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Abstract: In the present paper the modified Crank-Nicholson difference schemes for the approximate solutions of the nonlocal bound-
ary value problem

V() + Av(t) = F(D)(0 <t <1),0(0) = v(A) + p,0 <A< 1
for differential equations in an arbitrary Banach spdcevith the strongly positive operatot are considered. The well-posedness

of these difference schemes@f " (E) andC 27 (E) spaces is established. In applications, the coercive stability estimates for the
solutions of difference schemes of the second order of accuracy over time and of an arbitrary order of accuracy over space variables in
the case of the nonlocal boundary value problem forRtheh-order multidimensional parabolic equation are obtained.

Keywords: Abstract parabolic problem, Banach spaces, coercive inequality, well-posedimesdified Crank-Nicholson difference
schemes.

1. Introduction 1<k < N,up=up;+p,

It is known that (see, e.g., [1]- [5] and the references givenand the second order of accuracy implicit difference scheme
therein) many applied problems in fluid mechanics, other

areas'of physics and mathematical biology were formu- Uk — Uk—1 + A(I + ﬁ)uk =+ ﬁ)tpk, (3)
lated into nonlocal mathematical models. However, such T 2 2
problems were not well investigated in general. T

In the paper [6] the well-posedness in the spaces of or = fty — 5)’t’f =kr,1<k<N,

smooth functions of the nonlocal boundary value problem

A
V(1) + Av(t) = F(£)(0 < t < 1), @ uo = Dupy) + p+ (A= [Z17)ep,

0(0) = v(\) + 4, 0 <A< 1 and the second order of accuraegnodified Crank-Nicholson

. . . . _ difference schemes
for differential equations in an arbitrary Banach space E

. " ; Ur — Un_ T
with the strongly positive operatof was established. b T TRl L Ay, = s on = fltk—=), (4)

For the construction of difference schemes we consider T 2
a uniform grid space ty =kr,1<k<r,

[0,1]7—:{tk:k’T,OSk'SN,NTZI} Ur — Ul _ A T
. . M+*(W+w¢—1):¢k, or = f(tr — ),

Assume thaRr < \. We consider the first order of accu- T 2 2
racy implicit Rothe difference scheme ty, =kr,r+1 <k <N,

Uy — Uk— A

e . St Aug = gnon = F(l), e = kT, (2) uo = Dupay + p+ (A= [ZI7)epap 17 2 A,
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A
ug = ur +p, TT <\, = € Z7,
T T
uo = Dug (upy) +up2p40)

A T A
+,u+(/\_ [;]T_ 5)@[%],7"7’ < )‘7; ¢ Z+

approximately solving the boundary value problem (1).

Hereand infuture?* = {2,3,--},D = (I-(A—[2]7)A)
andD; = (I — (A — [2]r — 3)A).

Let F-(FE) be the linear space of mesh functions

0™ = {px 1V with values in the Banach spaée Next
on F.(E) we introduce the Banach spaces

C-(E) =C([0,1]+, E),

CP(E) = CP([0,1], E)0 <y < B <1),

CEY(E) = CO((0,1]7, E)(0 < v < B < 1) with
the norms

T —
17 e,y = max, 1) 2 Il
I les e = 1 €7 ey
k+r)T)Y
+ sup | Orsr — 9k |E %7
1<k<k+r<N (r7)
| @T||5~5>7(E) =l SOTHCT(E)
k+2r)7)Y
b s lonsar — o g EEZID
1<k<k+2r<N (2r7)

Note that the Banach spaé&, = E,(F,A)(0 < a < 1)
consists of those € E for which the norm

v .= sup X [| AN+ A) v ||
A>0

is finite.

