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Abstract: The generalized difference operator A,, on the sequence space |, is defined by A, X =A,, (X, )=

(@ x, +b, X, e, with x_, =0, where (a,) and (b, ) are two convergent sequences of nonzero real numbers

satisfying certain conditions. It is the purpose of this paper to completely determine the spectrum, the point
spectrum, the residual spectrum and the continuous spectrum of the operator A, on the sequence space |, where

I<p<owo.
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1 Introduction

Several authors have studied the spectrum and
fine spectrum of linear operators defined by some
particular limitation matrices over some sequence
spaces. We summarize the knowledge in the
existing literature concerned with the spectrum and
the fine spectrum. The fine spectrum of the
difference operator A over the sequence spaces C,
and ¢ has been studied by Altay and Basar [9].
Akhmedov and Basar [1,2] have studied the fine
spectrum of the difference operator A over the

sequence spaces |, and bv where 1<p <o .

p b
Note that the sequence space bv ; was studied by
Basar and Altay [12] and Akhmedov and Basar [2].
Malafosse [17] has studied the spectrum of the

difference operator A over the space S,, where S,

denotes the Banach space of all sequences X=(X,)
normed by
x|

k
[x1,, =sup=5
r k eN

. (r>0).
r

The fine spectrum of the Zweier matrix operator
Z° over the sequence spaces |, and bv has been
examined by Altay and Karakug [11]. The fine
spectrum of the generalized difference operator
B (r,s) over the sequence spaces C, and C has been
studied by Altay and Basar [10]. Also, the fine

spectrum of the operator B (r,s) over the sequence

spaces |, and bv where 1< p <oo has been

p b
determined by Bilgic and Furkan [13]. The fine

spectrum of the generalized difference operator
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B(r,s,t) over the sequence spaces C, and C has

been studied by Furkan et al. [15]. Also, the fine
spectrum of the operator B(r,s,t) over the

sequence spaces |, and bv,, where 1< p <oo has

p 9
been determined by Furkan et al. [16]. The fine

spectrum of the operator A, over the sequence

spaces C, and |, has been studied by Srivastava
and Kumar [19,20]. In [7], Akhmedov and ElI-
Shabrawy have revised some results which have
been given in [20]. The fine spectrum of the
operator A, over the sequence space C has been
studied by Akhmedov and El-Shabrawy [6]. Also,

the fine spectrum of the operator A, over the

where 1< p <o has been

determined by El-Shabrawy [14]. Recently,
Akhmedov and El-Shabrawy [5,8] have modified

the operator A, and have studied the fine spectrum

sequence space |, ,

of the modified operator A, over some sequence
spaces. Panigrahi and Srivastava [18] have studied
the fine spectrum of the generalized second order
difference operator A, over the sequence space C, .
The fine spectrum of the generalized difference

operator A, over the sequence spaces ¢, and C has

been studied by Akhmedov and El-Shabrawy [3,4].

We begin this paper by presenting some basic
concepts of spectral theory concerning the spectrum
and fine spectrum of linear operators in normed
spaces. In Section 3, we completely determine the

fine spectrum of the operator A,, on the sequence

space |, where 1< p <.

2 Preliminaries, Background and Notation

By w, we shall denote the space of all real or
complex valued sequences. Any vector subspace of
w is called a sequence space. We shall write
l,,c,c,and bv for the spaces of all bounded,

convergent, null and bounded variation sequences,

respectively. Also by I,, |, and bv ; we denote the

p
spaces of all absolutely summable sequences, p-
absolutely summable sequences and p-bounded

variation sequences, respectively.

A triangle is a lower triangular matrix with all of
Let

A and u be two sequence spaces and A =(a,, ) be

the principal diagonal elements nonzero.

an infinite matrix of real or complex numbers a,, ,
where n, k e N={0,1,2,..} . Then, we say that A
defines a matrix mapping from A into ¢, and we
denote it by A:41— u if for every sequence
X =(X, )€, the sequence Ax={(AX),}, the A-

transform of X, is in x, where

(AX), =Y a,X,, (eN). 2.1)
k

For simplicity in notation, here and in what follows,
the summation without limits runs from 0 to oo.

By (1,u), we denote the class of all matrices A
such that A: 4 — . Thus, A € (1, ) if and only if

the series on the right side of (2.1) converges for

each neN and every Xed , and we have

AX={(AX), }pey € for all xed . We use the
convention that any term with negative subscript is

equal to naught.

