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Abstract: In this paper, we propose a technique using a fuzzy memipefshttion to generate a curve to approximate a desired
function. The concave preserving issues are discussedraneldofor the approximation functions. The desired funttan be widely
approximated piece by piece by combining two parabolic fions in each segment. The combined function passes thit@ugpiven
points in common and has the given slopes at their two reilspqatints. The smooth and concave properties of approioméinctions

are proved to be preserved for those properties of the dekinetion. This paper aims to prove that the concavity preésg can be
achieved by combining two parabolic functions using thejunembership functions and fuzzy inference rules. Two nigakresults

are used to demonstrate that the approximation functiorapproximate parts of the ellipse and sine functions.

Keywords: Approximation function, fuzzy membership function, snfowss function

1 Introduction functions to approximate the given data or functions.
There are three kinds of cubic polynomial spline
Fitting function is to generate a function which is highly functions: the natural splines, parabolic runout splines
correlated to the sample data. In the field of numericaland cubic runout splines3]. Spline functions use some
analysis, B-spline is a spline function that has minimalcontrol points to increase the precision of an
support with respect to a given degree, smoothness, an@pproximated curve, only affecting functions locally.
domain partition. Nikolai Lobachevsky investigated When compared with Bezier curve, which affects the
B-splines in the early nineteenth century. In 1946, graph globally, spline functions apparently produce bette
Schoenburg I used B-splines for statistical data results. Unfortunately, the drawback of the cubic
smoothing, and his paper started the modern theory opolynomials is that it can not ensure concavity preserving
spline approximation. Gordon and Reisenfel@] [ stably in the intermediate points. We thus, based on fuzzy
formally introduced B-splines into computer-assistedtheory, propose an algorithm, using a series of functions
designing. generated by two parabolic functions with their respective
Every spline function of a given degree, smoothnessmembership function to ensure that the approximate
and domain partition can be uniquely represented as &nction will keep concavity preserving, as shown in
linear combination of B-splines with the same degreeFig. 2.
which can preserve the smoothness over the same In recent years, the fuzzy theory has been used in
partition. many fields, for example, images and graphic
Considering the stability and smoothness, the cubicprocessing4,5]. The fuzzy model can be adjusted by the
polynomial functions are wildly used to approximate the preprocessed data to achieve better performale [
experimental data. The cubic polynomials are smoothHowever, up to now, no fuzzy model has been proposed
continuous and their order is only three. Hence, cubicas the cubic spline function to approximate functions in
polynomial functions are always used as the splinepreserving the concavity of the initial graph function.
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In fuzzy systems, through the fuzzy inference 3 Mathematical Theories
operation, human linguistic knowledge can be easily
encoded in the form of fuzzy rules, a set of fuzzy if-then First, we propose two formulas of quadratic functions that
rules, which generate output with respect to the givenwill be used in Section 3.2.
input. The encoded knowledge can be processed
numerically [7]. Different types of fuzzy models have

thus been designed according to different situations3,1 Formulas related to the fuzzy functions
Every fuzzy model consists of a set of fuzzy if-then rules

with linguistic terms in their antecedent and/or o . . .
consequences. According to the types of constitutingPrOpOS'tlon 1 Given a quadratic function (;.1)(x)

fuzzy rules, fuzzy models can be grouped into threeplaSSing thrgugh pointﬁieq,yi) and R.1(Xi+1,Yi+1), the
kinds: Sugeno fuzzy model, Tsukamoto fuzzy model, andS'OP€ a8t RX.¥i) is m, then
Mamdani fuzzy model. The details of the three types of Yir1-¥
fuzzy rules may be referred t8] Ko (X) = (X— % A e A T
= Xit1) |(X=X) = + 5=«
In Section 2, we introduce the definitions and the mai+n (0 = ( | ( SR
theorems that will be needed in Section 3. Then, in +Yit1-
section 3, we define a new fuzzy functidfx), which is
generated by two parabolic functions with a commonproof. Since functionky, ii+1)(X) passing through the
joint point and some properties of it. F.ollowmg .that, the pointsP(x.,yi) andP, (X1, Yi.1), let
concavity property of the fuzzy functior(x) will be_ Kmiirn(X) = (X — X+1)[(X — X)GR + ir] + S _then
discussed. Section 4 shows the results of the experlmen&(m"_’_ ) (%i11) = (% — %i11)[(Xi+1 — X))GR + FiR] + SR
i H my,ii+ i - - A i+1— A)Yi i .
and the last section covers our conclusions. We can getr = Vi 1.
Sincek(m ii+1)(X) passing through the poif(x;,yi), we
get Km iis1) (%) = (X — Xi1:)[(X — X)AR + MiR] + Yit1,
2 Definitions and Preliminaries hencefir = i'i—:i
Then we can get
. — _ oy IRV Yit1—Yi .
We first introduce some definitions and Theorem 1 to 2Km.ii+1 () = (X = X+1)[(x x..)qu + x| T Vit
which come from referenced] and [10]. Some changes =(X—Xi+1)(X—X)gr+ (x—x4-+1)mi:2 + Vit1.
are made in order to meet our needs.