In general, we have not been able to obtain the coercive
stability estimates for the solution of Crank-Nicholson dif-
ference scheme

BE kol 4 %(Uk +up—1) = o, o1 = f(tr — 5),

ty =kt,1 <k <N, up=1ux —|—,u,% ezt

to = Diglu) +upp)

tu+ A= [Zlr = Fep, 2 € 27

for the approximate solution of problem (1). Note that the
stability and coercive stability of Crank-Nicholson differ-
ence scheme of the initial value problem for evolution dif-
ferential equations have been developed extensively dur-
ing long time (see [14]- [25] and references given therein).

Inthe paper [35] the well-posedness of modified Crank-
Nicholson difference schemes (4)in . (E) spaces under
the assumption that the operatedl generates an analytic
semigroupxp{—tA} (¢t > 0) with exponentially decreas-
ing norm, whent — +o0

| exp{—tA} ||p_p< Me ™™, (5)

M
| Aexp{—tA} |p—E< T’t >0, 6, M >0,

are established.

In the present paper the well-posedness-afodified
Crank-Nicholson difference schemes (4) in
CENE)(0<y<B<1),CP7(E)(0<y<3<1),
andCP(E,_5) (0 < v < 8 < a < 1) spaces under
the assumption (5) is established. In applications this ab-
stract result permit us to obtain the coercive stability esti-
mates for the solutions of difference schemes of the second
order of accuracy over time and of an arbitrary order of
accuracy over space variables in the case of the nonlocal
boundary value problem for th&nth-order multidimen-
sional parabolic equation.

Finally, well-posedness and methods for numerical so-
lutions of the evolution differential equations have been
studied extensively by many researchers (see [11]-[12],

The difference scheme (2) or (3) or (4) is said to be[26].[42], and the references therein).

coercively stable (well posed) iR, (E) if we have the co-
ercive inequality

I = )}

S M| Apllg + 117 (), B C E,

whereM is independent not only @™,  but also ofr.

2. Well-posedness of (4) il0%"(E,_s) spaces

Initially, the following necessary lemmas that will be given.
Lemma 2.1[9],[13]. For anyk > 1 the following es-
timates hold:

In this papetM represent general positive constant hav- || R le—p< M(1+ 57)—’“, (6)

ing different means in different cases.

In the papers [7], [8] the stability and coercive sta-
bility of difference schemes (2), (3) and (4) for= 1 in
C»*(E), C.(E,) andC>*(F) (0 < a < 1) spaces and
almost coercive stability (with multiplier

min {In 1,1+ [In|| 4 || z_, z|})of difference schemes
(2), (3) and (4) forr = 1in C,(F) spaces were estab-
lished.

Here and in the futur® = (I +74)~ 1.
Lemma 2.2[16]. For anyl < k£ < N, one has the
estimates
| kTAB*C? | p—p< M, )

| B*C ||p—p< M. (8)
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Here and in the futur® = (I — Z2)C,C = (I+ Z2)"t.  CPY(Ea—p) (0 < v < B < a,0 < a < 1) satisfy the

Lemma 2.3[35]. The operators following coercivity inequalities
[—DR™ rr >, R (0} N ERT R R
[2]-r gr Azt M
I_BT R,TT<)\,7€Z7 < 1 H 7—||
“a(l-a) # e (Bag)
_ D.B2-"Rr 2 ¢zt _
I= DB R Corr < A, ¢ z +Myp+ A ey — o)
have inverses wherel/; does not depend ap™, 11 , «r, 3, v, andr.
T, = (I — DRENVif  rr> ), Here, the space of tracds;”, , = E,  (E._p)
which consist of the elements € E for which the norm
2 . A |w‘1+o¢ 163
T,=I-BF"RYViE rr< N\ Z ezt
T = sup {max{a(r),b(7)} + max{c(r),d(r),e(r)}}
0<T<70
T, = (I — D,BFI""R7C) ! is finite. Here
_ A a(t) = max ||[ARw||g, ,,
it rr<AZ¢zt i<ir ’
T
and the estimate holds: b(r) = max ||[AB""'CRw||g,_,,
r+1<i<N
| T |[—e< M(3,7). 9) er)= sup  pl|[A(R™ — Rwl|s, ,,