We recall some basic concepts of spectral theory
which are needed for our investigation [see 21, pp.
370-372].

Let X # {6} be a complex normed space and
T : D(T)—> X be a linear operator with domain

D(T) < X. With T we associate the operator
T, =T - A4l,

where A is a complex number and | is the identity

operator on D(T). If T, has an inverse which is

linear, we denote it by T, "', that is

T = (T - A7,
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and call it the resolvent operator of T.

Many properties of T, and T,' depend on A,

and spectral theory is concerned with those

properties. For instance, we shall be interested in

the set of all A in the complex plane such that T,

1

exists. The boundedness of T, is another property

that will be essential. We shall also ask for what A’s
the domain of T, is dense in X, to name just a few
aspects.

Definition 2.1. Let X #{@} be a complex normed
space and T : D(T)—> X be a linear operator
with domain D(T )< X . Aregular value A of T is
a complex number such that

(R1) T, exists,

(R2) T, is bounded,

(R3) T, ' is defined on a set which is dense in X.

The resolvent set of T, denoted by p(T ,X ), is

the set of all regular values A of T. Its complement
o ,X) =C\p(,X) in the complex plane C is
called the spectrum of T. Furthermore, the spectrum
o(T ,X ) is partitioned into three disjoint sets as

follows:
The point (discrete) spectrum o, (T ,X ) is the

set such that T,' does not exist. Any such

Aeao, (T ,X) is called an eigenvalue of T.

The continuous spectrum o, (T ,X ) is the set
such that T, exists and satisfies (R3) but not (R2),

that is, T, is unbounded.

The residual spectrum o, (T ,X ) is the set such
that T," exists (and may be bounded or not) but

does not satisfy (R3), that is, the domain of T, is

not dense in X.

Hence if (T —Al)x =6 for some X # &, then
ﬂeap(T,X) , by definition, that is, A is an
eigenvalue of T. The vector X is then called an

eigenvector of T corresponding to the eigenvalue A.

Let X be a Banach space and T : X —> X be a
bounded linear operator. By R(T), we denote the
range of T, i.e.,

RT)={y eX :y =Tx,xeX}.
By B(X), we denote the set of all bounded linear

operators on X into itself. If T € B(X), then the

adjoint T" of T is a bounded linear operator on the
dual X" of X defined by (T 'f )(x)=f (Tx) for all

feX and xe X.

Now, we may give:

Lemma 2.1 [22]. The matrix A =(a,, ) gives rise to
a bounded linear operator T eB(l,) from I, to
itself if and only if the supremum of |, norms of the

columns of A is bounded.

Lemma 2.2 [22]. The matrix A =(a,, ) gives rise to
a bounded linear operator T €B(l) from |_ to
itself if and only if the supremum of |, norms of the

rows of A is bounded.
Lemma 2.3 [23]. Let I<p<o and suppose
Ae(l YN, 1) . Then Ae(,,1,).

0 ? Ioo

3 The Fine Spectrum of the Operator A, on the

Sequence Space |, (1<p <)

In this section we consider the operator A,

which is represented by the lower triangular double-

band matrix

a 0 0
A= b, a 0 G.1)
&b 0 b a '

LN
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We assume here and hereafter that the sequences
(&) and (b,) are two convergent sequences of
nonzero real numbers satisfying

&im a =a>0, 3.2)

Pmbkzb;M=a (3.3)
and

supa, <a, b/ <a;, forallk eN (3.4)
k

It should be noted that the class of the operator

A,, in this form includes the modified operator

A, of [5].

characterize the sets o(A,,,1,) , o,(A,,,1,) ,

In this section, we completely

0, (A, 1,) and o (A,,,1,) . We begin with a

theorem concerning the bounded linearity of the

operator A, acting on the sequence space |p R

where 1< p <o0.

