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1 Introduction

Let .« be the class of functionk of the form

f2) =2+ aZ", (€))
which are analytic in the open unitdiscE = {z: |7 < 1}.
Let S*(y),C(y) be the subclasses of of all the functions
which are starlike and convex of ordery(0 < y < 1),
respectively. A functionsg € &7 is said to be in the class
UST (k,y) of uniformly starlike function of ordey, if
zf'(2) zf'(2)

o e ) s
It is obvious that, fok = O, we get the class S*(y). The
class UST(1,0) = UST was defined and studied by
Ronning [14] and UST(1,y) = UST(y) was
investigated in [7],
UST (k,0) = k—UST is defined in [10].

Following Acu [1], we define the cladsK(k,y,3) as
follows.

An analytic function

UK(k,y,B) if
zf/(2)

zf/(2)
Re{ 9@ }>" 9@
k>0,8€0,1).

—1'+y, k>0, ye[0,1).

f ¢ & is in the class

_1‘+g, for someg € UST (k. ),

We now define the following.

Definition 1.1. Let p(z) be analytic inE with  p(0) = 1.
Thenp(z) is said to belong to the classP(pxy), if and
only if, p(z) takes all the values in the conic domain
Qy, k>0, yel0,1), suchthat

Qk,V: (1_V)Qk+ V; 16 Qk,y;

where

Qu={u+tiviu>ky/(u-1)2+v2 }. @)
Remark 1.1. The domainQy is elliptic for k > 1,
hyperbolic when G< k < 1, parabolic fork = 1 and right
half plane wherk = 0.

The functions pyy(2), given below, play the role of
extremal functions for the clag¥py ).

-2y (k=0),
148y (Iog if\‘g)z. (k=1)
Pey(2) = % cos{ 2 (arccok)ilog ifg} - ‘i—;{ (0<k<1) ©)
1+ é’—ﬁsin(r’&)fo% édt> + Kif—y-, (k>1),
E Vi-2\/1-2 K1

z—VK
1-VKz’

k= cosh( ’Zﬁ&?) , andK'(x) is complementary

whereu(z) = t€(0,1), zeE andK is such

that
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integral of Legendere’s complete elliptic integkéa(x) of
the first kind. See als®|[8].

Fork =0, itis clear that
Poy(2) = 1+2(1-y)z+2(1—y)Z+...,
Fork=1,

8 16
pl"y(Z) =1+ ﬁ(l - V)Z-l- 32

By comparing Taylor series expansion, we have, fer 0
k<1,

(1-y)Z2+....

8(1-y)

Pry(2) =1+ 2010 (arccok)’z+ ...,
whereB = 2 arcco, and fork > 1,
Pr.y(2)
(1-y)

= A DRI A
AK2(X) (X% +6x+1) — T2

><{2+ 24\/)—(K2(x)(1+x) 22+....

Remark 1.2. If

}

p € P(Pxy), thenp < pyy, (< denotes

DY f(2) dé, 0<a<l,

The fractional derivative of order is defined in [3,10] for
a functionf(z) by
1 d 2 1)

- r(1-a) dz/o (z— &)@
where f(z) is an analytic function in a simply connected
domain of thezplane containing the origin and the
multiplicity of (z—£&)~9) is removed by requiring
log(z— &) to be real when (z— &) > 0. Using
DY f(z), Owa and Srivastava [10] introduced the operator
Ly : &/ — o/, known as the extension of fractional
derivative and fractional integral, as follows.

Laf(2) = (2—a)z°DS f(2) (5)
B 2 Irin+1)r2—a)
—z+nZO rn+l-a) 27"
=9(2,2—-a;2xf(2, a+#234,..., (6)

where Lof(z) = f(2).
We now have
Definition 1.4. Let f € /. Thenf(2) is said to be in the

subordinate to ) and using the properties of the domairclassUKm(k, y, ),

Q,we have
k+y

Re{p(2)} > Re(pk,y(z)) > Kl

From the definition of UST(k,y), it follows that
f e UST(k,y) implies thatsz' takes all the values in the
conic domain Q.