Sincek'(x;) = m;, and

Definition 1 [9] Let A and B be any sets. By the Cartesian ) (X—%i+1) (X— %) Gir
AN - |

product of A and B, denoted by>AB, we mean the set of (Kim.i.i+1) (9)

all ordered pairs by(x,y) such that x is an element of A (X = Xi1) (X =) QiR+
andy is an element of B. Hencem = (k(m,i,i+1) (X)) |xox = (% =X 1)OR+ 32,
Definition 2 [9] Let A and B be any sets. A subset f of A T —m

Bis called a function if and only if no distinct ordered pairs SOUR = ~x 75 = . N
in f have the same first number. That is f is a function if ~ Similarly, we can prove the following proposition.

and only if, whenevefx,y) and (x,z) are both in f, then  Proposition 2 Given a quadratic function ( ;i.1)(X)

y=2. passing through points;&;,yi) and R.1(X11,¥i+1), the
Definition 3 Given m real values xcalled knots, withg< ~ SIOP€ @t P1(Xi11,¥i+1) is M1, then

X1 < --- < Xm_1, data pairs are point$, y;| fori € (0,m— Omiis1) (x)

1) andy = f(x). Mg — Jia

Definition 4 [10] Let A real-valued function f defined on = (x—x) | (x— 1) ———% 4 Yt 7 o
an interval | is strictly concave up if(Axs+ (1 — A)x) < Xir1 =X X1 =X

Af(xs)+(1—A)f(x) wheneverxx € land0 < A < 1.

Theorem 1 [10] Let f(x) be a real-valued function defined 3 o Fuzzy functions
on an interval | is strictly concave up if and only if '

(% —%s) F(X) < (x =x)f(xs) + (x=x5)f (%) forall  sygeno Fuzzy model is used to approach the fuzzy
Xs, %, X € | such that ¥ < x < x. problem. Given paired data sétx;,yi) | x € [1,N]} and
Theorem 2 [10] Let f(x) be a real-valued function which the sequencexyi). Given data setAn.1)={X xc
is continuous on an interval | and which has a derivative [%,X+1]} and the parabola functiokyy j;;1)(X) passes
at each interior point of I. Then(k) is strictly concave up  the pointP(x;,y;) and P(xi;1,Yi+1) with the slopem; of
on the interval | if and only if f(x) is strictly increasing the tangent line at the poinP(x;,y;). The data set
on the interior of I. Ay g (ii+1) is such thakin [Xi,Xi+1], 9m,,ii+1)(X) is the
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parabola function passing the pointB(x;,y;) and
P(Xi11,Yi+1), with slopem, 1 at P(x11,¥i+1). The fuzzy
rules are as follows:

If X € Amiit+1), then the crisp function ik j i 11)(X)-

If x is Afwi+1)(i-,i+1) then the crisp function is

I(mspii+1)(X)- . .
Let dij+1 = Xi+1 — Xi, the membership function of
Kim ii+-1) (X) is defined as:

— i dij
{1_%(%)2] ;i X <X <X+ =5
w(m,i,i+1) (X) - 1 X—Xi( ) ||+1
BEE)% T+ 2% <x <,

where x; is the x coordinate of the control point,
i = 0,1....m— 1. The membership function of
O(m.1,ii+1)(X) is defined as:

%(ﬁ%)zv if X <X<Xi+M,
Mgy (X) = 2
My 1.,i41) {1_%(%‘%)2}7 if X +
(=27)
where % is the x coordinate of the control point,
i:0717... 7m_1.

Definition 5 The fuzzy function if1)(x) is defined as
following:

d||+1

<X < Xj1-

[1_ e 2] Km.iiv1)(X)
( 1/ X=X \2
?((Hl |+1> ) “O(m g+l (X)

if X < X< X+ —5=
%(idiﬁ—ﬁl))z Kim i+ (X)

dl |+1

fiir1)(X) =

+ {1_ 32 - Oim gy (%)

(At

if xide‘Lz+1 <X < Xiy1.
where X is the x coordinate of the control point,
i=01---,m-—1.

