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Abstract: We prove some common fixed point results for two mappingsfyaig generalized contractive condition 8-metric
spaces. Note that th&-metrics of main results in this work are not necessarilytiooous. So, our results extend and improve the
several previous works. We also present one example thaissthe applicability and usefulness of our results.
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1 Introduction First we recall some notions, lemmas and examples
which will be useful later.

i +
In 1922 the Banach contraction princip,[is the most Throughout this papeR , R™ andN denote the set
f all real numbers, non-negative real numbers and

celebrated fixed point theorem and has been generalized &' ' ) : ;

in various directions. Fixed point problems for contraetiy POSitive integers respectively.First we refer the follogi

mappings in metric spaces with a partially order have beerPréliminaries.

studied by many authors (sed,[[3], [5], [7], [11], [19,  Definition 1.1.[20] Let X be a nonempty set. &metric

[16], [17). on X is a functionS: X3 — [0,») that satisfies the
The study of metric spaces has attracted, andollowing conditions:

continues to attract the interest of many authors. There ar, :

many generalized metric spaces such as 2-metric spac 1%3& 5(;)’ iz()) ];]9;6;” ;’l’; EXWithx2y 72

[10], G-metric spaceslg], D*-metric spaces??], partial e g

metric spaces §], cone metric spacesl§], Smetric (53))?(;(’;" ;L%( Sx,x,a) + Sy,y,a) + S(z,za) for all

spaces?0], b-metric spaces] and G,-metric spaces?). e '
In 2012, Sedghi et al20] have introduced the notion The pair(X,S) is called aS-metric space.

of aS-metric space. Example 1.2.[20] Let X = R? and d be an ordinary
J. K. Kims, S. Sedghi and N. Shobkola&#], proved  metric onX. PutS(x,y,z) = d(x,y) +d(x,2) +d(y,2) for

common fixed point theorems for theR-weakly all x,y,z< R?, that is,Sis the perimeter of the triangle

commuting mappings if-metric spaces. with verticesx,y,z. ThenSis aS-metric onX.
On the other hand the conceptisetric spaces was | emma 1.3.[19] In a S-metric space, we ha&x, X, y) =
introduced by Czerwik ing]. S,y ). v

P. Kumam, W. Sintunavarat, S. Sedghi and N.
Shobkolaei 15, proved common fixed point of two
R-weakly commuting mappings irmetric spaces.

The aim of this paper is to present some common (1)If for everyx € X there exists > 0 such thaBs(x,r) C
fixed point results for two mappings under generalized A, then the subsei s called open subset .
contractive condition in &,-metric space, where the (2)SubsetA of X is said to beS-bounded if there exists
S-metric is not necessarily continuous. r > 0 such thaB(x,x,y) <r forall x,y € A.

Definition 1.4.[21] Let (X, S) be aS-metric space and C
X.
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(3)A sequencéxn} in X is convergent tx if and only if
S(Xn, %0, X) — 0 @asn — . That is for eacle > 0, there
existsng € N such that for each > ng, S(xn,%n,X) < €
and we denote bX_JLm” =X

(4)Sequencéxn} in X is called a Cauchy sequence if for

eache > 0, there existsg € N such that for each, m>
No, S(Xn, Xn, Xm) < €.

(5)The Smetric space(X,S) is said to be complete if
every Cauchy sequence is convergent.

(6)Let1 be the of allA C X with x € Aif and only if there
existsr > 0 such thaBs(x,r) C A. Thent is a topology
onX.

Lemma 1.5.[2]] Let (X,S) be aS-metric space. If there
exist sequenceg{xn},{yn} such thatnﬂgun = x and

lim yn =y, then liMmS(xa, Xn,¥n) = SO XY).

Now we give our following definitions and examples

of S;-metric spaces.

Definition 1.6. Let X be a nonempty set artd> 1 be a
given real number. Suppose that a mapBn: — [0, «)
satisfies :

(S51)0 < S(x,y,2) for all x,y,z€ X with x £y # z,

($2)S(x,y,2) =0if x=y =z

(S3)S(x,Y,2) < b(S(x,x,a) + S(y,y.a) + S(z.za)) for all
X,y,z,ae X

ThenSis called aS,-metric and the paitX,S) is called a
S-metric space.
It should be noted that, the class®fmetric spaces is

effectively larger than that & -metric spaces. Indeed each

S-metric space is &-metric space withp = 1.