Definition 1.3. Let h(z) be analytic inE with h(0) = 1.
Thenh(z) is said to belong to the classPn(pky), m>
2, if and only if there exist hy,h € P(py ) such that

h(z) = (%”+ %) h(2) — (? - %) ha(2), forze E. (4)

We note the following special cases.

() Pa(pxy) = P(Py)
(i) Pm(poy) =Pm(y). Forthis class, we refer to [11].
(i) Fory=0,k=0, Pn(poo)= Pn, whichis awell

known class introduced and studied in [12].
(iv) With y=k=0andm= 2, we obtain the class P
of Caratheodory functions with positive real part.

Let ¢@(ac;z) be the incomplete beta function
defined as follows:

[ee]

pacz =3y

n=0

@ pia
©On”

where (x)n is Pochhamer symbol defined in terms of
Gamma functiorf” by

(On I (x+n)

r(x)

zeE, ¢c#0,-1,-2,...,

n=0,

X(X+1)(x+2)...(x+n—=1),neN={1,2,...}.

k>0, y,Be€l[0,1),m>2 ifand only if there existg €
UST (k, y) such that

%/ Epm(pk,ﬁ)a zc E.
Also, f € UKJ(m,k, y,beta), if and only if

{(1=MLaf(2) +22(La f(2)'} € UKm(k,y.B), forze EandA > 0.

It can easily be seen thatf c UKT(m,k,y,B) implies
that

2(Laf(2) | 2(z(Laf(2)))’
{(1_)\) Lag(z) A Lc{g(z) } € Pm)pkﬁ)7(7)

where
geUSI—(kv y)7 kZ O7B7y€ [071)7 mZ 27/\ 2 O7andze E.

We now discuss some special cases.

@ Fora =k=B=y=0, m= 2, the class
UK?(2,0,0,0) coincides with the class C* of
guasi-convex functions which was first introduced and
studied in [6]. Also see [4].

(i)  UKJ(2,0,0,0) = K, the well-known class of close-
to-convex univalent functions, see [2].

For other different choices of parameters
a,A, km, [andy, we obtain several known and new
subclasses of analytic functions.

Remark 1.3. Let f be given (1). Then, from (4) and (5),
we can write

D{f(2)=(1-A)Laf(2+A2(Laf(2) =2+ i A2,
n=2
where
rn+1Hr2—a)
An = rn+1-a)

(1+A(n—1))an (8)

1,
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Also, from (4) and (5), we can writB f (z) as 3 Main Results

DYF(2) = (2,2 — a:2) W (2) % | 23,...
M@ =02 20 h(@x (@), (@#£23.), L eman. UKZ(mk,y,B)  UKO(m K.y, B).

zZ—(1-A 22 a
W (2) = ﬁ Proof. Let f € UKY(mk,y,B). Then
!
Throughout  this paper, we shall assume {(1_/\Z(Laf(2))/ 2(2(Laf(2))") } € P Pip)

k>0,A>0m>2 a,B,ye[0,1) andzeE.unless La9(2) + La(2)
otherwise stated.

where
- 2(Lag(2)) :
———cP in E.
2 Preliminary Results La0(@ (Pky)
We need the following results in our investigation. It is known [7] that, if Lgg € UST(k,y), then

Lemma 2.1[15]. Let f(z) andg(z) be convex and starlike g€ UST(K,y) in E. Now
respectively. Then, for every functidf(z) analytic inE

with  F(0) = 1, we have (1-2) {Z; ;g) 3 (Z;/((ZZ)))/}
1 (?é‘)—g*(jfa(z) CToF(E), z€E, o [<p<2— 0,2:2 % 9(2,2— a;2) *zf/@]
whereco denotes the closed convex hull. P(2—0,2,2)x9(2,2— a;2) x9(2)

Lemma 2.2 [7]. Let f € UST(ky). Then
Laf €S (3) fork> 1.
Lemma 2.3 [13].Let

A {(p(Z— a,2;2)x (2,2 — a;z)*z(zf/(z))/}

P2—a,2;2)x@(2,2—a;z)xg(z)
- 02—a,2;2)x2(Lq f(2))
e e e e
02—0a,2;2)x2(z(Ly f(2)))
M{ <p(2—a,2;z)*Lag() ]

h(z) =1+ 2 cnZ" be subordinate téd(z) = 1+ 2 CnZ"inE.