From Definition 5 of the fuzzy functioffi; ;. 1)(x), we
can prove the following statements easily.

Proposition 3 Let f;;,1)(x) is a fuzzy function, then the
following statements are true:

1) “(T) fiiry) (¥) = V.

2) X—>(|LT1>* fiiry) (¥ =VYis

®3) Xli(T) f(l |+1)(X) m

4 x—>(|i<4m1)* f(/|7|-s-1) (X) =mi; 1

G lim a0 = M  f(%).
X (4 + =5 ) = X (% )+

(6) lim Kim ity (X) = lim ki iy (X
T

@ lim g(m+1-,i-,i+l)(x)_ lim 5 Gmiien -
X—(Xi+ 5= "* )~ SRR ||+

@  lim

floo0= lim
(ii+1) xa(xi+di‘i2+l)+

£ ().
! J+1
x> (x+ 2L )~ o

Proof. From the definition of fuzzy functiorf;; ) (X),
we can prove item (1) to item (7) easily. We just only prove

item (8).
Let s=x; + d. '2“
X|I~>ns1 f(' i+1) ()= x“~>ns1 { ( |:1_ %( (Xdéjl(i) )2:| k<m ii+1) )
TR R B )}
2' (4 (M, 1.ii+1)
2
B lemg { {1_ 5 (Xd;)l(l) )2} Kim.i.i+1) (%)
2
I - >2] K1) <x>1'}
(%50
+Xli~>nsl { |:%( (Xd;jl(i) )2:| ' g<m+1-,i-,i+l) (X)
2
F3 O g i (xﬂ’}
(=2%)
- IR AT
Wlﬂ 9m,1ii+1) (8) — Km i) (9)]-
2

. 1 X—X
IL"Q e (X ):x“st {5( (&{Il+)l)2'k<m,i,i+l>(x)
1 X—X /
+|1- 5(?@??} [ <x>]}
2
. 1 X—X
- lerTsL{ [E(%)Zl Kmii+1)(X)
(=77)
1 X—X ’
*3 Xdi,i)j:rl)z- Kim i,i+1) (X)] }
(=77)
. 1 X—X /
+X'L"J+{ ll_ 2l (dL;f)l)Z} “Omii+1) (%)
1 X—X /
+ 1—5<X((ij)l>2] JERC) }
2
1 /
= é[kzm,i,iJrl) () +9m, 1iir1) ()]
1
a7 9myiirn (8) — Kmiiv) (9)]
—z

O
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Based on the above-mentioned propositions, we can

define:

fiive) () = Vi, fiipn) (i) = m,

M1,
Gijr1,
2 )=

Vi, i) (%) =

fliiry (Xiv1) =

lim

fi i) (X + n
X (x4 5L ) -

fi11)(x) and

Iir(p
X—>(X@+ |3|+1),

d. .
f(/i,i+1) (Xi + I’|2+l) = f(/i7i-&-1) (X)
Proposition 4 Let a function lix) be differentiable in
[Xi,xi+1], passing through points f,y;) and
Pi1(Xi+1,Yi+1), the slopes are mand m, 1, respectively.
The function §;,4)(X) passing the same points and has
the same slopes as(). If h(x) is concave up then

fii+1)(X) is concave up, too.

Proof. If x € [X,%i+1], dij+1=X+1—X and

X € (X, X + d“z*l), then
1
fiivy(X) = [1— Q(TH)Z] K1) (X)
(=57)
1 X=X
é(m)z'g(mﬂ,i,m)(x)-
(=)

Since hji,1)(x) is concave up, therk i) (X) and
I(m,ii+1)(X) will be concave up, too. Hence,
X (XS,Xt),

k(mdi7i+1)(x)<)‘1'km||+1)( s) + (1= A1) K iivn) (%),
an

Y qii |+l)( ) < )‘1 O(mii+1) (Xs) +(1—A1)- I(m1,ii+1) (%),

whereA; = A= 2 X Then we have

1 m||+1

) g(m+17| i+1) (X)

if

1xx.

dl |+1

fiivy (X) = [

1xxI

+2((

d
|,|2+1)

;))] [A1-Kim i i+1) (Xs)
+(1 = A1) - Kimy i) (%))
)% AL Om i) (%)

(1= A1) - Im,iji+1) (%))

M { [1 - %(%)2] K1) (Xs)

3O gy <xs>}
(=)
+<1—A1>{ [1—%( ) ] Km 1) (%)
(=)

1 X=X
+§ Tﬂl)z'g(m,i,wl)(xt)}
(’T)

=M1 Fijn) () + (1= A1) - Fijen) (%)

