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Abstract: In the present paper the modified Crank-Nicholson difference schemes for the approximate solutions of the nonlocal bound-
ary value problem

v
′
(t) + Av(t) = f(t)(0 ≤ t ≤ 1), v(0) = v(λ) + µ, 0 < λ ≤ 1

for differential equations in an arbitrary Banach spaceE with the strongly positive operatorA are considered. The well-posedness

of these difference schemes inCβ,γ
τ (E) andC̃ β,γ

τ (E) spaces is established. In applications, the coercive stability estimates for the
solutions of difference schemes of the second order of accuracy over time and of an arbitrary order of accuracy over space variables in
the case of the nonlocal boundary value problem for the2mth-order multidimensional parabolic equation are obtained.

Keywords: Abstract parabolic problem, Banach spaces, coercive inequality, well-posedness,r-modified Crank-Nicholson difference
schemes.

1. Introduction

It is known that (see, e.g., [1]- [5] and the references given
therein) many applied problems in fluid mechanics, other
areas of physics and mathematical biology were formu-
lated into nonlocal mathematical models. However, such
problems were not well investigated in general.

In the paper [6] the well-posedness in the spaces of
smooth functions of the nonlocal boundary value problem

v
′
(t) + Av(t) = f(t)(0 ≤ t ≤ 1), (1)

v(0) = v(λ) + µ, 0 < λ ≤ 1
for differential equations in an arbitrary Banach space E
with the strongly positive operatorA was established.

For the construction of difference schemes we consider
a uniform grid space

[0, 1]τ = {tk = kτ, 0 ≤ k ≤ N, Nτ = 1}.
Assume that2τ ≤ λ. We consider the first order of accu-
racy implicit Rothe difference scheme

uk − uk−1

τ
+ Auk = ϕk, ϕk = f(tk), tk = kτ, (2)

1 ≤ k ≤ N,u0 = u[ λ
τ ] + µ,

and the second order of accuracy implicit difference scheme

uk − uk−1

τ
+ A(I +

τA

2
)uk = (I +

τA

2
)ϕk, (3)

ϕk = f(tk − τ

2
), tk = kτ, 1 ≤ k ≤ N,

u0 = Du[ λ
τ ] + µ + (λ− [

λ

τ
]τ)ϕ[ λ

τ ],

and the second order of accuracyr-modified Crank-Nicholson
difference schemes

uk − uk−1

τ
+ Auk = ϕk, ϕk = f(tk − τ

2
), (4)

tk = kτ, 1 ≤ k ≤ r,

uk − uk−1

τ
+

A

2
(uk + uk−1) = ϕk, ϕk = f(tk − τ

2
),

tk = kτ, r + 1 ≤ k ≤ N,

u0 = Du[ λ
τ ] + µ + (λ− [

λ

τ
]τ)ϕ[ λ

τ ], rτ ≥ λ,
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u0 = uλ
τ

+ µ, rτ < λ,
λ

τ
∈ Z+,

u0 = D1
1
2
(u[ λ

τ ] + u[ λ
τ ]+1)

+µ + (λ− [
λ

τ
]τ − τ

2
)ϕ[ λ

τ ], rτ < λ,
λ

τ
/∈ Z+

approximately solving the boundary value problem (1).
Here and in futureZ+ = {2, 3, ···}, D = (I−(λ−[λ

τ ]τ)A)
andD1 = (I − (λ− [λ

τ ]τ − τ
2 )A).

Let Fτ (E) be the linear space of mesh functions
ϕτ = {ϕk}N

1 with values in the Banach spaceE. Next
onFτ (E) we introduce the Banach spaces

Cτ (E) = C([0, 1]τ , E),
Cβ,γ

τ (E) = Cβ,γ([0, 1]τ , E)(0 ≤ γ ≤ β < 1),
C̃β,γ

τ (E) = C̃β,γ([0, 1]τ , E)(0 ≤ γ ≤ β < 1) with
the norms

‖ ϕτ ‖Cτ (E) = max
1≤k≤N

‖ ϕk ‖E ,

‖ ϕ
τ‖Cβ,γ

τ (E) = ‖ ϕτ ‖Cτ (E)

+ sup
1≤k<k+r≤N

‖ ϕk+r − ϕk ‖E
((k + r)τ)γ

(rτ)β
,

‖ ϕ
τ‖C̃β,γ

τ (E) = ‖ ϕ
τ‖Cτ (E)

+ sup
1≤k<k+2r≤N

‖ ϕk+2r − ϕk ‖E
((k + 2r)τ)γ

(2rτ)β
.

Note that the Banach spaceEα = Eα(E, A)(0 < α < 1)
consists of thosev ∈ E for which the norm

‖ v ‖Eα= sup
λ>0

λα ‖ A(λ + A)−1v ‖E

is finite.
The difference scheme (2) or (3) or (4) is said to be

coercively stable (well posed) inFτ (E) if we have the co-
ercive inequality

‖ {τ−1(uk − uk−1)}N
1 ‖Fτ (E)

≤ M [‖ Aµ ‖E′ + ‖ ϕτ ‖Fτ (E)], E
′ ⊂ E,

whereM is independent not only ofϕτ , µ but also ofτ .
In this paperM represent general positive constant hav-

ing different means in different cases.
In the papers [7], [8] the stability and coercive sta-

bility of difference schemes (2), (3) and (4) forr = 1 in
Cα,α

τ (E), Cτ (Eα) andC̃α,α
τ (E) (0 < α < 1) spaces and

almost coercive stability (with multiplier
min

{
ln 1

τ , 1 + |ln ‖ A ‖E→E |
}

)of difference schemes
(2), (3) and (4) forr = 1 in Cτ (E) spaces were estab-
lished.

In general, we have not been able to obtain the coercive
stability estimates for the solution of Crank-Nicholson dif-
ference scheme




uk−uk−1
τ + A

2 (uk + uk−1) = ϕk, ϕk = f(tk − τ
2 ),

tk = kτ, 1 ≤ k ≤ N, u0 = uλ
τ

+ µ, λ
τ ∈ Z+,

u0 = D1
1
2 (u[ λ

τ ] + u[ λ
τ ]+1)

+µ + (λ− [λ
τ ]τ − τ

2 )ϕ[ λ
τ ],

λ
τ /∈ Z+

for the approximate solution of problem (1). Note that the
stability and coercive stability of Crank-Nicholson differ-
ence scheme of the initial value problem for evolution dif-
ferential equations have been developed extensively dur-
ing long time (see [14]- [25] and references given therein).

