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Abstract: We prove some common fixed point results for two mappings satisfying generalized contractive condition inSb-metric
spaces. Note that theSb-metrics of main results in this work are not necessarily continuous. So, our results extend and improve the
several previous works. We also present one example that shows the applicability and usefulness of our results.
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1 Introduction

In 1922 the Banach contraction principle [4], is the most
celebrated fixed point theorem and has been generalized
in various directions. Fixed point problems for contractive
mappings in metric spaces with a partially order have been
studied by many authors (see [1], [3], [5], [7], [11], [12],
[16], [17]).

The study of metric spaces has attracted, and
continues to attract the interest of many authors. There are
many generalized metric spaces such as 2-metric spaces
[10], G-metric spaces [18], D∗-metric spaces [22], partial
metric spaces [6], cone metric spaces [13], S-metric
spaces [20], b-metric spaces [8] andGb-metric spaces [2].

In 2012, Sedghi et al. [20] have introduced the notion
of aS-metric space.

J. K. Kims, S. Sedghi and N. Shobkolaei [14], proved
common fixed point theorems for theR-weakly
commuting mappings inS-metric spaces.

On the other hand the concept ofb-metric spaces was
introduced by Czerwik in [8].

P. Kumam, W. Sintunavarat, S. Sedghi and N.
Shobkolaei [15], proved common fixed point of two
R-weakly commuting mappings inb-metric spaces.

The aim of this paper is to present some common
fixed point results for two mappings under generalized
contractive condition in aSb-metric space, where the
Sb-metric is not necessarily continuous.

First we recall some notions, lemmas and examples
which will be useful later.

Throughout this paperR , R+ andN denote the set
of all real numbers, non-negative real numbers and
positive integers respectively.First we refer the following
preliminaries.

Definition 1.1. [20] Let X be a nonempty set. AS-metric
on X is a function S : X3 → [0,∞) that satisfies the
following conditions :

(S1)0< S(x,y,z) for all x,y,z ∈ X with x 6= y 6= z,
(S2)S(x,y,z) = 0 if x = y = z,
(S3)S(x,y,z) ≤ S(x,x,a) + S(y,y,a) + S(z,z,a) for all

x,y,z,a ∈ X .

The pair(X ,S) is called aS-metric space.

Example 1.2. [20] Let X = R2 and d be an ordinary
metric onX . Put S(x,y,z) = d(x,y) + d(x,z) + d(y,z) for
all x,y,z ∈ R2, that is,S is the perimeter of the triangle
with verticesx,y,z. ThenS is aS-metric onX .

Lemma 1.3.[19] In a S-metric space, we haveS(x,x,y) =
S(y,y,x).

Definition 1.4.[21] Let (X ,S) be aS-metric space andA⊆
X .

(1)If for everyx∈ X there existsr > 0 such thatBs(x,r)⊆
A, then the subsetA is called open subset ofX .

(2)SubsetA of X is said to beS-bounded if there exists
r > 0 such thatS(x,x,y)< r for all x,y ∈ A.
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(3)A sequence{xn} in X is convergent tox if and only if
S(xn,xn,x)→ 0 asn → ∞. That is for eachε > 0, there
existsn0 ∈N such that for eachn ≥ n0, S(xn,xn,x)< ε
and we denote by lim

n→∞
xn = x.

(4)Sequence{xn} in X is called a Cauchy sequence if for
eachε >0, there existsn0∈N such that for eachn,m≥
n0, S(xn,xn,xm)< ε.

(5)The S-metric space(X ,S) is said to be complete if
every Cauchy sequence is convergent.

(6)Letτ be the of allA ⊆ X with x ∈ A if and only if there
existsr > 0 such thatBs(x,r)⊆A. Thenτ is a topology
on X .

Lemma 1.5.[21] Let (X ,S) be aS-metric space. If there
exist sequences{xn},{yn} such that lim

n→∞
xn = x and

lim
n→∞

yn = y, then lim
n→∞

S(xn,xn,yn) = S(x,x,y).