Following example shows that%-metric onX need
not be aS-metric onX.
Example 1.7. Let (X,S) be a Smetric space, and
Si(x,y,2) = S(x,Y,2)P, wherep > 1 is a real number. Note
that S, is a S§-metric with b = 22(P-1)_ Obviously, S,
satisfies condition(S,1),($,2) of Definition 1.6, so it
suffice to show(S,3) holds. If 1< p < o, then the
covexity of the functionf (x) = xP, (x > 0) implies that
(a+b)P < 2P~ 1(aP 4 bP).

Thus, for eaclx,y,z a € X, we obtain

S.(xy.2) = S(xy,2)"
< ([Sxx.a) +S(y,y,a)] + S(zza))P
< 2P Y([s(x,x.a) +S(y.,y,a)]P +S(zza)P)
< 2P 1(2PH(S(x,x,a)P + S(y,y.a)P) + S(z.za)P)
< 22D (g(x,x,a)P + Sy, y,)P) + 2P~1S(z, 2, a)P
< 22P71(S(x,x,2)P + S(y.y,)P + S(z.2,a)°)
< 2P (S.(x,x,8) +S.(%.,a) + Si(z,2.a))

s0,S. is aS,-metric withb = 22(P-1),

Also in the above examplé€X,S,) is not necessarily a

Smetric space. For example, letX = R,
S.(x,y,2) = ([y+z—2x| + |y—12)? is a S-metric on

R,with p=2, b=222"1 = 4 for all x,y,ze R. Butitis
not aS-metric onRR.
To see this, lex=3,y=5z=7,a= % Hence, we get
S.(3,5,7) = (|5+7—6|+|5—-7|)> =8> =64
7 7 7

S.(33.5) = (3+3 6‘+‘3 S)P=1"=1

7. 7 T2 o2
S.(55.5) = (|5+ 10M5 52 =3=9

7, 7 T2 2
S.(7.7.5) = (|T+3 14‘+‘7 5|2 =7 =49
Therefore, S(357 = 64 £ 59 =

S.(3,3,4)+S.(5,5,%) +S.(7,7,%).
Now we present some definitions and propositions in
S,-metric spaces.

Definition 1.8. Let (X, S) be aS,-metric space. Then, for
x e X, r >0 we define the open bas(x, r) and closed ball
Bg[x, r] with centerx and radius as follows respectivly:
BS(X7r) = {ye X: S(y,y,X) < r}7

BS[Xar] = {ye X: S(y,y,X) < r}'

Example 1.9 LetX = R.DenoteS(x,y,2) = (|y+z— 2x|+

ly —2))? is aS,-metric onR with b = 222-1) = 4 for all
X,¥,Z€ R. Thus

Bs(1,2) = {yeR:S(y,y,1) < 2}

={yeR:Iy—1l<§2}
={yeIR:1—\/7—2 <y<1+\/7§}
V2 . V2

Lemma 1.10.In a §-metric space, we hav8(x,x,y) <
b S(y,y,x) andS(y,y,x) < b S(x,x,y).

Definition 1.11. Let (X,S) be a S,-metric space. A
sequencéx} in X is said to be :

(1) S,-Cauchy sequence if, for eagh> 0, there exists
no € N such thalS(xn, Xn,Xm) < € for eachm,n > n.

(2) S;-convergent to a pointe X if, for eache > 0, there
exists a positive integeng such that for alln > ng,
S(Xn, Xn,X) < € oOr S(X,X,X,) < € and we denote by

lim x, = x.
n—oo

Definition 1.12. A S,-metric space(X,S) is called
complete if eveng,-Cauchy sequence &-convergentin

Definition 1.13.Let f andg be mappings from &,-metric
space(X, S) into itself. The mapping$ andg are said to
be weakly commuting if

S(fox, fgx,gfx) < S(fx, fx,gx)

for eachx € X.

Definition 1.14.Let f andg be mappings from &,-metric
space(X, S) into itself. The mapping$ andg are said to
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be R-weakly commuting if there exists some positive re@.2.2)f or g is continuous and

numberR such that

S(fgx, fgx,gfx) < RS(fx, fx,gx)
for eachx € X.

Remark 1.15. Weak commutativity impliesR-weak

commutativity in §-metric space for evenR > 1.

However, R-weak commutativity implies weak
commutativity only wherR < 1.