In the paper [35] the well-posedness of modified Crank-
Nicholson difference schemes (4) inLp,τ (E) spaces under
the assumption that the operator−A generates an analytic
semigroupexp{−tA} (t ≥ 0) with exponentially decreas-
ing norm, whent → +∞

‖ exp{−tA} ‖E→E≤ Me−δt, (5)

‖ Aexp{−tA} ‖E→E≤ M

t
, t > 0, δ,M > 0,

are established.
In the present paper the well-posedness ofr-modified

Crank-Nicholson difference schemes (4) in
Cβ,γ

τ (E) (0 ≤ γ ≤ β < 1), C̃β,γ
τ (E) (0 ≤ γ ≤ β < 1),

andCβ,γ
τ (Eα−β) (0 ≤ γ ≤ β ≤ α < 1) spaces under

the assumption (5) is established. In applications this ab-
stract result permit us to obtain the coercive stability esti-
mates for the solutions of difference schemes of the second
order of accuracy over time and of an arbitrary order of
accuracy over space variables in the case of the nonlocal
boundary value problem for the2mth-order multidimen-
sional parabolic equation.

Finally, well-posedness and methods for numerical so-
lutions of the evolution differential equations have been
studied extensively by many researchers (see [11]-[12],
[26]-[42], and the references therein).

2. Well-posedness of (4) inCβ,γ
τ (Eα−β) spaces

Initially, the following necessary lemmas that will be given.
Lemma 2.1 [9],[13]. For anyk ≥ 1 the following es-

timates hold:

‖ Rk ‖E−→E≤ M(1 + δτ)−k, (6)

‖ kτARk ‖E−→E≤ M.

Here and in the futureR = (I + τA)−1.
Lemma 2.2 [16]. For any1 ≤ k ≤ N, one has the

estimates
‖ kτABkC2 ‖E−→E≤ M, (7)

‖ BkC ‖E−→E≤ M. (8)
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Here and in the futureB = (I − τA
2 )C, C = (I + τA

2 )−1.
Lemma 2.3[35]. The operators

I −DR
[ λ
τ

]
, rτ ≥ λ,

I −B[ λ
τ ]−rRr, rτ < λ,

λ

τ
∈ Z+,

I −D1B
[ λ

τ ]−rRrC, rτ < λ,
λ

τ
/∈ Z+

have inverses

Tτ = (I −DR[ λ
τ ])−1 if rτ ≥ λ,

Tτ = (I −B[ λ
τ ]−rRr)−1 if rτ < λ,

λ

τ
∈ Z+,

Tτ = (I −D1B
[ λ

τ ]−rRrC)−1

if rτ < λ,
λ

τ
/∈ Z+

and the estimate holds:

‖ Tτ ‖E→E≤ M(δ, λ). (9)

Lemma 2.4[35]. For anyϕk, 1 ≤ k ≤ N the solution
of the problem (1) exists and the following formula holds

uk =





Rku0 +
k∑

r=1
Rk−j+1ϕjτ, k = 1, · · ·, r,

Bk−rRru0 +
r∑

j=1

Bk−rRr−j+1ϕjτ

+
k∑

j=r+1

Bk−jCϕjτ, k = r + 1, · · ·, N,

Tτ{D1[
r∑

j=1

Rr−j+1

×B[ λ
τ ]−rCϕjτ +

[ λ
τ ]−1∑

j=r+1

B[ λ
τ ]−jC2ϕjτ

+ τC
2 ϕ[ λ

τ ]+1]

+µ + {(I + (τA)2

4 )
(
λ− [λ

τ ]τ − τ
2

)
+τI}C2ϕ[ λ

τ ]}, rτ < λ, λ
τ /∈ Z+, k = 0,

Tτ{[
r∑

j=1

Rr−j+1B[ λ
τ ]−rϕjτ

+
[ λ

τ ]∑
j=r+1

B[ λ
τ ]−jCϕjτ ] + µ},

rτ < λ, λ
τ ∈ Z+, k = 0,

Tτ{D
[ λ

τ ]−1∑
j=1

R[ λ
τ ]−j+1ϕjτ + µ

+
(
λ− [λ

τ ]τ + τ
)
Rϕ[ λ

τ ]},
rτ ≥ λ, k = 0.

(10)

Theorem 2.1.Let τ be a sufficiently small positive
number. Then the solutions of difference schemes (4) in

Cβ,γ
τ (Eα−β) (0 ≤ γ ≤ β ≤ α, 0 < α < 1) satisfy the

following coercivity inequalities

‖ {τ−1(uk − uk−1)}N
1 ‖Cβ,γ

τ (Eα−β) (11)

≤ M1

α(1− α)
‖ ϕτ ‖Cβ,γ

τ (Eα−β)

+M1|µ + A−1(ϕ[ λ
τ ] − ϕ1)|β,γ

1+α−β ,

whereM1 does not depend onϕτ , µ , α, β, γ, andτ .

Here, the space of traces̃Eβ,γ
1+α−β = Ẽ1

β,γ
(Eα−β)

which consist of the elementsw ∈ E for which the norm

|w|β,γ
1+α−β

= sup
0<τ≤τ0

{max{a(τ), b(τ)}+ max{c(τ), d(τ), e(τ)}}

is finite. Here

a(τ) = max
1≤i≤r

||ARiw||Eα−β
,

b(τ) = max
r+1≤i≤N

||ABi−r−1CRrw||Eα−β
,

c(τ) = sup
1≤i<i+l≤r≤N

p||A(Ri+l −Ri)w||Eα−β
,

d(τ)

= sup
1≤i≤r<i+l≤N

p||ARi(Bi+l−r−1CRr−i − I)w||Eα−β
,

e(τ) = sup
1≤r<i<i+l≤N

p||ABi−r−1CRr(Bl − I)w||Eα−β
,

Here and in the futurep = (lτ)−β((i + l)τ)γ .
Proof. By [17],

‖{τ−1(uk−uk−1)}N
1 ‖Cβ,γ

τ (Eα−β)

≤ M [|u0−A−1ϕ1|β,γ
1+α−β +

1
α(1− α)

‖ ϕτ ‖Cβ,γ
τ (Eα−β)]

for the solution of the r-modified Crank-Nicholson differ-
ence schemes





uk−uk−1
τ + Auk = ϕk, ϕk = f(tk − τ

2 ),
tk = kτ, 1 ≤ k ≤ r,
uk−uk−1

τ + A
2 (uk + uk−1) = ϕk,

ϕk = f(tk − τ
2 ), tk = kτ, r + 1 ≤ k ≤ N,

u0 is given.