Now we give our following definitions and examples
of Sb-metric spaces.

Definition 1.6. Let X be a nonempty set andb ≥ 1 be a
given real number. Suppose that a mappingS : X3 → [0,∞)
satisfies :

(Sb1)0< S(x,y,z) for all x,y,z ∈ X with x 6= y 6= z,
(Sb2)S(x,y,z) = 0 if x = y = z,
(Sb3)S(x,y,z) ≤ b(S(x,x,a) + S(y,y,a) + S(z,z,a)) for all

x,y,z,a ∈ X

ThenS is called aSb-metric and the pair(X ,S) is called a
Sb-metric space.

It should be noted that, the class ofSb-metric spaces is
effectively larger than that ofS-metric spaces. Indeed each
S-metric space is aSb-metric space withb = 1.

Following example shows that aSb-metric onX need
not be aS-metric onX .

Example 1.7. Let (X ,S) be a S-metric space, and
S∗(x,y,z) = S(x,y,z)p, wherep > 1 is a real number. Note
that S∗ is a Sb-metric with b = 22(p−1). Obviously, S∗
satisfies condition(Sb1),(Sb2) of Definition 1.6, so it
suffice to show(Sb3) holds. If 1< p < ∞, then the
covexity of the functionf (x) = xp, (x > 0) implies that
(a+ b)p ≤ 2p−1(ap + bp).

Thus, for eachx,y,z,a ∈ X , we obtain

S∗(x,y,z) = S(x,y,z)p

≤ ([S(x,x,a)+ S(y,y,a)]+ S(z,z,a))p

≤ 2p−1([S(x,x,a)+ S(y,y,a)]p+ S(z,z,a)p)

≤ 2p−1(2p−1(S(x,x,a)p + S(y,y,a)p)+ S(z,z,a)p)

≤ 22(p−1)(S(x,x,a)p + S(y,y,a)p)+2p−1S(z,z,a)p

≤ 22(p−1)(S(x,x,a)p + S(y,y,a)p + S(z,z,a)p)

≤ 22(p−1)(S∗(x,x,a)+ S∗(y,y,a)+ S∗(z,z,a))

so,S∗ is aSb-metric withb = 22(p−1).
Also in the above example,(X ,S∗) is not necessarily a

S-metric space. For example, let X = R,
S∗(x,y,z) = (|y+ z−2x| + |y− z|)2 is a Sb-metric on

R,with p = 2, b = 22(2−1) = 4, for all x,y,z ∈ R. But it is
not aS-metric onR.

To see this, letx = 3,y = 5,z = 7,a= 7
2. Hence, we get

S∗(3,5,7) = (|5+7−6|+ |5−7|)2 = 82 = 64

S∗(3,3,
7
2
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Therefore, S∗(3,5,7) = 64 � 59 =

S∗(3,3, 7
2)+ S∗(5,5, 7

2)+ S∗(7,7, 7
2).

Now we present some definitions and propositions in
Sb-metric spaces.

Definition 1.8. Let (X ,S) be aSb-metric space. Then, for
x∈X , r > 0 we define the open ballBS(x,r) and closed ball
BS[x,r] with centerx and radiusr as follows respectivly:

BS(x,r) = {y ∈ X : S(y,y,x)< r},
BS[x,r] = {y ∈ X : S(y,y,x)≤ r}.

Example 1.9.Let X =R.DenoteS(x,y,z) = (|y+ z−2x|+
|y− z|)2 is aSb-metric onR with b = 22(2−1) = 4, for all
x,y,z ∈ R. Thus

BS(1,2) = {y ∈R : S(y,y,1)< 2}

= {y ∈R : |y−1|<
√

2
2

}

= {y ∈R : 1−
√

2
2

< y < 1+

√
2

2
}

= (1−
√

2
2

,1+

√
2

2
).