Example 1.16.Let X = R andS: X3 — R*, defined as
follow:

Sx.¥,2) = (ly+2z—2X +|y—2)?
for all x,y,z€ X. Then(X,S) is aS,-metric space. Define
fx=2x— 1 andgx = x2. Then

S(fgx, fgx, gfx) = 16(x— 1)* = 4 (fx, fx,gx) > S(fx, fx,gx).

Therefore, forR = 4, f andg are R-weakly commuting.
But f andg are not weakly commuting.

2 Main Result

Let @ denote the class of all functions: [0,0) — [0,)
such thatp is non-decreasing, continuougt) < t for all
t>0andp(0)=0

We start our work by proving the following one crucial
lemma.
Lemma 2.1.Let (X,S) be aS,-metric space withh > 1,
and suppose thdk,} is aS,-convergenttx, then we have
fiminf Sy, y,%a) <

1 )
(i) 25 Syx) < IITjgpS(y,y-,m <2bS(y,y.x)

and
(ii) b—lzs(x.,x.,y) < Iirnninf S(Xn; Xn,Y) < imsupS(xn, Xn,y) < b? S(x,x,y)
=00 n—oo

forally € X.

Proof.Using the condition($,3) of Definition 1.6, we
have
S(ya Y, Xn) S 2b S(y7 Y, X) + b S(Xna Xn, X) and
SV, ¥ X) < 20 S(Y, Y, %) + b S(X, X, %n).
Taking the upper limit as — o in the first inequality and
the lower limit asn — o in the second inequality we
obtain the desired result(i).
Similarly, from (S,3) of Definition 1.6 and Lemma
1.10,we have
S(%n, %n, Y) < 2bS(Xn, Xn, X) + 0?S(x, X,y), and
S(x,X,Y) < 20S(X, X, Xn) -+ b? S(Xn, Xn,y). Taking the upper
limit asn — « in the first inequality and the lower limit as

n — o in the second inequality we obtain the desired

result (ii).

The following is the main result of this section.
Theorem 2.2.Let (X,S) be a completes,-metric space.
Let f andg be R-weakly commuting self-mappings ot
satisfying the following conditions:

9(Xx),

(2.2.3B(fx, fx, fy) < 25 0(S(gx, 9%, gy)),

forall x,y € X,wheregp € ®.

Then there is a uniquein X such thatfx = gx = x.
Proof.Let X be an arbitrary point irX. By (2.2.1),
there exist sequencds,} and{y,} in X such thaty, =
fXn = g¥ny1 for alln e NU{0}.
Now we observe that for eache N, we have

S(Yn: Yn, Yn+1) = S(FXn, FXn, FXn11)
1
< @(P(S(gxnagxmgxmrl))

1
= E(P(S(Yn—laYn—laYn)) (1)
< S(Yn-1,Yn-1,Yn)-

This implies that {cn} = {S(yn,¥n,Yn+1)} is a
non-increasing sequence|i «). Therefore, it tends to a
limit a > 0. Suppose thaa > 0. Makingn — o in the
inequality (1),we get

a< w(p(a) < pd<d

which is a contradiction. Hena= 0. Thus
Amcn = “m S(YnaYnaYn+1) 0 (2)

Suppose thafty, } is not a Cauchy sequenceXnThen

there exist arg > 0 and monotone increasing sequences of

natural numberm( k) andn(k) With m(k) > n(k) > k such
thatdy = S(yn( ) Ym(q) = 3)

and S(yn (k) Ym()—1 ) <e (4)
Using(3) and (4) we have

€< dk= S(Yn n(k)> s Ym(k )
<2b S(Yn n )aym - )+ b S(Ym(k) ym(k)aym(k)fl)
<2be+ bZS(ym(k),l,ym<k>,1,ym<k>) fromLemma 1.10.

Lettingk — o and using (2), we get
&€ < lim dy < 2be (5)

n—co

Also notice that

= S(Yn(k)s Yn(k) - Ym(k))

<2b S()/n K Yn K- Yn(+1) 0 S(Ymi

26C(k) + 17 S(Yn(rg+1: Y11 Y )
201 ) + (2D S(Ynk)-1, Y+ Ym(+1) + B SVimi - Yinii - Yo 1))
< 220G + 20°S( FXogi1: P15 Xt 2)) + 103G

s Ym(k)>Yn(k)+1)

IN

2b®
< 2bC) + e O(S(Yn(k): Yn(ky Ymik))) + b Coye -

Letting k — o and using (2),(5) and properties ¢f we
get

e< —gtp (2be) < €

which is a contradiction.