(12)

for the approximate solutions of Cauchy problem

u
′
(t) + Au(t) = f(t)(0 ≤ t ≤ 1), u(0) is given.

The proof of estimate (11 ) for difference schemes(4) is
based on the estimate (2) and the following estimates
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max
1≤i≤r

||ARi(u0 −A−1ϕ1)||Eα−β
≤ L

max
r+1≤i≤N

||ABi−r−1CRr(u0 −A−1ϕ1)||Eα−β
≤ L

sup
1≤i<i+l≤r≤N

p||A(Ri+l −Ri)

(u0 −A−1ϕ1)||Eα−β
≤ L

sup
1≤i≤r<i+l≤N

p||ARi(Bi+l−r−1CRr−i − I)

×(u0 −A−1ϕ1)||Eα−β
≤ L

sup
1≤r<i<i+l≤N

p||ABi−r−1CRr(Bl − I)

×(u0 −A−1ϕ1)||Eα−β
≤ L,

L ≤ M1[|µ + A−1(ϕ[ λ
τ ] − ϕ1)|β,γ

1+α−β (13)

+
M

α(1− α)
‖ ϕτ ‖Cβ,γ

τ (Eα−β)]

for the solution of problem (4).
Let rτ ≥ λ. Using formula (10), we can write

u0−A−1ϕ1 = Tτ{D
[ λ

τ ]−1∑

j=1

R[ λ
τ ]−j+1(ϕj −ϕ[ λ

τ ])τ (14)

−DA−1R[ λ
τ ]ϕ[ λ

τ ] + µ−A−1ϕ1 + A−1ϕ[ λ
τ ]}.

Then, using formula (14) and estimate (9), we obtain esti-
mate (13).

Let rτ < λ and λ
τ ∈ Z+. Using formula (10), we can

write

u0−A−1ϕ1 = Tτ{
r∑

j=1

Rr−j+1B[ λ
τ ]−r(ϕj−ϕ[ λ

τ ])τ (15)

+
[ λ

τ ]∑

j=r+1

B[ λ
τ ]−jC(ϕj − ϕ[ λ

τ ])τ

−A−1B[ λ
τ ]−rRrϕ[ λ

τ ] + µ−A−1ϕ1 + A−1ϕ[ λ
τ ]}.

Then, using formula (15) and estimate (9), we obtain esti-
mate (13).

Let rτ < λ and λ
τ /∈ Z+. Using formula (10), we can

write
u0 −A−1ϕ1 (16)

= Tτ{D1[
r∑

j=1

Rr−j+1B[ λ
τ ]−rC(ϕj − ϕ[ λ

τ ])τ

+
[ λ

τ ]−1∑

j=r+1

B[ λ
τ ]−jC2(ϕj − ϕ[ λ

τ ])τ

−A−1D1B
[ λ

τ ]−rRrCϕ[ λ
τ ]

+
τC

2
(ϕ[ λ

τ ]+1 − ϕ[ λ
τ ])] + µ−A−1ϕ1 + A−1ϕ[ λ

τ ].

Then, using formula (16) and estimate (9), we obtain
estimate (13). Theorem 2.1 is proved.

Note that the spacesCβ,γ
τ (Eα−β) of grid functions,

in which coercive solvability has been established, depend
on the parametersα, β andγ. However, the constants in
the coercive inequalities depend only onα. Hence, we can
be choose the parametersβ andγ freely, which increases
the number of spaces of grid functions in which difference
schemes (4) are well posed. In particular, Theorem 2.1 im-
plies the well-posedness theorem inCτ (Eα) established in
[7].

3. Well-posedness of (4) inCβ,γ
τ (E) and

C̃β,γ
τ (E) spaces

Theorem 3.1.Let τ be a sufficiently small positive num-
ber. Then the solutions of difference schemes (4) inCβ,γ

τ (E)
(0 ≤ γ ≤ β, 0 < β < 1) satisfy the following coercivity
inequalities

‖ {τ−1(uk − uk−1)}N
1 ‖Cβ,γ

τ (E) (17)

+ ‖ {τ−1(uk − uk−1)}N
1 ‖Cτ (Ẽβ,γ

1 )

≤ M [
1

β(1− β)
‖ (I+

τA

2
)ϕτ ‖Cβ,γ

τ (E)

+|µ + A−1(ϕ[ λ
τ ] − ϕ1)|β,γ

1 ],

whereM does not depend onϕτ , µ , β, γ, andτ .
Proof. By [17],

‖ {τ−1(uk − uk−1)}N
1 ‖Cβ,γ

τ (E) (18)

+ ‖ {τ−1(uk − uk−1)}N
1 ‖Cτ (Ẽβ,γ

1 )

≤ M [
1

β(1− β)
‖ (I+

τA

2
)ϕτ ‖Cβ,γ

τ (E)

+|u0 −A−1ϕ1|β,γ
1 ]

for the solution of ther-modified Crank-Nicholson differ-
ence schemes (12). The proof of estimate (17) for differ-
ence schemes(4) is based on the estimate (18) and the
following estimates

max
1≤i≤r

||ARi(u0 −A−1ϕ1)||E ≤ K,

max
r+1≤i≤N

||ABi−r−1CRr(u0 −A−1ϕ1)||E} ≤ K,
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sup
1≤i<i+l≤r≤N

p||ARi(Rl − I)(u0 −A−1ϕ1)||E ≤ K,

sup
1≤i≤r<i+l≤N

p||ARi(Bi+l−r−1CRr−i − I)(u0−A−1ϕ1)||E

≤ K,

sup
1≤r<i<i+l≤N

p||ABi−r−1CRr(Bl − I)(u0−A−1ϕ1)||E}

≤ K, K ≤ M1[|µ + A−1(ϕ[ λ
τ ] − ϕ1)|β,γ

1

+
M

β(1− β)
‖ (I+

τA

2
)ϕτ ‖

Cβ,γ
τ (E)

] (19)

for the solution of problem (4).
Let rτ ≥ λ. Then, using formula (14) and estimate (9),

we obtain

max
1≤i≤r

||ARi(u0 −A−1ϕ1)||E

≤ M(λ)( max
1≤i≤r

||ARiD

[ λ
τ ]−1∑

j=1

R[ λ
τ ]−j+1(ϕj − ϕ[ λ

τ ])τ

−DA−1R[ λ
τ ]ϕ[ λ

τ ]

+µ−A−1ϕ1 + A−1ϕ[ λ
τ ])||E

≤ M(λ)(|µ+A−1(−ϕ1 + ϕ[ λ
τ ])|

β,γ

1

+
M

β(1− β)
‖ (I+

τA

2
)ϕτ ‖

Cβ,γ
τ (E)