) 1<i<i+I<r<N
Lemma 2.4[35]. For anyyp;, 1 < k < N the solution
of the problem (1) exists and the following formula holds d(7)
= sup p||ARY (B -r—lC R — Nwl|g,_,,

k
—j <i<r<itl<
RFug+ > RFIHlpir k=1, 1, lsisr<aitlsN

=t . e(t) = sup p||[AB*"""CR"(B' — Iw| Ea_ps
BETRrug + Y BF TRl 1<r<i<i+I<N
k .Fl Here and in the futurg = (I7)~2((i +1)7)".
+ > BFiCp;mk=7r+1,- - N, Proof. By [17],
j=r+1
T,{Di[> Rr—i+! ™ (e —un-1)3Y g (s,
j=1
A [%]71 A
xBErCp;r+ Y. BIEITIC%pr
Jj=r+1
T 1
+I el < Mlluo— A o177 g+ 1 67 g )
up = (r4)? . 10 Ha=8"q(1-a O (Ea-p)
+TI}C2<p[ 3} 7’7’ <A 2 gé ZT, k =0, for the solution of the r-modified Crank-Nicholson differ-
TT{[Z Rr—i+1glA- ror ence schemes
[j;l L Ay = o, ok = f(te — §),
G A1 =kr,1<k<r
+ Y. BBE-iCce7]+ ul, b=k, 1< kK<,
i 7"+1 J %"‘é(uk"‘ukfl):@ka (12)
T <\ 2 eZ+k_0 or = f(tk — 5) te =kT,r +1 <k <N,
[A . ug IS given.
T.{D R[:]—J+1¢jr+u
J=1 for the approximate solutions of Cauchy problem
rT > A\ k =0. u (t) + Au(t) = f(£)(0 <t < 1),u(0) is given

Theorem 2.1.Let 7 be a sufficiently small positive The proof of estimate (11 ) for difference scheni¢yis
number. Then the solutions of difference schemes (4) inbased on the estimate (2) and the following estimates
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7 - -1 <
max | AR (ug =A™ 1) ||, < L

i—r—1 T _ -1 <
e JIABTTTIOR (ug = A7) s, < L

sup  p||[A(R — RY)
1<i<i+l<r<N

(wo— A7 1)||ga_, < L
sup p||ARY (B ICRT — 1)
1<i<r<i+I<N
x(ug — A o)|lg,_, <L

sup  p||AB""'CR"(B' - I)
1<r<i<i+I<N

X(UO - Ail(aol)‘ Eo-p <L,

L < Mi[lp+ A" ppa) —91)

s (13)

M T
tag—al ¥ ez ]

for the solution of problem (4).
Letrr > \. Using formula (10), we can write

[2]1-1

U()*Ailgﬁl = TT{D Z R[%]7j+1(<)0j 7@[%])7- (14)

j=1

~DAT R = Ao+ AT )

Then, using formula (14) and estimate (9), we obtain esti-

mate (13).

[2]-1

+ Z B[%]fjcz(%*@[A])T
J=r+1

—A_lDlB[%]_TRTCQO[%]

7C

+7(‘P[¢]+1 — )]+ - A7l + A_l%’[g]-

Then, using formula (16) and estimate (9), we obtain
estimate (13). Theorem 2.1 is proved.

Note that the space§?(E,_p) of grid functions
in which coercive solvability has been established, depend
on the parameters, S and~. However, the constants in
the coercive inequalities depend only @nHence, we can
be choose the parametgtsand~y freely, which increases
the number of spaces of grid functions in which difference
schemes (4) are well posed. In particular, Theorem 2.1 im-
plies the well-posedness theorentip( E,, ) established in

[71.