Lemma 1.10.In a Sb-metric space, we haveS(x,x,y) ≤
b S(y,y,x) andS(y,y,x)≤ b S(x,x,y).

Definition 1.11. Let (X ,S) be a Sb-metric space. A
sequence{xn} in X is said to be :
(1) Sb-Cauchy sequence if, for eachε > 0, there exists
n0 ∈N such thatS(xn,xn,xm)< ε for eachm,n ≥ n0.
(2) Sb-convergent to a pointx ∈ X if, for eachε > 0, there
exists a positive integern0 such that for alln ≥ n0,
S(xn,xn,x) < ε or S(x,x,xn) < ε and we denote by
lim
n→∞

xn = x.

Definition 1.12. A Sb-metric space(X ,S) is called
complete if everySb-Cauchy sequence isSb-convergent in
X .

Definition 1.13.Let f andg be mappings from aSb-metric
space(X ,S) into itself. The mappingsf andg are said to
be weakly commuting if

S( f gx, f gx,g f x)≤ S( f x, f x,gx)

for eachx ∈ X .

Definition 1.14.Let f andg be mappings from aSb-metric
space(X ,S) into itself. The mappingsf andg are said to
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beR-weakly commuting if there exists some positive real
numberR such that

S( f gx, f gx,g f x)≤ R S( f x, f x,gx)

for eachx ∈ X .

Remark 1.15. Weak commutativity impliesR-weak
commutativity in Sb-metric space for everyR ≥ 1.
However, R-weak commutativity implies weak
commutativity only whenR ≤ 1.

Example 1.16.Let X = R andS : X3 → R+, defined as
follow:

S(x,y,z) = (|y+ z−2x|+ |y− z|)2

for all x,y,z ∈ X . Then(X ,S) is aSb-metric space. Define
f x = 2x−1 andgx = x2. Then

S( f gx, f gx,g f x) = 16(x−1)4 = 4 S( f x, f x,gx) > S( f x, f x,gx).

Therefore, forR = 4, f andg areR-weakly commuting.
But f andg are not weakly commuting.

2 Main Result

Let Φ denote the class of all functionsφ : [0,∞)→ [0,∞)
such thatφ is non-decreasing, continuous,φ(t)< t for all
t > 0 andφ(0) = 0.

We start our work by proving the following one crucial
lemma.
Lemma 2.1.Let (X ,S) be aSb-metric space withb ≥ 1,
and suppose that{xn} is aSb-convergent tox, then we have

(i)
1
2b

S(y,y,x)≤ lim inf
n→∞

S(y,y,xn)≤ limsup
n→∞

S(y,y,xn)≤ 2b S(y,y,x)

and

(ii)
1
b2 S(x,x,y)≤ lim inf

n→∞
S(xn,xn,y)≤ limsup

n→∞
S(xn,xn,y)≤ b2 S(x,x,y)

for all y ∈ X .
Proof.Using the condition(Sb3) of Definition 1.6, we

have
S(y,y,xn)≤ 2b S(y,y,x)+ b S(xn,xn,x) and
S(y,y,x)≤ 2b S(y,y,xn)+ b S(x,x,xn).
Taking the upper limit asn → ∞ in the first inequality and
the lower limit asn → ∞ in the second inequality we
obtain the desired result(i).
Similarly, from (Sb3) of Definition 1.6 and Lemma
1.10,we have
S(xn,xn,y)≤ 2bS(xn,xn,x)+ b2S(x,x,y), and
S(x,x,y)≤ 2bS(x,x,xn)+ b2 S(xn,xn,y). Taking the upper
limit asn → ∞ in the first inequality and the lower limit as
n → ∞ in the second inequality we obtain the desired
result (ii).

The following is the main result of this section.

Theorem 2.2.Let (X ,S) be a completeSb-metric space.
Let f andg beR-weakly commuting self-mappings onX
satisfying the following conditions:

(2.2.1)f (X) ⊆ g(X),

(2.2.2)f or g is continuous and
(2.2.3)S( f x, f x, f y) ≤ 1

4b6 φ(S(gx,gx,gy)),
for all x,y ∈ X ,whereφ ∈ Φ.

