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Abstract: In this paper, we investigate the global attractivity of positive solutions ofitiidinear difference equation

@ +bxd | +0@%n_1+dxX |
A +BXX2 ;| +Cxxn_1+ DX

Xnt+1 = n:0717-“

where the parametessb, c, d, A, B, C, D are positive real numbers and the initial valugsx_; are arbitrary positive numbers.
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1 Introduction and preliminaries difference equation

Difference equations appear naturally as discrete X1 = F 00, X-1) )
analogues and as numerical solutions of differential andyith initial valuesx_1, xo € 1.
delay differential equations which model phenomena in
ecology, economy, automatic control theory and so forth. Definition 11 A pointX € | is called an equilibrium point
Recently, there has been a great attention in studyin@f EQ(2) if
nonlinear difference equations, see, for instantk,[Bl, X=F(XX).
[5], [10], [11], and references cited therein, as well as in
studying systems of difference equations (see, &j. [
[9D).

Consider the following second-order difference
equation

Definition 12 LetXx be an equilibrium point of E(R).

(i) The equilibriumx is called locally stable if for every
€ > 0, there existd > 0 such that for all X1, xg € | with
[x_1 —X| + %0 —X| < &, we havex, —X| < €, foralln >

(ii) The equilibriumx is called locally asymptotically
g +bxd g +oxn-1+dg n—0.1 stable if it is locally stable, and if there exisgs> 0 such
AR +BxX2 | +Cxxn-1+Dx3 |’ T that if x_1, Xo € I and [x_1 —X| + [Xo —X| < y then

(1)

where the initial conditionsxg, x_1 € (0,0) and the nirﬂmxn =X
parameters, b, ¢, d, A, B,C, D € (0,) .
In this paper, we study the stability of the unique (iii) The equilibriumx is called global attractor if for
positive equilibrium poink = 2t2+¢td the boundedness  all x_1, xo € I, we have
and the convergence of the solutions of the equatipn (

Xn+1 =

Now, we review some definitions (see for examplg [ nirﬂm Xn =X
[8]), which will be useful in the sequel.
Letl be an interval of real numbers andfet| x| — (iv) The equilibriumx is called global asymptotically

| be a continuously differentiable function. Consider the stable if it is locally stable and a global attractor.
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(v) The equilibriumx is called unstable if it is not
stable.

(Vi) Let p= 3
equation

(7( X) and q= 5 (7( X). Then the

®3)

is called the linearized equation of HEB) about the
equilibrium pointx.

Yn+1 = PYn+Q¥h-1, N=0,1,...

The next result, which was given by Clar®][ provides a
sufficient condition for the locally asymptotically statyil

of Eq. B).
Theorem 11Consider the difference equatid®) with p,
g € R. Then,

pl+af <1

is a sufficient condition for the locally asymptotically
stability.

Definition 13 The difference equatiof?) is said to be
permanent, if there exist numbersa,B with
0 < o < B < o such that for any initial X3, g € | there

exists a positive integer N wich depends on the initial Proof. The

conditions such thatr < x, < foralln > N.

2 Main results
Let f : (0,40)2 — (0,+o) be the function defined by

a4 bxy? 4 oy + dy?
AR+ Bxy? + Cx2y+Dy3

f(X>y) =

In the sequel we need the following real numbers:
ri=aB—bA ro,=aC—-cA rz=aD—-dA rs=cB-bC,
rs =bD—dB,rg =cD-dC.

Lemma 21 1. Assume that

2> max(B,C)
smm(S,é)
03r3+r420.

Then, f is nondecreasing in x for each y and it is

nonincreasing in y for each x.
2. Assume that

a ia(b cC

oggmln(gb C)

c
o3r3+l’4<0

Then, f is nonincreasing in x for each y and it is
nondecreasing in y for each x.

Proof.

1. We have, Bs+r4 > 0 and it is easy to see th§t>
max(3, &) and & < max(§, &) impliesra,ro,rs,rg >
0. So the result follows from the two formulaes

Xty + 2rx3y? + (3r3 +r4)x%y8

of
ox (ey) = (A8 + Bxy?2 + Cx2y + Dy3)2
N 2rexy* + rsy®
(AX + Bxy2 +Cx2y + Dy3)2’
ﬂ(x y) = —rx® — 211Xty — (3rz+14)x3y?
oy’ (AR + Bxy? +Cx2y + Dy?3)?
N —2rex?y® — rsxy?
(AX® + Bxy2 +Cx2y + Dy3)2"

2. The proof of 2) is similar and will be omitted.

Theorem 21Assume that

2|12r1+rp+3r3+r4+r5+ 2rg|

<1
(a+b+ctd)(A+B+C+D)
Then the positive equilibrium point= 22t of Eq.

(1) is locally asymptotically stable.

linearized equation of Eq.1) about
X — a+bic+d is
~ A+B4C+D

Xn+1 = PX+ OXh-1
where

_ (2ri+r24+3r3+ra+r5+2rp)
(a+b+c+d)(A+B+C+D)’

_ (2r1+r2+3r3+r4+r5+2r6)
(a+ b+C+d)(A+ B+C+ D).

So, by theorem 11) we get thatXx is locally
asymptotically stable if

2|2r1+r2+3r3+r4+r5+2r6|

1.
(@rbictd)(ArB+CiD)

In the following theorem we prove the permanent of
the difference equatiori).