3. Well-posedness of (4) il?’?(E) and
CP7(E) spaces

Theorem 3.1.Let 7 be a sufficiently small positive num-
ber. Then the solutions of difference schemes (4)/fV (F)

(0 <~ < 3,0 < B < 1) satisfy the following coercivity
inequalities

| {7  (ug — up—1) 1Y los ) a7

+ H {T_l(uk - uk}—l)}{v HCT(E{L’Y)

1 TA

< M[m“ (I‘F?)@T Hcf'r‘*(E)

+lp + A_l(so[g] — )],

Letrm < A and% € Z™*. Using formula (10), we can whereM does not depend ap™, i , 3,7, andr.

write

-
ug—A o, = TT{Z RT_jHB[%]_T(@j—SO[;])T (15)

Jj=1

2]
+ > BEITC(p; - ppa)r
j=r+1

—AT' BRI R oy = AN+ AT o)

Then, using formula (15) and estimate (9), we obtain esti-

mate (13).

Letrr < Aand2 ¢ Z*. Using formula (10), we can

Proof. By [17],
{7~ (e = =)} Nl ey (18)

1 = D)W Nl o

TA

< M[m“ (I+7)S@T HCE'”(E)

+luo — A7y |7
for the solution of the--modified Crank-Nicholson differ-

ence schemes (12). The proof of estimate (17) for differ-
ence scheme§t) is based on the estimate (18) and the
following estimates

write
—1 % -
T ug — A"y (16) lrglag}i_ [|[AR" (u, — A 14,01)||E <K,
o r—j+1 [%]_T P i
= TAD\[Y_RIMBEITCp; — a7 max _|JAB"T\OR (g — A 1)\ |5} < K,
j=1 r+1<i<N
© 2012 NSP
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sup  pl|ARY(R' — I)(uo — A 1) ||p < K,

1<i<i+I<r<N

sup  pl|ARY(B™TTTICRTT — I)(uo— A" o)l

1<i<r<i+I<N

<K,

Pl[AB"ICR"(B' — I)(up— A" ¢1)|| 2}

sup
1<r<i<i+I<N

< KK < My[lu+ A g —o0)lf7

p(1—p) 2
for the solution of problem (4).
Letr7 > A. Then, using formula (14) and estimate (9),
we obtain

e | ] (19)

cl(B)

max HAR (up — A~ <p1)||E

1<ilr

[2]-1
< M(\)(max [[AR'D Y R+ (g —

1<i<r

praT

=1

—DAilR[%]gp[%]

+u— AT o1+ A pp)lle

< M) (A (—¢ )

M TA o
+m“(1+7) [

[AB""""'CR" (ug — A" 1) ||

P17+ Py

); (20)

Ccl(E)

max
r4+1<i<N

< M()) max [|AB' I CR'D

P27

[2)-1
A1 s
x( ) RFITH(p
j=1

—DAT'RIFp N

+i— AT o+ A epy)le

< MO (A~ (= + )7

M e,

21
il U ) @D

sup p||ARY(BH=""1CR™ ™ — 1)
1<i<r<i+l<N
x(uo — A" 1) ||e
<M\ ( sup  p||[ARY(BTTICRTT - T)
1<i<r<i+I<N
[2]-1
A
x(D Rl ]H(@j - @[%])T
j=1
A
—DA 1R["']SO[A]

+p— Ao + A_ISO[%])HE

< M) (A~ (=1 + o))

M A

o e, ),

22
o) o) @D

sup  p||[ARY(BTTTIORTT - 1)

1<i<r<i+I<N

x(ug — A1)

< M(A)( sup p||ARY (BT 1ORT T - D)

1<i<r<i+I<N

A
x(DRIFITIH (o) — @[3])7

(= (0= 2 A) A R gy,

T

+pu— Ao + A_1<P[§])||E

B 8,
< M) (A (=pr + o)l
M A

-
d—— || (T+=2) " : 23
sup  p||AB""'CR"(B' —1I)
1<r<i<i+I<N

x(ug — A7 1) B

<MO)(  sup  p||ABT"TICR"(B' - 1)

1<r<i<i+I<N

© 2012 NSP
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[2]-1
<(D > REVTITH (p; — g7
=1 ’
—DAilR[%]gO[A]