), (20)

max
r+1≤i≤N

||ABi−r−1CRr(u0 −A−1ϕ1)||E

≤ M(λ) max
1≤i≤r

||ABi−r−1CRrD

×(
[ λ

τ ]−1∑

j=1

R[ λ
τ ]−j+1(ϕj − ϕ[ λ

τ ])τ

−DA−1R[ λ
τ ]ϕ[ λ

τ ]

+µ−A−1ϕ1 + A−1ϕ[ λ
τ ])||E

≤ M(λ)(|µ+A−1(−ϕ1 + ϕ[ λ
τ ])|

β,γ

1

+
M

β(1− β)
‖ (I+

τA

2
)ϕτ ‖

Cβ,γ
τ (E)

), (21)

sup
1≤i≤r<i+l≤N

p||ARi(Bi+l−r−1CRr−i − I)

×(u0 −A−1ϕ1)||E

≤ M(λ)( sup
1≤i≤r<i+l≤N

p||ARi(Bi+l−r−1CRr−i − I)

×(D
[ λ

τ ]−1∑

j=1

R[ λ
τ ]−j+1(ϕj − ϕ[ λ

τ ])τ

−DA−1R[ λ
τ ]ϕ[ λ

τ ]

+µ−A−1ϕ1 + A−1ϕ[ λ
τ ])||E

≤ M(λ)(|µ+A−1(−ϕ1 + ϕ[ λ
τ ])|

β,γ

1

+
M

β(1− β)
‖ (I+

τA

2
)ϕτ ‖

Cβ,γ
τ (E)

), (22)

sup
1≤i≤r<i+l≤N

p||ARi(Bi+l−r−1CRr−i − I)

×(u0 −A−1ϕ1)||E

≤ M(λ)( sup
1≤i≤r<i+l≤N

p||ARi(Bi+l−r−1CRr−i − I)

×(DR[ λ
τ ]−j+1(ϕj − ϕ[ λ

τ ])τ

−(I − (λ− [
λ

τ
]τ)A)A−1R[ λ

τ ]ϕ[ λ
τ ]

+µ−A−1ϕ1 + A−1ϕ[ λ
τ ])||E

≤ M(λ)(|µ+A−1(−ϕ1 + ϕ[ λ
τ ])|

β,γ

1

+
M

β(1− β)
‖ (I+

τA

2
)ϕτ ‖

Cβ,γ
τ (E)

), (23)

sup
1≤r<i<i+l≤N

p||ABi−r−1CRr(Bl − I)

×(u0 −A−1ϕ1)||E

≤ M(λ)( sup
1≤r<i<i+l≤N

p||ABi−r−1CRr(Bl − I)
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×(D
[ λ

τ ]−1∑

j=1

R[ λ
τ ]−j+1(ϕj − ϕ[ λ

τ ])τ

−DA−1R[ λ
τ ]ϕ[ λ

τ ]

+µ−A−1ϕ1 + A−1ϕ[ λ
τ ])||E

≤ M(λ)(|µ+A−1(−ϕ1 + ϕ[ λ
τ ])|

β,γ

1

+
M

β(1− β)
‖ (I+

τA

2
)ϕτ ‖

Cβ,γ
τ (E)

). (24)

From estimates (20)-(24) it follows estimate (19).
Let rτ < λ and λ

τ ∈ Z+. Then, using formula (15)
and estimate (9), we obtain

max{max
1≤i≤r

||ARi(u0 −A−1ϕ1)||E ,

max
r+1≤i≤N

||ABi−r−1CRr(u0 −A−1ϕ1)||E}

+max{ sup
1≤i<i+l≤N

i+l≤r

p||ARi(Rl − I)(u0 −A−1ϕ1)||E ,

sup
1≤i≤r<i+l≤N

p||ARi(Bi+l−r−1CRr−i−I)(u0−A−1ϕ1)||E ,

sup
1≤r<i<i+l≤N

p||ABi−r−1CRr(Bl−I)(u0−A−1ϕ1)||E}

≤ M(λ)[max{max
1≤i≤r

||ARi(
r∑

j=1

Rr−j+1B[ λ
τ ]−r(ϕj−ϕ[ λ

τ ])τ

+
[ λ

τ ]∑

j=r+1

B[ λ
τ ]−jC(ϕj − ϕ[ λ

τ ])τ−A−1B[ λ
τ ]−rR

r
ϕ[ λ

τ ]

+µ−A−1ϕ1 + A−1ϕ[ λ
τ ])||E ,

max
r+1≤i≤N

||ABi−r−1CRr(
r∑

j=1

Rr−j+1B[ λ
τ ]−r(ϕj − ϕ[ λ

τ ])τ

+
[ λ

τ ]∑

j=r+1

B[ λ
τ ]−jC(ϕj − ϕ[ λ

τ ])τ−A−1B[ λ
τ ]−rR

r
ϕ[ λ

τ ]

+µ−A−1ϕ1 + A−1ϕ[ λ
τ ])||E}

+ max{ sup
1≤i<i+l≤r≤N

p||ARi(Rl − I)

×(
r∑

j=1

Rr−j+1B[ λ
τ ]−r(ϕj − ϕ[ λ

τ ])τ

+
[ λ

τ ]∑

j=r+1

B[ λ
τ ]−jC(ϕj − ϕ[ λ

τ ])τ

−A−1B[ λ
τ ]−rR

r
ϕ[ λ

τ ]

+µ−A−1ϕ1 + A−1ϕ[ λ
τ ])||Eα−β

,

sup
1≤i≤r<i+l≤N

p||ARi(Bi+l−r−1CRr−i − I)

×(
r∑

j=1

Rr−j+1B[ λ
τ ]−r(ϕj − ϕ[ λ

τ ])τ

+
[ λ

τ ]∑

j=r+1

B[ λ
τ ]−jC(ϕj − ϕ[ λ

τ ])τ

−A−1B[ λ
τ ]−rR

r
ϕ[ λ

τ ]

+µ−A−1ϕ1 + A−1ϕ[ λ
τ ])||E ,

sup
1≤i≤r<i+l≤N

p||ABi−r−1CRr(Bl − I)

×(
r∑

j=1

Rr−j+1B[ λ
τ ]−r(ϕj − ϕ[ λ

τ ])τ

+
[ λ

τ ]∑

j=r+1

B[ λ
τ ]−jC(ϕj − ϕ[ λ

τ ])τ

−A−1B[ λ
τ ]−rR

r
ϕ[ λ

τ ]

+µ−A−1ϕ1 + A−1ϕ[ λ
τ ])||E}].