Thus, {yn} is a Cauchy sequence iX and by the
completeness oX, {yn = fx,} converges tain X. Also
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{gxn} convergestain X. ThenS(z,zZ) > 0 and so

Let us suppose that the mappirigis continuous. Then ) ,
Amffxn: fzandnirpcfgxn:fz. S(zz,z) = S(fz fz,fz)
Sincef andg areR-weakly commuting,we have - 1 (Slgz.0z z/))
S(fo%n, TOXn, gfXn) < RS(fXn, fXn,g%y) for all n € N. = 4b6(p 92,929

Now consider 1 /

1 = @(P(S(Zazvz))

?S(fz, fz gfxm) < limsupS(fgxn, foxn, gfxm)
n—oo

< ! S(zz7)
< RlimsupS(fXxn, fXn, 9%m) 4p° ,’ ’
n—e < Szzz),
S szs(za Za gxm)~ ,
which is a contradiction. Therefore= z, that is,z is a

1. 2 unigue common fixed point of and g.Similarly the
b2 r!lL“mS(fZ’ f2,9fxm) < R nlq'an S(z.2,9%m) theorem follows whely is continuous.
< Rb®S(z,22) =0. Now we give an example to support Theorer.2
- _ Example 2.3LetX =R andS: X3 — R defined by
Thus limgfxm = f 6
SR ghm = 12 (®) S(x,Y,2) = (ly+2z—2x|+|y—2])? for all x,y,z € X. Then
Suppose that# fz.ThenS(z,z fz) > 0. (X,9) is aS,-metric space fob = 4. Difine f(x) = 1 and
From (2.2.3)and by Lemma 2.1, we have using (6) andgy — 2x— 1 onX. It is evident thatf (X) C g(X) and f is
properties of g that continuous.
1 ) Now we observe that
?S(fz, fz fxm) < “Tjgps(f X, f Fxn, FXm) S(fx, fx, fy) < 4—17q0(S(g?<,gx, ay)), for all x,y € X and for
1 all ¢ € @. Moreover, it is easy to see thatandg are
< = limsup(S(gfxn,gfXxn, g¥m) R-weakly commuting. Thus all the conditions of Theorem
40° ne 2.2 are satisfied and 1 is the unique common fixed point
1
< oStz fzgm) (7)) OTfande
Corollary 2.4. Let (X,S) be a completés,-metric space
and letf be a self mapping oX satisfying the following
1 , condition:
»Xfzfz2) < |"nT]‘_§OL°1p5(fZa f2, fxm) S(fx, fx, fy) < ;L5 @(S(x,xy)) forall x,y € X andp € @.
1 5 Thenf has a unique fixed point.
< 7 Imsup(b” (12, 2,gxm)), from (7) Proof.If we take g as identity mapping onX in
1 e Theorem 22, then it follows thatf has a unique fixed
S w(p(ZbE; S(fza fZ, Z))7 pOint'
1 Corollary 2.5. Let (X,S) be a completé&s-metric space
< Z_bS(fZ’ fz2), and letf andg be R-weakly commuting selfmapping &

satisfying the following condition:
which is a contradiction. Therefore= fz

Sincef(X) C g(X) we can findz, € X such thaz= fz= 1.f(X) Cg(X),
9z. 2.f orgis continuous,
From Lemma 2.1,(2.2.3) and propertiesmfwe have 3.9(fx, fx, fy) < %@(S(gx, gx,ay)),
b—128(fz7 fz,fz1) < limsupS(f fxn, f fxn, fz1) for all x,y € X and@ € ®. Thenf andg have a unique
m-—ee common fixed point.
< iﬁ limsup(S(gfxn,gfxn,g21)) Proof.If we takeb = 1 in Theorem 22,then it follows
4;’ m—eo L that f andg have a unique common fixed point.
JE— 2 = — =
< 406 (p(b S<f27 fZ7 gzl)) 406 (p(o) 0.
Thusz=fz=fz1 =09z (8) .
Thus  S(fzfzgz) = Sifonm fozgfz) < S conclusion

RS(fz, fz,9z1) = 0 which
implies thatfz= gz Thuszis a common fixed pointof ~ Our main result generalize and improve several previous

andg. , results in fixed point theory like Banach fixed point
Now letz # zbe another common fixed point éfand  theorem, Jungck theorem and Czerwik theorem etc. as

0. our §,-metric need not be continuous.
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