+p— Ao + Ail@[%])HE

_ B,
< M) (|pt+A~ (=pr +opl]
M TA
— || (I+—)" . 24
ool 9 ) @
From estimates (20)-(24) it follows estimate (19).
Letrr < Aand2 € Z*. Then, using formula (15)
and estimate (9), we obtain

max{lrgzazcr I|AR (ug — A~ 01)| |k,

i—r—1 r _ 1
r+IP§ai)§NHAB CR"(ug — A™ 1)}

+max{ sup
1<i<iHI<N
i+I<r

PIIARY (R = I)(uy — A1) ||,

sup p||ARi(Bi+lf’"710RT7i71)(u0—A71g01)\|E,
1<i<r<iH+l<N

sup  p||[AB*TTICRY(B' 1) (ug— A" 1) ||}
1<r<i<i+I<N

. r o A —r
< M(N)max{ max [|AR (Y R"7HBE (gj—pp))r

j=1

(2]
Al - Al "
+ Y BEIC(p; — g - AT BT R gy
j=r+1

= A o1+ A )| gs

max |\ABi_r_ICRT(Z R’"_jHB[é]_r(go' — )T

+pu— Ao + A71<P[§])HE}

+ max{ sup p||ARY(R' — I)

1<i<i+I<r<N

<Y RIHBIET () — g7
j=1

T

2]
+ . BEITC(p; - o7

Jj=r+1

—A_lB[%]_TRTQO[A]

= AT o1+ A o),

sup p||ARY (B =""ICR™ — 1)

1<i<r<i+I<N

r

_j A_p
X(ZRT 7Hplel (@j‘@[g])T

j=1
(2]

+ > BEITC(p; - ppar

j=r+1

—AT'BEITR g

i — A7 o1+ A7)l e

sup p||[AB*=""'CR"(B' - 1)

1<i<r<i+I<N

<Y R BT () — g )T
j=1

-

(2]
+ > BEITC(p; — T
Jj=r+1

—AT BRI R g

+p— Ao + Ailsﬁ[;])HE}]'

r+1<i<N — J By [19],
i=
M7
2] F
Al -1 A" MT1e
+ > BEIC(p; —ppa)T-AT BRI R g | AGBH" = BNCY pps e (28)
j=r+1 k
© 2012 NSP
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forany,1 < k< k+n < N,0 < a < 1. Similarly to —A‘lB[é]_TRT<p[A])\|E}]
the way the estimate (18) was obtained and using estimates T
(2), (7), (8), (25) and (26), we can show that M FA

< s T+5)¢" |

r ﬂ(l - ﬂ) 2
7 r—j+1 Al—p
max{fg?; |AR (Z RIHBE (g — PapT Applying the triangle inequality and this estimate and
=1 (20), we get estimate (19).
Let r7 < Aand2 ¢ Z*. Then, using formula (16)
and estimate (9), we obtain

(B

(2]

S BEIC(p, - _A-1pllrR" 4
Jrj, “ C(‘P] 90[3])7_ R 90[%])HE’ max{lrgaé’( ||AR1(UO _A_l(Pl)HE7

—r <i<r

i—r—1 r 7211
) A T+11n§ai);N||AB CR"(uy — A" 1)||E}
i—r—1 r r—j+1lp[2]-r
r+11n§%}éNHAB CR"( E R B

=1 ,
+ max{ sup p||AR"(Rl —I)(ug — A7 o),
(2] 1<i<iHI<r<N
_ [2]-j . .
x(#; S0[%])T + Z B Cly, sup p||ARZ(B"H_T_ICRT_Z—I)(uO—A_lapl)\|E,
j=r+1 1<ii<r<i+l<N