By [19],

‖ (Bk+n −Bk)C ‖E→E≤ Mτα

tαk
, (25)

‖ A(Bk+n −Bk)C3 ‖E→E≤ Mτα

t1+α
k

(26)
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for any , 1 ≤ k < k + n ≤ N, 0 ≤ α ≤ 1. Similarly to
the way the estimate (18) was obtained and using estimates
(2), (7), (8), (25) and (26), we can show that

max{max
1≤i≤r

||ARi(
r∑

j=1

Rr−j+1B[ λ
τ ]−r(ϕj − ϕ[ λ

τ ])τ

+
[ λ

τ ]∑

j=r+1

B[ λ
τ ]−jC(ϕj − ϕ[ λ

τ ])τ−A−1B[ λ
τ ]−rR

r
ϕ[ λ

τ ])||E ,

max
r+1≤i≤N

||ABi−r−1CRr(
r∑

j=1

Rr−j+1B[ λ
τ ]−r

×(ϕj − ϕ[ λ
τ ])τ +

[ λ
τ ]∑

j=r+1

B[ λ
τ ]−jC(ϕj

−ϕ[ λ
τ ])τ −A−1B[ λ

τ ]−rR
r
ϕ[ λ

τ ])||E}

+max{ sup
1≤i<i+l≤r≤N

p||ARi(Rl − I)

×(
r∑

j=1

Rr−j+1B[ λ
τ ]−r(ϕj − ϕ[ λ

τ ])τ

+
[ λ

τ ]∑

j=r+1

B[ λ
τ ]−jC(ϕj − ϕ[ λ

τ ])τ−A−1B[ λ
τ ]−rR

r
ϕ[ λ

τ ])||E ,

sup
1≤i≤r<i+l≤N

p||ARi(Bi+l−r−1CRr−i − I)

×(
r∑

j=1

Rr−j+1B[ λ
τ ]−r(ϕj − ϕ[ λ

τ ])τ

+
[ λ

τ ]∑

j=r+1

B[ λ
τ ]−jC(ϕj − ϕ[ λ

τ ])τ−A−1B[ λ
τ ]−rR

r
ϕ[ λ

τ ]

+µ−A−1ϕ1 + A−1ϕ[ λ
τ ])||E ,

sup
1≤r<i<i+l≤N

p||ABi−r−1CRr(Bl − I)

×(
r∑

j=1

Rr−j+1B[ λ
τ ]−r(ϕj − ϕ[ λ

τ ])τ

+
[ λ

τ ]∑

j=r+1

B[ λ
τ ]−jC(ϕj − ϕ[ λ

τ ])τ

−A−1B[ λ
τ ]−rR

r
ϕ[ λ

τ ])||E}]

≤ M

β(1− β)
‖ (I+

τA

2
)ϕτ ‖

Cβ,γ
τ (E)

.

Applying the triangle inequality and this estimate and
(20), we get estimate (19).

Let rτ < λ and λ
τ /∈ Z+. Then, using formula (16)

and estimate (9), we obtain

max{max
1≤i≤r

||ARi(u0 −A−1ϕ1)||E ,

max
r+1≤i≤N

||ABi−r−1CRr(u0 −A−1ϕ1)||E}

+max{ sup
1≤i<i+l≤r≤N

p||ARi(Rl − I)(u0 −A−1ϕ1)||E ,

sup
1≤ii≤r<i+l≤N

p||ARi(Bi+l−r−1CRr−ı−I)(u0−A−1ϕ1)||E ,

sup
1≤r<i<i+l≤N

p||ABi−r−1CRr(Bl−I)(u0−A−1ϕ1)||E}

≤ M(λ)[max{max
1≤i≤r

||ARi((I − (λ− [
λ

τ
]τ − τ

2
)A)

×[
r∑

j=1

Rr−j+1B[ λ
τ ]−rC(ϕj − ϕ[ λ

τ ])τ

+
[ λ

τ ]−1∑

j=r+1

B[ λ
τ ]−jC2(ϕj − ϕ[ λ

τ ])τ

−A−1D1B
[ λ

τ ]−rRrCϕ[ λ
τ ] +

τC

2
(ϕ[ λ

τ ]+1 − ϕ[ λ
τ ])]

+µ−A−1ϕ1 + A−1ϕ[ λ
τ ])||E ,

max
r+1≤i≤N

||ABi−r−1CRr((I − (λ− [
λ

τ
]τ − τ

2
)A)

×[
r∑

j=1

Rr−j+1B[ λ
τ ]−rC(ϕj − ϕ[ λ

τ ])τ

+
[ λ

τ ]−1∑

j=r+1

B[ λ
τ ]−jC2(ϕj − ϕ[ λ

τ ])τ

−A−1D1B
[ λ

τ ]−rRrCϕ[ λ
τ ] +

τC

2
(ϕ[ λ

τ ]+1 − ϕ[ λ
τ ])]

+µ−A−1ϕ1 + A−1ϕ[ λ
τ ])||E}
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+max{ sup
1≤i<i+l≤r≤N

p||ARi(Rl − I)(D1

×[
r∑

j=1

Rr−j+1B[ λ
τ ]−rC(ϕj − ϕ[ λ

τ ])τ

+
[ λ

τ ]−1∑

j=r+1

B[ λ
τ ]−jC2(ϕj − ϕ[ λ

τ ])τ

−A−1D1B
[ λ

τ ]−rRrCϕ[ λ
τ ]

+
τC

2
(ϕ[ λ

τ ]+1 − ϕ[ λ
τ ])]

+µ−A−1ϕ1 + A−1ϕ[ λ
τ ])||E ,

sup
1≤i≤r<i+l≤N

p||A(Bi+l−r−1CRr −Ri)(D1

×[
r∑

j=1

Rr−j+1B[ λ
τ ]−rC(ϕj − ϕ[ λ

τ ])τ

+
[ λ

τ ]−1∑

j=r+1

B[ λ
τ ]−jC2(ϕj − ϕ[ λ

τ ])τ

−A−1D1B
[ λ

τ ]−rRrCϕ[ λ
τ ] +

τC

2
(ϕ[ λ

τ ]+1 − ϕ[ λ
τ ])]

+µ−A−1ϕ1 + A−1ϕ[ λ
τ ])||E ,

sup
1≤r<i<i+l≤N

p||ABi−r−1CRr(Bl − I)(D1

×[
r∑

j=1

Rr−j+1B[ λ
τ ]−rC(ϕj − ϕ[ λ

τ ])τ

+
[ λ

τ ]−1∑

j=r+1

B[ λ
τ ]−jC2(ϕj − ϕ[ λ

τ ])τ

−A−1D1B
[ λ

τ ]−rRrCϕ[ λ
τ ] +

τC

2
(ϕ[ λ

τ ]+1 − ϕ[ λ
τ ])]

+µ−A−1ϕ1 + A−1ϕ[ λ
τ ])||E}.