If H(z) is univalentinE andH (E) is convex, then |cy| <

Cf, n>1. . )Ll | ) felat))
Lemma 2.4. Let N,D be analytic inE with  N(0) = _ ¢2-a,27) {(1 )‘) +A } (Lag)
D(0)=0and DeUST(k y) C S inE. Then qo(2—a,2,z)*Lo,g

N(z) N'(Z)} 02— a,2;2)«F(LgQ)

1-A +A eh = ’

{( b D(z) D(9 (Pep) ©(2—0a,2;2)x(LqQ)

impliesg €Pm(pkg) in E. _(m 1\ [@(2—0a,2;2)xFi(Lag)

4 2)| 92-a,2;2)x(Lag)
Proof. Let B (T B }) {qo(Z— a,2;z)*F2(Lag)]
N(z m 1 m 1 4 2 2—0a,2;2)x (L
b —pa=(F+3)m-(5-3)p2 @ #2-a.22)+(Lag)

(2 . e where F e€P(pp), i=12and LggeS.
wherep(z) is analytic inE with  p(0) = 1. Now Now @(2 — a,2;7) is a convex function, since
N'(z) _ 20 (z) _ 20 (2) z

z
where belongsto S'(Z)cCs:.

(z)—%eP( ) 9 ()¢
Pol2) = D(2) Pep): Using Lemma 2.1, we have for= 1,2
So .

92— a,2;2) xFi(Lag)
@  ,N(@ zp(2) : C oo (pep(E))-
1-V5E o ~ P@ i 02—, 2.2 xLag
= {p(2) +B(2)A20(2)} € Pn(Prp), This implies
I 1 /
Where' B(Z) = m €PinE. {(1_)\)Zf (Z) A Z(Zf (Z)) } c Pm(pk,p),

Usmg (2 1), it follows that 9(2) 9(2) '
{pi(2+B(2Azp'(2)} € P(pcp) in E. where geUST(k,y), zeE. This proves that f e
We now use a result [1, Theorem 2.2] to have UK}(mKk,y,B)inE. O
pi € P(pkp), 1 = 1,2 in E which implies that With similar argument, we can easily prove the
p € Pn(pgg) INE. O following.
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Theorem 3.2.Let0< a; <a—2< 1. Then, fork > 1,
UK2(mk, y,B) C UK (mK,y,B).
Theorem 3.3. Let

(z(Laf))

(Lag)/

Then feUKg(mk,y,)forzeE.
Proof. Let
Z(Lg f)

(ng) =p(2.
Then
(2(La)) = (Lag) P(2) +
and this give us
(2(Laf))’ { 70 (2) }
2 2L = p(2)+ eR :
where

€Pn(pkp), (Lag) €UST (k).

(La9)P (2),

Z(LaQ)’
P .
Lag (Pa.y)

We use Lemma 2.4 witNl(z) = z(Ly f)’, D(2) =Lqg
andA = 1. This gives us that p € Pn(pxg) in E which
leads to the desired results thatf € UKZ (m,k,y, ) in
E. O
Next we prove that the class UKY(mKk,y,B) is

Po(2) =

invariant under convolution with convex univalent

functions.

Theorem 3.4. Let
a convex univalent function. Then

(fxh)(2) € UK{(mKk,y.B),
Proof. Let fcUKJ(mK,y,B). Then

{(1_A)z<t:;>/Mz(z<LL:gf>) }Epm(pkﬁ)j
where

Lag e UST (K, y)CS*(k 1>CS*

zc E.