—pa))T ~AT'BEITTR ea)lle}

LS pIABTTTICR (B - D(ug— AT )l
+ max{ sup p||ARi(Rl — 1) <r<i<itl<
1<i<i+I<r<N

r ) A T
r—j Al—p v — — =T — =
x(Y  RTITIBIEIT (g — T < M(/\)[max{lrgiaél\AR (= (=[] =3)4)
j=1
[2] <[> RIHBEITTC () — )T
A, _ A_p 7 — T
+ > BUITC(p; — o) T=AT BETR o)l 7=
g=r+l [2]-1
+ Z BIF1=IC2 (g, — Q)T
sup p||ARi(Bi+l—T—ICRT—i _ I) j=r+1
1<i<r<i+I<N
—~ prgtigiil—r ~AT'DIBEITTR Cppay + ﬂ(@[AHl — 9]
X(ZR B () — ‘P[g])T T 2 T v
j=1
+u—AT o1+ A o))l e,
(2]
Al _ Ay 5T
+ > BUITC(ps — o= AT BT R g N
j=r+1 i—r—1 T _ 2 _
HIIHSS%NIIAB CR'((I - (A= [T =3)4)

+u— AT o+ A o)l s

T

x[Y RIHBEIT Oy — )T

sup  p||[AB"""ICRY(B' = 1) =t
1<r<i<i+I<N [%],1
r 4 N + Z B[%]ijcz(gﬁj*@[A])T
X(Z RTITI BRI (o) — Pra))T =

=1 - Al—r pr C
—ATDIBEITR Gy + (e — o)

(2]
+ > BIFIZIC (g, — QT
j=r+1 T +u—A" o1 + Ailw[;])HE}
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+ max{ sup p||ARY(R! — I)(D,
1<i<iH<r<N

T iy A,
X[ZRT THBIEITTC (g — )T

j=1
[(2]-1
+ ) B[%]_jCQ(%‘_‘P[A])T
j=r+1
*AilDlB[%]iTRTCQO[%]
TC

+(Ppa — o)l

+u—A" o1 + A7 o)l es

sup p||A(Bi+l_r_1CRT — Ri)(Dl

1<i<r<i+I<N

(DRI BT C(p; - ppa))r
=1

+ Z B[%]_jCQ(SDj _<P[A])T
Jj=r+1 "

— Ay o C
—AT'DIBEITR Copy + - (ppapa = o)
+u—A" o1 + A_lsé’[g])HEa

sup  p||AB""""'CR"(B' — I)(D,
1<r<i<i+I<N

T

r—7 Al—p
X[ZR 7Hiplel Clej — epa)7

j=1
[2]-1
+ Z B[%]_jCQ(%' — )T
Jj=r+1
A~'D,BRI-TRC ¢
—AT DB P2+ 5 (P — el

+pu—A" o1 + A_lw[g])HE}*

Similarly to the way the estimate (18) was obtained
and using estimates (2), (7), (8), (25) and (26), we can
show that

max{ max ||AR"(D,
1<i<lr

X[ RITBIEITC(p; — o))

j=1
[2]-1
+ D BT (g — )7
Jj=r+1
—A_lDlB[%]_TRrCQO[A]
TC

+5 (e —e)Dlle,

max ||[AB"""'CR"(D
rH1<i<N

r » A,
X[ZRT i1 pl=] C(p; _@[é])T

j=1
[2]-1

+ B[%]_JCQ((PJ‘_‘P[A])T
j=r+1

—AilDlB[%]irRrOQO[A]

TC
+7(<P[%]+1 —ep)lle}

+max{ sup p||A(R" — RY)(D;

1<i<itI<N
i+1<r

T » Ay
X[Z Rt ple] Cly; — <P[g])7

j=1
21-1
+ > BEITC (g — )T

Jj=r+1

—ATID BT R Coppa

+*(<P[%}+1 - @[g])])HEv

sup p||ARY (B =""C R — I)(D,
1<i<r<i+I<N

T » A,
X[ZRT i+1pl=] C(p; *@[g])T

=1
[21-1

+ D BT gy — g7
J=r+1
—A_lDlB[%]_TRTC(P[A]