Theorem 22Let {x,}* ; be a positive solution of
equation(l).

1. Assume that

Ola
IN
IA

> o

foralln> 1.
2. Assume that
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Then,

>
IN
3
IN

Ola

foralln > 1.

Proof. 1. We have

a —I2X%n_1 — M1XnX2 1 —T3X |
AT AAGHBXX | +CX1+DxC )’

Xn+1

9 B rgxr?; + rexﬁxn—l + r5Xn><%_1
D D(AG+Bx)XZ_;+Cx%1+Dx3 )

Now using the fact thats,r»,r3,rs,rg > 0, it follows
that q

D

Xn+1—

SXn <

>l o

foralln> 1.
2. The proof of 2) is similar and will be omitted.

Here we study the global asymptotic stability of

Eq.@).
Theorem 23Let
p1 = —Da-+Ab+ (A+C)d,
p2 = —(B+D)a+ (A+C)b+ (A—D)c+ (A+B+C)d,
ps=(A—B-C-D)a+(A+B+C—-D)b
+ (A—B+C-D)c+ (A+B+C+D)d.
Assume that
P
o <min(g, ),
3r3+r4>0,

2(2r1+rp+3r3+rg+r5+2rg)
(a+b-+c+d)(A+B+C+D)

p1, P2, p3>0.

Then the equilibrium poirk
globally asymptotically stable.

<1,

= apretd of Eq(1) is

Proof. Let {x,}/* , be a positive solution of equatiof)(
In view of theorem 21), we need only to prove thatis
global attractor.
Let
m= lim infx,
n—-o00

and
M= nlrﬂmsu PX.

To prove that
im x, =X,
n—-+oo
it suffices to show thaih = M.
Let € €]0,m|, then there existy € N such that for alh >
no we get
m—¢&<x <M+e.

Thus by using lemma2(l), Part 1; we get for ath > np+ 1

X1 > f(M—e,M+e),

X1 < f(M+¢,m—¢).
Then, we get the following inequalities
m> f(m—¢g,M+¢),
M<f(M+€em—eg).
These inequalities yields

" an? +bmM + cnM + dM3
~ Am® + BmM2 4+ CnEM + DM3’

M < aM?® + bmeM + cmMP 4 dn?
— AM3 4+ BnEM +CmM2 +Dm3”

So,
M (an® + bmM? + cn?M + dM3)

A + BmM2 +CmeM +DM3
m(aM® -+ bm?M + cmM + dn?)
AM3 + BmEM +CmM2 +Dm8

mM >

mM <

Hence

M (an® + bmM? + cn?M + dM3)
AP + BmM? 4+ CnEM + DM3
m(aM3 4+ bm?M +cmM + dn?)
~ AMBZ 4+ Bn?M +CmMP + Dm?
which can be written

<0,

(M —m)R(m,M) =0,
where
R(m,M) =

and

eL(mM) = dAM® + M8 + pimM(m* + M%) +
P2MPMZ(mP + M?) 4 psm®M?,

e K(MM) = (Am® + BmM + Cn?M + DM3)(AM3 +
BmM +Cn?M + D).
Since

R(M M) > 0

we get
M<m.

So,m=M =X

By the same arguments, we can easily prove the

following theorem.
Theorem 24Let
g1 = (B+D)a+Dc—Ad,
g = (B+C+D)a+ (—A+D)b+(B+D)c— (A+C)d,
g3 = (A+B+C+D)a+(—A+B—-C+D)b

+ (-A+B+C+D)c+(-A-C—-B+D)d.
Assume that
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n | [xX.—x% n | [x,—x
e 2<min(§. %), 1 |70.0507956108] 31 | 0.00
o 4> b ¢ 2 | 0.0072974127| 32| 0.1.10°°
p = MaX(g; ),
e 3r3+r4<0, 3 | 0.0134001561 33| 0.1.10°
o “2A2iiTaiSrsitatlsidNg) g 4 | 0.0014909700| 34 | 0.2.10°
(a+b+c+d)(A+B+C+D) ’ — =
® Ji, 02, 3 > 0. n_| X n | xa—X
61| 0.3.10° 91|0.2.10°
Then the equilibrium poirk = 22 of Eq(1) is 62| 0.2.10° 92 | 0.00
globally asymptotically stable. 63| 0.2.10° 93| 0.3.10°
64 | 0.00 94|0.210°
Theorem 25Assume thatq gz, gz > 0. Then Eq(1) has
no positive prime period two solution. Example 32Let
(ab,c,d,ABCD) = (1,2231313) and
Proof.For the sake of contradiction, assume that there(x 1,%) = (1.5,2.7). Then all conditions of theore/24)
exist distinct positive real numbessandf, such that are satisfied and we have the following results:

bl a? B? aJ B7"'

. . . . Xn —X n Xn —X
is a period two solution of EdLj. Then,a, B satisfy the l) .206|160365 31 l)r_]251‘_106

n
1
system 2 | 0.275199172| 32| 0.158.10°
3
4

a=f(Ba), B="(a.p). 0.108454901] 33 | 0.99.107

Thus, we have 0.091283226| 34 | 0.62.107
n | Xn—X N | X —X|
Bf(B,a)=af(a,B), 61 | 0.00 91 | 0.00
62| 0.00 92 | 0.00

which gives 63| 0.1.10°8 93| 0.1.10°8
64 | 0.00 94 | 0.00

(B—a)S(a,B) =

where
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