Similarly to the way the estimate (18) was obtained
and using estimates (2), (7), (8), (25) and (26), we can
show that

max{max
1≤i≤r

||ARi(D1

×[
r∑

j=1

Rr−j+1B[ λ
τ ]−rC(ϕj − ϕ[ λ

τ ])τ

+
[ λ

τ ]−1∑

j=r+1

B[ λ
τ ]−jC2(ϕj − ϕ[ λ

τ ])τ

−A−1D1B
[ λ

τ ]−rRrCϕ[ λ
τ ]

+
τC

2
(ϕ[ λ

τ ]+1 − ϕ[ λ
τ ])])||E ,

max
r+1≤i≤N

||ABi−r−1CRr(D

×[
r∑

j=1

Rr−j+1B[ λ
τ ]−rC(ϕj − ϕ[ λ

τ ])τ

+
[ λ

τ ]−1∑

j=r+1

B[ λ
τ ]−jC2(ϕj − ϕ[ λ

τ ])τ

−A−1D1B
[ λ

τ ]−rRrCϕ[ λ
τ ]

+
τC

2
(ϕ[ λ

τ ]+1 − ϕ[ λ
τ ])])||E}

+max{ sup
1≤i<i+l≤N

i+l≤r

p||A(Ri+l −Ri)(D1

×[
r∑

j=1

Rr−j+1B[ λ
τ ]−rC(ϕj − ϕ[ λ

τ ])τ

+
[ λ

τ ]−1∑

j=r+1

B[ λ
τ ]−jC2(ϕj − ϕ[ λ

τ ])τ

−A−1D1B
[ λ

τ ]−rRrCϕ[ λ
τ ]

+
τC

2
(ϕ[ λ

τ ]+1 − ϕ[ λ
τ ])])||E ,

sup
1≤i≤r<i+l≤N

p||ARi(Bi+l−r−1CRr−i − I)(D1

×[
r∑

j=1

Rr−j+1B[ λ
τ ]−rC(ϕj − ϕ[ λ

τ ])τ

+
[ λ

τ ]−1∑

j=r+1

B[ λ
τ ]−jC2(ϕj − ϕ[ λ

τ ])τ

−A−1D1B
[ λ

τ ]−rRrCϕ[ λ
τ ]

+
τC

2
(ϕ[ λ

τ ]+1 − ϕ[ λ
τ ])])||E ,
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sup
1≤r<i<i+l≤N

p||ABi−r−1CRr(Bl − I)(D1

×[
r∑

j=1

Rr−j+1B[ λ
τ ]−rC(ϕj − ϕ[ λ

τ ])τ

+
[ λ

τ ]−1∑

j=r+1

B[ λ
τ ]−jC2(ϕj − ϕ[ λ

τ ])τ

−A−1D1B
[ λ

τ ]−rRrCϕ[ λ
τ ]

+
τC

2
(ϕ[ λ

τ ]+1 − ϕ[ λ
τ ])])||Eα−β

}

≤ M

β(1− β)
‖ (I+

τA

2
)ϕτ ‖

Cβ,γ
τ (E)

.

Applying the triangle inequality and this estimate and
(20), we get estimate (19). Theorem 3.1 is proved.

Note that the coercive stability estimate (17) is weaker
than respective an estimate for the solution of difference
schemes (2) and (3) inCβ,γ

τ (E). However, obtaining this
type of estimate is important for the applications. We de-
note byaτ = {ak}N

1 the mesh function of approxima-
tion. Then‖(I + τA

2 )aτ‖Cβ,γ
τ (E) ∼ ‖aτ‖Cβ,γ

τ (E) = o(τ2)
if we assume thatτ‖Aaτ‖Cβ,γ

τ (E) tends to0 as τ → 0
not slower than‖aτ‖Cβ,γ

τ (E). It takes place in applications
by supplementary restriction of the smooth property of the
data of space variables.

Nevertheless, we have the following the smoothness
estimates

‖ Bk+2n −Bk ‖E→E≤ Mτ

tk
, (27)

‖ A(Bk+2n −Bk)C2 ‖E→E≤ Mτα

t1+α
k

(28)

for all 1 ≤ k < k + 2n ≤ N and0 ≤ α ≤ 1. The es-
timates (27) and (28) were established in [23]. This result
permit us to obtain the coercive stability estimates for the

solutions of difference schemes (4) in
∼
C β,γ

τ (E) spaces.
Theorem 3.2.Let τ be a sufficiently small positive

number. If the Crank-Nicolson difference scheme of the
initial value problem for homogeneous parabolic equations
is stable inCτ (E), then the solutions of difference schemes

(4) in
∼
C

β,γ

τ (E) (0 ≤ γ ≤ β, 0 < β < 1) satisfy the fol-
lowing coercivity inequalities

‖ {τ−1(uk − uk−1)}N
1 ‖∼

C
β,γ

τ (E)
(29)

≤ M [
1

β(1− β)
‖ ϕτ ‖Cβ,γ

τ (E)

+|µ + A−1(ϕ[ λ
τ ] − ϕ1)|β,γ

∗,1 ],

‖ {τ−1(uk − uk−1)}N
1 ‖∼

C
β,γ

τ (E)
(30)

≤ M [
1

β(1− β)
‖ ϕτ ‖∼

C
β,γ

τ (E)

+|A−1(I +
τA

2
)(ϕ[ λ

τ ] − ϕ[ λ
τ ]−1)|β,γ

∗,1

+|µ + A−1(ϕ[ λ
τ ] − ϕ1)|β,γ

∗,1 ],

whereM does not depend onϕτ , µ , β, γ, andτ . Here,

the space of traces̃Eβ,γ
∗,1 = Ẽ∗,1

β,γ
(E) which consist of

the elementsw ∈ E for which the norm

|w|β,γ
∗,1 = sup

0<τ≤τ0

{max{max
1≤i≤r

||ARiw||E ,

max
r+1≤i≤N

||ABi−r−1CRrw||E}

+max{ sup
1≤i<i+2l≤r≤N

q||ARi(R2l − I)w||E ,

sup
1≤i≤r<i+2l≤N

q||ARi(Bi+2l−r−1CRr−i − I)w||E ,

sup
1≤r<i<i+2l≤N

q||ABi−r−1CRr(B2l − I)w||E}}

is finite. Hereq = (2lτ)−β((i + 2l)τ)γ .