¢

(@2 — 2p)Dle,
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1 +|U+A71(<P[g] — )27,
sup p||AB*""""CR"(B' — I)(D;

1<r<i<i+I<N I {m  (up — up—1)}Y Héf’”(E) (30)
ZRT BT C(p; — ppar = M[ﬂ(ll—ﬂ) el
SR HAT I+ T o) — o)
2, BrCes e Hat A gy — pDIP),

where M does not depend op™, v , 3,7, andr. Here,

the space of traceEff = ﬂﬁﬂ( E) which consist of
the elementsy € E for which the norm

~AT'D BT R Oy

a1 — e llzo)
2 (p[%]Jrl (P[%] Ea_p |w|i‘3:17 = sup {max{ max ||AleHE,
<7<T70
M TA 1—r—1 r
< o +—2-)¢7 . max ||[AB CR"w
<sa_pl ¢ nax i I}
Applying the triangle inequality and this estimate and -+ max{ sup gl|AR/(R® — Iw||,

(20), we get estimate (19). Theorem 3.1 is proved. 1si<i2lsrsN

Note that the coercive stability estimate (17) is weaker

than respective an estimate for the solution of difference sup q||[AR (B2 -""1CR™" — Nw||g,
schemes (2) and (3) i@?7(E). However, obtaining this 1<i<r<i+2I<N

type of estimate is important for the applications. We de-

note bya™ = {a;} the mesh function of approxima-

i—r—1 r(p2l
tion. Then||(I+TA)a ooy ~ a7 lgo o gy = 0(7?) 1§T<52321§NqIIAB CR"(B™ — Nwl|p}}

if we assume that||Aa™ HC,‘?”(E) tends to0 asT — 0 o
not slower tharja” | s~ - It takes place in applications is finite. Hereg = (217)~7((i + 20)7)".
by supplementary restriction of the smooth property of the
data of space variables.
Nevertheless, we have the following the smoothnes&- Applications

estimates )
We consider the nonlocal boundary value problem on the

phtan gk o M7 27 range{0 < t < 1,2 € R"™} for the 2mth-order multidi-
I - lp—p< Tt (27) " mensional differential equation of parabolic type
« 0™l (t,x
| A(BH2" — BC? [pop< 2T (28) Pllr) LY () 2D ()
thra |T|=2m F1O%n (31)

foralll < k < k+21<Nand0 < a < L The es- ;(g(;,)x:),g& i;j;&;% SN

timates (27) and (28) were established in [23]. This result ’ & =5 ’

permit us to obtain the coercive stab|I|ty estimates for thewherear( ), u(z) and f (¢, =) are given sufficiently smooth

solutions of difference schemes (4)@6 7(E) spaces. functions. In this papet is the sufficiently large positive
Theorem 3.2.Let 7 be a sufficiently small positive ~constant.

number. If the Crank-Nicolson difference scheme of the ~ We will assume that the symbol

initial value problem for homogeneous parabolic equations

is stable inC;, (E), then the solutions of difference schemes B (&) = Y ar(x) (i)™ . (i)™,
@inC " (B) (0 <~ < 5,0 < § < 1) satisly the fol- iz
lowing coercivity inequalities €= (&1, - E,) €R™
| {7 (ug — 1)} HEf’”(E) (29)  of the differential operator of the form
< m—t T B* = > ar(@# (32)
< [MH ) ||CE,’Y(E) irizom Oxi'...0zy"
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acting on functions defined on the spdt®, satisfies the  With the help ofA} we arrive at the nonlocal boundary-

inequalities value problem
0<M 2m<_1mBr < M. 2m< h
el = (1TEE) < Ml < o0 B, ) ;i’”;) + Apot(tx) = ' (t2),0<t <1, (36)
for £ # 0.
Now, the abstract theorems given above are applied in o0, ) = v"(\, z) + p"(x), 2 € R},