Hence, f(ji,1)(x) is strictly concave up in the interval

d

(X| X|-|- ||+1)

Since f(,,,H)(x) is continuous, with derivative at each
interior point, and strictly concave up in the interval

(%, + & =5). By Theorem 2, ., (x), the derivative of

fii+1)(X), is increasing in the intervk;, x.+d"“).
Similarly, f’I i+1)(X) is increasing in the intervak; +

d||+1
> JXit1)-
Sincefi i) (%) =i, fijv1) (1) = Yiea, £, () =m
andf; (ii+1) (Xi+1) = miy1, then
d
f(l |+l)(x|+ ||2+1)
= im A= lm o fiig ().
Xﬁ(XiJr%H)f X%(xiJr%*l)Jr
and
diise
fliin (% + "'2+ )
= dm 0= lm T,
X—>(Xi+$2+_l>7 e x—>(x.-+$2+—l)+ L+D

Then the funct|onf(’| 1) (x) is strictly increasing in the
interval [x;, X +1]. By Theorem 2.f; ;1) (X) is concave up
in the intervallx;, X;1]. O

Similarly, if h(x) is concave down the intervgd, X 1],
we can prove thak; ; , 1) (X) is concave down in the interval
[Xi,X+1], too.

Based on the above propositions, we can propose the
following algorithm to generate the control points to
approximate a given function. The algorithm is as
follows:

Algorithm Fuzzy function (h(x), (), [x_,Xg])
Input: an original functior(x), its derivatived'(x) in the

interval X, Xg].
X_ is the left coordinate of the interval.

Xr is the right coordinate of the interval.

J is the selected defined error.
Output: the coordinates of the control points and their
respected slopes of the functib(x).

Let f(x) be the fuzzy function of the original function
h(x).

Define Maxerror 5 f(x) — h(x)| in the interval[x_, Xg].
Procedurd-uzzyfunction(x_,Xr)

1. Choose(x.,h(x ), H(x), (xg,h(xgr)) andh (xg),
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Fig. 1: The graph of the ellipse (a) without and (b) with
cubic polynomial function

generate the related fuzzy functié(x).
2. Find thex-coordinatexyax of the Maxerror between

the original functionh(x) and the fuzzy functiorf (x) in
the interval.
3. Store(XMax, h(XMax) al’ldh/ (XMa)().

4. If Max_error> 9 then
Fuzzyfunction(X_, Xmax)
else

Fuzzyfunction(Xvax, Xr)
End if
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Fig. 2: The graph of the ellipse with cubic polynomial
function(red color) and fuzzy function(black color)
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Fig. 3: Example of a sine function in the intervél 1]

4 Results and Discussions

The following is an example illustrating the drawback of
a cubic polynomial function for fitting function. A graph
of ellipse is shown in Figl(a) The function of the upper
part of an ellipse is shown below:

255X+ 4/(25.5x)2 — 4(1.8)(100¢ — 570)
y= 2(18) '

The upper part of an ellipse function is indicated in
blue in Fig. 1(a) The cubic polynomial function
generated by the algorithms of two points of the
coordinates and their slopes to the initial function is used
to approximate the function shown in Fig(b).(In this
example we choose 1R7.4,-47.7314),m;=15.58374,
P»(3.4,40.0349), ny=5.93620). The coordinate of

From the resultant of the four propositions as P5(1.3,26.74604) is the inflection point. The cubic
mentioned above, we find the approximate functionpolynomial function in the interval of [-7.4, 1.3] is

zg"‘l fii+1(X) is a function which is smooth and
concave preserving over the domain.

concave down, and that in the interval of [1.3, 3.4] is
concave up.
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1) 0& 1 148 2 25 3 34a

(d)

In Fig. 2, the black curve is drawn by the fuzzy
function fitting algorithm proposed in this paper, which is
concave down in the interval [-7.4, 3.4].

Next, we use the fuzzy function fitting algorithm
proposed in this paper to approximate the upper part of a
sine function in the interval0, . Fig. 3 is the sine
function.

Fig. 4(a), 4(b), and4(c) are the approximated function
by 4, 8 and 16 lines. Figi(d) is approximated by 4 fuzzy
function curves of our fitting algorithms.

5 Conclusions and Future work

A fuzzy membership function is developed to interpolate
a desired function or data pairs. The concave preserving
issues are discussed and proved for the properties of the
approximation functions. The desired function can be
widely approximated piece by piece by two parabolic
functions. Some numerical results demonstrate that the
approximation functions preserve some properties and
can approximate parts of the ellipse and sine functions.
Choosing better approximation functions is our future
work.
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