4. Applications

We consider the nonlocal boundary value problem on the
range{0 ≤ t ≤ 1, x ∈ Rn} for the2mth-order multidi-
mensional differential equation of parabolic type





∂v(t,x)
∂t +

∑
|τ |=2m

aτ (x) ∂|τ|v(t,x)

∂x
τ1
1 ...∂xτn

n
+ σv(t, x)

= f(t, x), 0 < t < 1, | τ |= τ1 + ... + τn,
v(0, x) = v(λ, x) + µ(x), 0 < λ ≤ 1, x ∈ Rn,

(31)

wherear(x), µ(x) andf(t, x) are given sufficiently smooth
functions. In this paperσ is the sufficiently large positive
constant.

We will assume that the symbol

Bx(ξ) =
∑

|r|=2m

ar(x) (iξ1)
r1 ... (iξn)rn ,

ξ = (ξ1, · · ·, ξn) ∈ Rn

of the differential operator of the form

Bx =
∑

|r|=2m

ar(x)
∂|r|

∂xr1
1 . . . ∂xrn

n
(32)
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acting on functions defined on the spaceRn, satisfies the
inequalities

0 < M1|ξ|2m ≤ (−1)mBx(ξ) ≤ M2|ξ|2m < ∞
for ξ 6= 0.

Now, the abstract theorems given above are applied in
the investigation of difference schemes for approximate
solution of the problem(31). The discretization of prob-
lem (31) is carried out in two steps. Let us define the grid
spaceRn

h (0 < h ≤ h0) as the set of all points of the Eu-
clidean spaceRn whose coordinates are given by

xk = skh, sk = 0,±1,±2, · · ·, k = 1, · · ·, n.

To the differential operatorAx = Bx + σI defined by
(32), we assign the difference operatorAx

h = Bx
h + σIh.

The operator

Bx
h = h−2m

∑

2m≤|s|≤S

bx
s∆s1

1−∆s2
1+...∆

s2n−1
n− ∆s2n

n+ , (33)

which acts on functions defined on the entire spaceRn
h.

Heres ∈ R 2n is a vector with nonnegative integer coor-
dinates,

∆k±fh (x) = ± (
fh (x± ekh)− fh (x)

)
,

and here and in futureek is the unit vector of the axisxk.
An infinitely differentiable function of the continuous

argumenty ∈ Rn that is continuous and bounded together
with all its derivatives is said to be smooth function. We
say that the differences operatorAx

h is aλ-th order(λ > 0)
approximation of the differential operatorAx if the in-
equality

sup
x∈Rn

h

|Ax
hϕ (x)−Axϕ (x)| ≤ M (ϕ)hλ

holds for any smooth functionϕ (y) . The coefficientsbx
s

are chosen in such a way that the operatorAx
h approxi-

mates in a specified way the operatorAx.We shall assume
that the operatorAx

h approximates the differential operator
Ax with any prescribed order [44].

The functionAx (ξh, h) is obtained by replacing the
operator∆k± in the right-hand side of equality (33) with
the expression± (exp {±iξkh} − 1), respectively, and is
called the symbol of the difference operatorBx

h .

We shall assume that for|ξkh| ≤ π and fixedx the
symbolAx(ξh, h) of the operatorBx

h = Ax
h−σIh satisfies

the inequalities
{

(−1)mAx(ξh, h) ≥ M |ξ|2m,
| arg Ax(ξh, h)| ≤ φ < φ0 ≤ π

2 .
(34)

Suppose that the coefficientbx
s of the operatorBx

h = Ax
h−

σIh is bounded and satisfies the inequalities

|bx+ekh
s − bx

s | ≤ Mhε, x ∈ Rn
h, ε ∈ (0, 1]. (35)

With the help ofAx
h we arrive at the nonlocal boundary-

value problem

dvh(t, x)
dt

+ Ax
hvh(t, x) = fh(t, x), 0 ≤ t ≤ 1, (36)

vh(0, x) = vh(λ, x) + µh(x), x ∈ Rn
h,

for an infinite system of ordinary differential equations.
In the second step we replace problem(36) by the dif-

ference schemes




uh
k(x)−uh

k−1(x)

τ + Ax
huh

k(x) = ϕh
k(x),

ϕk(x) = fh(tk − τ
2 , x), tk = kτ,

1 ≤ k ≤ r,Nτ = 1, x ∈ Rn
h,

uh
k(x)−uh

k−1(x)

τ + Ax
h

2 (uh
k(x) + uh

k−1(x))
= ϕh

k(x), ϕh
k(x) = fh(tk − τ

2 , x),
tk = kτ, r + 1, x ∈ Rn

h,
uh

0 (x) = (I − (λ− [λ
τ ]τ − τ

2 )Ax
h)1

2 (uh
[ λ

τ ]
(x)

+uh
[ λ

τ ]+1
(x)) + µh(x)

+(λ[λ
τ ]τ − τ

2 )ϕh
[ λ

τ ]
(x),

rτ < λ, λ
τ /∈ Z+, x ∈ Rn

h,
uh

0 (x) = (I − (λ− [λ
τ ]τ)Ax

h))uh
[ λ

τ ]
(x)

+µh(x) + (λ− [λ
τ ]τ)ϕh

[ λ
τ ]

(x), rτ ≥ λ, x ∈ Rn
h,

uh
0 (x) = uh

λ
τ

(x) + µh(x),

rτ < λ, λ
τ ∈ Z+, x ∈ Rn

h.

(37)

Let us give a number of corollaries of the abstract theo-
rems given in the above. To formulate our result we need to
introduce the spacesCh = C(Rn

h) andCβ
h = Cβ(Rn

h) of
all bounded grid functionsuh(x) defined onRn

h, equipped
with the norms

||uh||Ch
= sup

xεRn
h

|uh(x)|,

||uh||Cβ
h

= sup
xεRn

h

|uh(x)|+ sup
x,y∈Rn

h

|uh(x)− uh(x + y)|
|y|β .