Then there is a uniquex in X such thatf x = gx = x.
Proof.Let x0 be an arbitrary point inX . By (2.2.1),

there exist sequences{xn} and{yn} in X such thatyn =
f xn = gxn+1 for all n ∈ N∪{0}.

Now we observe that for eachn ∈ N, we have

S(yn,yn,yn+1) = S( f xn, f xn, f xn+1)

≤ 1
4b6 φ(S(gxn,gxn,gxn+1))

=
1

4b6 φ(S(yn−1,yn−1,yn)) (1)

≤ S(yn−1,yn−1,yn).

This implies that {cn} = {S(yn,yn,yn+1)} is a
non-increasing sequence in[0,∞). Therefore, it tends to a
limit a ≥ 0. Suppose thata > 0. Making n → ∞ in the
inequality (1),we get

a ≤ 1
4b6 φ(a)<

1
4b6 a < a,

which is a contradiction. Hencea = 0. Thus
lim
n→∞

cn = lim
n→∞

S(yn,yn,yn+1) = 0 (2)

Suppose that{yn} is not a Cauchy sequence inX . Then
there exist anε > 0 and monotone increasing sequences of
natural numbersm(k) andn(k) with m(k)≥ n(k)≥ k such
thatdk = S(yn(k),yn(k),ym(k))≥ ε (3)

and S(yn(k),yn(k),ym(k)−1)< ε (4)
Using(3) and (4), we have

ε ≤ dk = S(yn(k),yn(k),ym(k))

≤ 2b S(yn(k),yn(k),ym(k)−1)+ b S(ym(k),ym(k),ym(k)−1)

< 2b ε + b2S(ym(k)−1,ym(k)−1,ym(k)) f rom Lemma 1.10.

Lettingk → ∞ and using (2), we get
ε ≤ lim

n→∞
dk ≤ 2bε (5)

Also notice that

dk = S(yn(k),yn(k) ,ym(k))

≤ 2b S(yn(k),yn(k),yn(k)+1)+b S(ym(k),ym(k) ,yn(k)+1)

≤ 2bcn(k)+b2 S(yn(k)+1,yn(k)+1,ym(k))

= 2bcn(k))+b2[2b S(yn(k)+1,yn(k)+1,ym(k)+1)+b S(ym(k),ym(k) ,ym(k)+1)]

≤ 2bcn(k)+2b3S( f xn(k)+1, f xn(k)+1, f xm(k)+1))+b3cm(k)

≤ 2bcn(k)+
2b3

4b6 φ(S(yn(k),yn(k) ,ym(k)))+b3cm(k).

Letting k → ∞ and using (2),(5) and properties ofφ , we
get
ε ≤ 1

2b3 φ(2bε)< ε
which is a contradiction.
Thus, {yn} is a Cauchy sequence inX and by the
completeness ofX , {yn = f xn} converges toz in X . Also
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{gxn} converges toz in X .
Let us suppose that the mappingf is continuous. Then
lim
n→∞

f f xn = f z and lim
n→∞

f gxn = f z.

Since f andg areR-weakly commuting,we have
S( f gxn, f gxn,g f xn) ≤ RS( f xn, f xn,gxn) for all n ∈ N.
Now consider

1
b2 S( f z, f z,g f xm) ≤ limsup

n→∞
S( f gxn, f gxn,g f xm)

≤ R limsup
n→∞

S( f xn, f xn,gxm)

≤ Rb2S(z,z,gxm).

1
b2 lim

m→∞
S( f z, f z,g f xm) ≤ Rb2 lim

m→∞
S(z,z,gxm)

≤ Rb3S(z,z,z) = 0.

