockj(c)
= lim iv: (£+(1 —t)q)kj F(ak(j+1)(c))),F(akj(C))
—o0 4 ki
N=e i \d (éﬁL(l*t)q)][k]oc(f—]ﬁL(l*t)q—l)(c—lth)
- : fim 3 (Pl (@)~ Flatie)) )
Ka(L+(1=1)g—1)(c— L) N== 5
= ! im ( ) c c
- [k1a(i+(1ft)q—1)(cfg)1$ﬂm (F(“k N (e)) — F( )>
1 h
e U () 0)
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and hence
(]h/,c} Tt = <] - (éﬂl _t)q)k> (C_liq)ji)(éﬂ] —t)q)kjf(oc”(c)) =F(c)~F (%q)

q

Similary, [ f(x)dgx=F(b)—F (L) and [ f(x)dgx=F(a)—F (%) and hence

I—¢q q
(725:] (5.4]
/ Fo) - F (1)) - (F@-F (=) ) =F) - F(@)
= — R — — _ e — a
S0 = 1—¢q ¢ l—gq
Theorem 9(Fundamental theorem of a-integral ). If f is continuous at lh_q (f—] +(1- t)q) < landa,b,c are as in

Definition 10, then
h
/ Doy f(0)dogx = f(6) — f (q> and [ Do ()= 110) - S (@)
q,c] (a,b]
Proof.-We apply Theorem 8 fo D i f.

Theorem 10(Fundamental theorem of o*-integral II). Ler f be continuous at 1 then

D g / f($)dgxs | = f(x).
[L

i

Proof.By Theorem 47, f has an antiderivative F that is also continuous at ﬁ and then by Theorem 8,

/ f(x)dgx=F(x)—F (%q) .

(125
The result follows by taking the ar*-derivative of each side.

We need the following form of Leibniz’s rule of differentiation under the integral sign. Below we use the notation 8;k
to denote the partial o*-derivative with respect to the variable x.

Proposition 9.If g and 3“‘ & are continuous with respect to s at 1 forx £ =3

D / glx,s)dys | =g (Ock(x / 904 8(%,8)d 5.
[ [

Proof.By definition of the o* derivative, we have
S g(a(x).s)dgs— [ g(x,s)dgs

[0 (x)] =
/g(xvs)daks = ok(x) —x
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Noting

/ g(ock(x),s)—g(x,S)dakS: / %8 (x,5)d s,

ok (x) —x
=t [

we’re done if we show that

By Definition 10,

where

andsol} — I, = (x h ) g(a¥(x),x). Finally, applying Proposition 3/(vi), we obtain

T 14
k
o g:a'% Mt (1 (34 -00) ) (v ) el (e
aF(x) —x Kalt+(1-1g=1) (x— )

6 Conclusion

In this article, our primary objectives are to accomplish a*-power function, to propose and solve a-Cauchy-Euler
equation. We discovered ¢t-logarithm function which arises in the solution of a second order ¢-Cauchy-Euler equation.
We will address the a-analogue of exponential function, the relation between ¢-analogues of logarithm and exponential
functions, further algebraic properties of o-logarithm and some special functions (gamma, beta, hypergeometric
functions) as a separate paper.
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