Theorem 4.1.Suppose that assumptions (34) and (35)
for the operatorAx

h hold. Then the solutions of difference
schemes (37) satisfy the coercivity estimates:

‖ {τ−1(uh
k − uh

k−1)}N
1 ‖

Cβ,γ
τ

(
C

2m(α−β)+ν
h

)

≤ M(α, β, γ, ν)(‖ ϕτ,h ‖
Cβ,γ

τ

(
C

2m(α−β)+ν
h

)

+
∑

2m≤|s|≤S

h−2m||∆s1
1−∆s2

1+...∆
s2n−1
n− ∆s2n

n+µh ‖
C

2m(α−γ)+ν
h

+||ϕh
1 − ϕh

[ λ
τ ]
‖

C
2m(α−γ)+ν
h

),

0 ≤ γ ≤ β ≤ α, 0 < ν + 2m(α− γ) < 1,

‖ {τ−1(uh
k − uh

k−1)}N
1 ‖C̃β,γ

τ (Cν
h)
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≤ M(β, γ, ν)(‖ ϕτ,h ‖Cβ,γ
τ (Cν

h)

+
∑

2m≤|s|≤S

h−2m||∆s1
1−∆s2

1+...∆
s2n−1
n− ∆s2n

n+µh ‖
C

2m(β−γ)+ν
h

+||ϕh
1 − ϕh

[ λ
τ ]
‖

C
2m(β−γ)+ν
h

),

0 ≤ γ ≤ β, 0 < ν + 2m(β − γ) < 1,

whereM(α, β, γ, ν) andM(β, γ, ν) do not depend onϕτ,h,
µh, h andτ.

The proof of Theorem 4.1 is based on the abstract The-
orems 2.1 and 3.1 and the positivity of the operatorAx

h
in Ch [44] and on the following two theorems on the co-
ercivity inequality for the solution of the elliptic differ-
ence equation inCβ

h and on the structure of the spaces
Eβ(Ch, Ax

h).
Theorem 4.2[10], [43]. Suppose that assumptions (34)

and (35) for the operatorAx
h hold. Then for the solutions

of the elliptic difference equation

Ax
huh(x) = ωh(x), x ∈ Rn

h (38)

the estimates
∑

2m≤|s|≤S

h−2m||∆s1
1−∆s2

1+...∆
s2n−1
n− ∆s2n

n+uh||Cβ
h

≤ M(σ, β)||ωh||Cβ
h

are valid.
Theorem 4.3[10], [43]. Suppose that assumptions (34)

and (35) for the operatorAx
h hold. Then for any0 < β <

1
2m the norms in the spacesEβ(Ch, Ax

h) and C2mβ
h are

equivalent uniformly inh.
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Nauk Ukrainskoi RSR, SeriyàA- Fiziko-Matematichni ta
Technichni Nauki6 3 (1988)(Russian).

[12] A. Ashyralyev and P.E. Sobolevskii, Nonl. Anal. Theo.
Meth. and Appl.24(2)257 (1995).

[13] P.E. Sobolevskii, Dokl. Acad. Nauk SSSR201(5) 1063
(1971) (Russian).

[14] Kh.A. Alibekov and P.E. Sobolevskii, Dokl. Acad. Nauk
SSSR232(4)737 (1977) (Russian).

[15] Yu.I. Zagorodnikov and P.E. Sobolevskii, Sibirsk. Mat. Z.
19(2)303 (1978) (Russian).

[16] P.E. Sobolevskii, In: Nonlinear Oscillations and Control
Theory (Izhevsk 1978) (Russian).

[17] A. Ashyralyev, Izv. Akad. Nauk Turkmen. SSR Ser. Fiz.-
Tekhn. Khim. Geol. Nauk1 3 (1989) (Russian).

[18] V.V. Smagin, Sib. Mat. Zh.42(3)670 (2001) (Russian).
[19] A. Ashyralyev and P.E. Sobolevskii, Izv. Akad. Nauk Turk-

men. SSR Ser. Fiz.-Tekhn. Khim. Geol. Nauk6 10 (1981)
(Russian).

[20] R. Rannacher, Z. Angew. Math. Mech.62(5)346 (1982).
[21] L. Mitchell and R. Rannacher, Appl. Anal.14117 (1982).
[22] A.O. Ashyralyev and P.E. Sobolevskii, Dokl. Akad. Nauk

SSSR275(6)1289 (1984) (Russian).
[23] A. Ashyralyev and P.E. Sobolevskii, In: Approximate Meth-

ods for Investigations of Differential Equations and Their
Applications (Kuybishev, 1982) (Russian).

[24] A. Ashyralyev, S. Piskarev and S. Wei, Num. Funct. Anal.
and Opt.23(7-8)669 (2002).

[25] M. Grouzeix, S. Larson, S. Piskarev and V. Thomee, The
stability of rational approximations of analitic semigroups
(Preprint, Department of Mathematics, Chalmers Institute of
Technology, G̈oteborg, 1991).

[26] D. Guidetti, B. Karasozen, and S. Piskarev, Journal of Math-
ematical Sciences122(2)3013 (2004).

[27] I.P. Gavrilyuk and V.L. Makarov, Computational Methods in
Applied Mathematics1(4)333 (2001).

[28] I.P. Gavrilyuk and V.L. Makarov, Mathematics of Computa-
tion 74555 (2005).

[29] I.P. Gavrilyuk and V.L. Makarov, SIAM Journal on Num.
Annal.43(5)2144 (2005).

[30] D. Gordeziani, H. Meladze and G. Avalishvili, Zh. Obchysl.
Prykl. Mat.88(1)66 (2003).

[31] M. Sapagovas, Journal of Computer Applied Mathematics
88(1)89 (2003).

[32] M. Sapagovas, Journal of Computation and Applied Mathe-
matics92(1)77 (2005).

[33] A. Ashyralyev, Num. Funct. Anal. and Opt.10(5-6) 593
(1989).

[34] A. Ashyralyev, Journal of Evolution Equations6(1) 1
(2006).

[35] A. Ashyralyev, Discrete and Continuous Dynamical
Systems-Series B7(1)29 (2007).

[36] V.B. Shakhmurov, J. Math. Anal. Appl.292(2)605 (2004).
[37] X.Z. Liu, X. Cui and J.G. Sun, Journal of Computational

and Applied Nathematics186(2)432 (2006).
[38] A.V. Gulin, N.I. Ionkin and V. A. Morozova, Differ. Equ.

37(7)970 (2001) (Russian).

c© 2012 NSP
Natural Sciences Publishing Cor.



554 Allaberen Ashyralyev : The Modified Crank-Nicholson Difference Schemes

[39] A. Lunardi, Analytic Semigroups and Optimal Regularity
in Parabolic Problems (Birkḧauser Verlag, Basel, Boston,
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