Now
< a(fxh) . z(z(La(fxh))’
=g T Laeeh)
h*{< N)zLa f(>L )(< f>)}(Lag)
- hx (Lag)
_h*F(Lag)
~ hx(Lag)

The desired result follows by applying Lemma2.1. O
Let pxp(2), given by (2) be given by

Pkp(2) =1+ 812+ &2 + ...

f € UKT(m,k,y,) and leth(z) be

Then
8(1—B) (arccok)?, 0< k < 1,
— 5k B) = { G k=1 (10)
(1 B)
xe-Rwas <L
Theorem 3.5.Let f € UKY(mk,y,3) and be given by
(2). Then
rfn+l-a
lan| < ( )

A+A(n=2)rn+1)r 2—a)

Ok ¥)n-1 M " 1ok )i
QO ey T

Proof. Let G(z) =

(2) =z+ ian"

Then

La9(z) € UST(k,y) and write
z2)=z+ Y by
nZZ n

rnehre-a, o, a1

rn+l-a)

For pePu(pkp), and p(2) =1+ciz+2+...,
let

P (5+3)m@-(53)p@ p<p i-12
Writing

pi(2) = 14 dhz+doZ+ ...,
we have

|dn| < [3(k,B)I,

where d(k,3) is given by (10) and we have used Lemma
2.3. Combining these facts, we have

| (k. B)I- (12)

Now, using (7) and (10), we have

Bn:

n>1,

| < 5

n-1

An = Bn+ n—iBj, > 2. 13

n glc jBj, n (13)
From (11), (12) and (13), it follows that

(18 V) Dnz  miS(kB)| " 18k V)]

n! 2n 121 (j—1!

We obtain the required result form (7) and (14). O

We now consider the integral operatoll : o — o7
defined as

V4
IaF (2) = izaa /O F(t)t*dt, ae%,Re{a} >0. (15)

|An| <

2.(14)

For a = 1, we obtain Libera integral operator,a =0

gives us Alexander integral operator and in the cases

a=123,..., we obtain Bernardi operator.
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Theorem 3.6. Let F € UKY(mk,y,3), and let [71 K. I. Noor, M. Arif and W. Ul-Hag, Onk-uniformly close-

f(z) = 1aF (2), wherel, is the integral operator defined by to-convex functions of complex order, Appl. Math. Comput.
(3.6). Then f cUKJ(mKk,y,B)forzcE. 215(2009), 629-635. .
Proof. Sin I.E(2) = o(2) « F (2). wher [8] C Blanc and M Kleman, Tiling the plane with noncongruent
oof. Since la ( ) qo( )* ( )’ ere toric focal conic domains, Physical Review B2, 6739
2 1+a (2000).
®(2) = zl n+az”, Re{a} >0 [9] S. Owa, On the distortion theorem (1), Kyungpook Math. J.
n=

18(1978), 53-50.
is convex inE, see [15]. Proof follows immediately by [10]S. Owa and H. M. Srivastava, Univalent and starlike

applying Theorem 3.4, and generalized hypergeometric functions, Canad. J. Magh.
hencef € UK{(m.k,y,8) for zin E. O (1987), 1057-1077. _
Define [11] K. S. Padmanabhan and R. Parvatham, Properties of & clas
of functions with bounded boundary rotation, Ann. Polon.
W) = a _z , 1 z Math.31(1975), 311-323.
a+1l-z a+1(1-2?2 [12] B. Pinchuk, Functions with bounded boundary rotatisn,
2 a+tn J. Math.10(1971), 7-16.
= z —27" (a>-1). [13] W. Rogosunki, On the coefficeints of subordinate fumasi,
isatl Proc. London Math. Soe8 (1943), 48-82.
. [14]F. Ronning, Uniformly convex functions and a
Thent is convexfor |z <ra= 2+3731+7' corresponding class of starlike functions, Proc. Amer.
Since  F(2) = 1aF (2) x ¥a(2), wherel4F is defined by Math. Soc.118(1993), 189-196.

[15] S. Ruscheweyh, Convolution in Geometric Function Tigeo

(15). We use Theorem 3.3 to have: Les Presse de Universite de Montreal, Montreal, (1982).

Theorem 3.7. Let, fora> —1, 1aF € UKF(mK,y,[3).
Then F cUKF(mK,y,B) for |z] <ra, where
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