Thus lim
m→∞

g f xm = f z (6)

Suppose thatz 6= f z .ThenS(z,z, f z) > 0.
From (2.2.3)and by Lemma 2.1, we have using (6) and
properties ofφ that

1
b2 S( f z, f z, f xm) ≤ limsup

n→∞
S( f f xn, f f xn, f xm)

≤ 1
4b6 limsup

n→∞
φ(S(g f xn,g f xn,gxm)

≤ 1
4b6 φ(b2S( f z, f z,gxm)) (7)

1
2b

S( f z, f z,z) ≤ limsup
m→∞

S( f z, f z, f xm)

≤ 1
4b4 limsup

m→∞
φ(b2 S( f z, f z,gxm)), f rom (7)

≤ 1
4b4 φ(2b3 S( f z, f z,z)),

<
1
2b

S( f z, f z,z),

which is a contradiction. Therefore,z = f z.
Since f (X)⊆ g(X) we can findz1 ∈ X such thatz = f z =
gz1.
From Lemma 2.1,(2.2.3) and properties ofφ , we have

1
b2 S( f z, f z, f z1) ≤ limsup

m→∞
S( f f xn, f f xn, f z1)

≤ 1
4b6 limsup

m→∞
φ(S(g f xn,g f xn,gz1))

≤ 1
4b6 φ(b2 S( f z, f z,gz1)) =

1
4b6 φ(0) = 0.

Thusz = f z = f z1 = gz1 (8)
Thus S( f z, f z,gz) = S( f gz1, f gz1,g f z1) ≤
R S( f z1, f z1,gz1) = 0 which
implies thatf z = gz. Thusz is a common fixed point off
andg.

Now letz
′ 6= z be another common fixed point off and

g.

ThenS(z,z,z
′
)> 0 and so

S(z,z,z
′
) = S( f z, f z, f z

′
)

≤ 1
4b6 φ(S(gz,gz,gz

′
))

=
1

4b6 φ(S(z,z,z
′
))

<
1

4b6 S(z,z,z
′
)

< S(z,z,z
′
),

which is a contradiction. Therefore,z = z
′
, that is,z is a

unique common fixed point off and g.Similarly the
theorem follows wheng is continuous.

Now we give an example to support Theorem 2.2.

Example 2.3.Let X = R andS : X3 → R+ defined by
S(x,y,z) = (|y+ z−2x|+ |y− z|)2 for all x,y,z ∈ X . Then
(X ,S) is aSb-metric space forb = 4. Difine f (x) = 1 and
gx = 2x−1 onX . It is evident thatf (X) ⊆ g(X) and f is
continuous.

Now we observe that
S( f x, f x, f y) ≤ 1

47 φ(S(gx,gx,gy)), for all x,y ∈ X and for
all φ ∈ Φ. Moreover, it is easy to see thatf and g are
R-weakly commuting. Thus all the conditions of Theorem
2.2 are satisfied and 1 is the unique common fixed point
of f andg.

Corollary 2.4. Let (X ,S) be a completeSb-metric space
and let f be a self mapping onX satisfying the following
condition:
S( f x, f x, f y) ≤ 1

4b6 φ(S(x,x,y)) for all x,y ∈ X andφ ∈ Φ.
Then f has a unique fixed point.

Proof.If we take g as identity mapping onX in
Theorem 2.2, then it follows that f has a unique fixed
point.

Corollary 2.5. Let (X ,S) be a completeS-metric space
and let f andg beR-weakly commuting selfmapping ofX
satisfying the following condition:

1.f (X)⊆ g(X),
2.f or g is continuous,
3.S( f x, f x, f y) ≤ 1

4φ(S(gx,gx,gy)),

for all x,y ∈ X andφ ∈ Φ. Then f andg have a unique
common fixed point.

Proof.If we takeb = 1 in Theorem 2.2,then it follows
that f andg have a unique common fixed point.

3 Conclusion

Our main result generalize and improve several previous
results in fixed point theory like Banach fixed point
theorem, Jungck theorem and Czerwik theorem etc. as
ourSb-metric need not be continuous.
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