the investigation of difference schemes for approximate o . . ) )
solution of the problen{31). The discretization of prob- for an infinite system of ordinary differential equations.
lem (31) is carried out in two steps. Let us define the grid | N the second step we replace problgsti) by the dif-
spaceR} (0 < h < hy) as the set of all points of the Eu- ference schemes

clidean spac®&"™ whose coordinates are given by

ul(z —uhil T z
SO 4 Arul(w) = pl(a),
T = Sgh, sp=0,£1,+2 - k=1,--- n. on(x) = fM(ty — 2, @), 4, = kT,
_ _ _ 1<k<r,NT=1,2 € R},
To the differential operatod” = B? + oI defined by ull(@)—up_i(z) | AT, g hoog
(32), we assign the difference operattf = By + o1, N N T(ﬂk(x) t“kfl(l))
The operator = @i (), o () = "tk — 3, 2),
ty =kr,r+1, x € R},
By =h7" N WAL AP LATAS, (33) ug () = (I = (A= [2]7 = 5 A7) 3 (ufy(2)
2m<|s|<S +U?%]+1(37)) —+ /J/h(.lﬁ) (37)
Alr — T\l
which acts on functions defined on the entire spBRge +AE 2)@[%1("5)’
Heres € R 2" is a vector with nonnegative integer coor- rT<A\2¢ 7" xeR],
dinates, ub(z) = (I — (A — [%]T)Aﬁ))u?&](x)
h A h ” n
Apsf" (@) = £ (f" (r £ eh) — " (2)) . () + A= [Fn)ey (@) rm 2 Ao € R
_ _ _ _ ug () = uz (z) + p'(z),
and here and in future, is the unit vector of the axis,,. T
An infinitely differentiable function of the continuous A + n
; ) <\ 2 €77, xR}
argumenty € R that is continuous and bounded together " T o h

with all its derivatives is said to be smooth function. We Let us give a number of corollaries of the abstract theo-
say that the differences operatéf is aA-th order(A > 0)  rems given in the above. To formulate our result we need to
approximation of the differential operatot® if the in- introduce the spaces, = C(R}) andC? = CP(R}) of
H - h h — h
equality all bounded grid functions” () defined ok, equipped
SEuBEL |A;ELQO (I) o Ax@ (.CE)| <M (4,0) h)\ with the norms
’ [*lle, = sup [u" ()],
holds for any smooth functiop (y) . The coefficientd? eeRy,
are chosen in such a way that the operai¢irapproxi- L L
mates in a specified way the operattr.We shall assume ||| ., = sup |u"(z)| + sup |u"(z) —u"(z +y)|
that the operatod? approximates the differential operator On erp z.yeR} ly|?
A* with any prescribed order [44].

The functionA® (£h, h) is obtained by replacing the
operator4, . in the right-hand side of equality (33) with
the expressiont (exp {+iyh} — 1), respectively, and is
called the symbol of the difference operafsy.

Theorem 4.1.Suppose that assumptions (34) and (35)
for the operatordi hold. Then the solutions of difference
schemes (37) satisfy the coercivity estimates:

| {771(“«2 - uf_l)}f[ ||ng(cim<a—ﬁ>+u)

We shall assume that fd€,h| < 7 and fixedz the
symbolA® (¢h, h) of the operatoB} = A% — a1, satisfies < M(e, B,7,)(|| ™" ||Cg‘w(02m(a-m+u)
the inequalities "

o . + W2 ATL A LAY AR 1 || et
(~1)™ A% (£h, h) > M(e[*™, 34) 2m<2|;<5 =S Sns St g
|arg A" (Eh,h)| < ¢ < ¢o < T == } .
- +llet — P2 ||C2M<a*v>+V)v
Suppose that the coefficiebit of the operatoB7 = A7 — TR

oI}, is bounded and satisfies the inequalities 0<~y<fB<a0<v+2mla—7) <1,
brtesh _pT| < MRSz € RY,e € (0,1.  (35) 7 (k= k)R e (o)
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