Theorem 3.1. The generalized difference operator
A,p i1, =1, is abounded linear operator and

1
sup(|ak |p +|bk |p)p S”Aa,b ||| < sup|ak |+sup|bk |
k P k k

Proof. The proof is obvious and so is omitted. [

Theorem 3.2. Let D ={/16<C:|/1—a|sa} and
E ={a :k €N, |a —a|]>a}. Then

o(A,,,1)=D UE.

ab> Ip

Proof. Let A¢DUE . Then |[1-a]>a and
A#a, forall k eN.So, A, — Al is triangle and
hence (A,, —Al)™ exists. We can calculate that

1

0 0
@ -4
b, 1 o
(B —A1)'= (@ -@-4) (@-4)
byb, b, 1

@-D@-D@, -4 @-Da-1) @-4

Therefore, the supremum of the |, norms of the

columns of (A,, — A1) is supR, , where
k

R, = I . byl
la =2 lac - Alac. -2
+ o[ +..., k eN.
la — Al —Alfac.. = 4|
Since lim| k |=| b |<1 , then there exist
k_>°°|ak+1_l| |a_}~|

koeN and a real number (,<1 such that

b—k<qO for all k >k, . Then, for all
a'k+1_/7’
k>k,+1,
2
R, gm[1+qo+q0 o

. 1
But, there exist k, e N and a real number ¢, <—
a

such that _ <q, forall k >k, . Then,
2 = 4]

for all k >max{k,.k,} . Therefore supR, <oo .
k

This shows that (A,, —Al1)" e(l,l)) . Similarly,
we can show that (A,, —Al)"e(l,,l,) . By

Lemma 2.3, we have (A,, — 4l Y'e (,.1,). Thus
o(A,,.1,)cD UE.
Conversely, suppose that A ¢ o (A,,,1,) . Then

(A, —Al)"'€B(l,) . Since the (A,,—Al)"

transform of the unit sequence e =(1, 0, 0, ...) is in

|, , we have lim|
kﬁw|ak+l_j“
A#a,, forall k e N. Then
{ﬂeC:|/1—a|<a}ga(Aa’b,lp)

and
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{ keN}CO'(A

ab 2 p

But, o(A,;,l,) is compact set, and so it is closed.

Then
D ={1eC:|i-a|<a)co(A,,.l,)
and

E={a :keNa-a>alco@,,.l,).

This completes the proof. [

Theorem 3.3. o,(A,,,1,)=E

abs'p

Proof. Suppose A, x=Ax for x #8=(0,0,0,...)

in | . Then by solving the system of equations
a,X, = 4Ax,
boX, +ax, =A4X,
bx, +a,x, =4X,
we obtain

(8, —-A)% =0 and b,x, +(@.,, —4)X,,, =0,

for all keN. Hence, for all A1¢{a :keN}, we
have X, =0 for all ke N, which contradicts our

assumption. So, A¢o (Aab, o) - Also, we can

prove that a¢ o, (A,,,1,) . Thus

ab>'p

o,(A I,)c{a, -k eNj\{a}.

abs'p

Now, we will prove that

Aeao,(A,,,l,) ifand only if 1€E.

If Aeo,(A,y,1,), then A=a; #a for some j eN

and there exists X el X #6 such that
A,pX =@;X. Then
x, .| ’
lim [ e —| 2 <1
kol X, a-a,

Since

#1, then 1=a; eE . Thus

O'p(Aab, p)CE

Conversely, let A €E. Then there exists i € N
such that A=a, #a, and so, we can take X =6
with A, X =ax and

p

X a
lim |[—<=L <1,
k >0 Xk a_ai
that is x el Thus E co,(A,,,l,). This

completes the proof. [

we give the following lemma which is required

in the proof of the next theorem.

Lemma 3.1. Let 1<q <. If
Ae{i1eC:|A-a|=a},
then the series

@ - )@~ 4) o @~ A
2 b, b, , |

is not convergent.

Proof. Let A=4 +i4, €C such that |[1-a|=
Then

[ =22+ 22 =24a.
Also, forall k € N, we have

la —A[ =(a —4) + 4,
=a” + (4’ +4") 243,
=a,’ +24(@-a,)
>b *+24(@-3a,)
>b, 2.

Therefore

k—_’121, forall k eN.
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This completes the proof. []
IfT :Ip —)Ip , where 1< p <o, is a bounded

linear operator with matrix A, then it is known that
the adjoint operator T :1, — 1 is defined by the

transpose of the matrix A. it is well-known that the

dual space I; of 1, is isomorphic to |, , where

p+q =

Theorem 3.4. o, (A;,.1;)={AeC:|1—-a|<a} UE .

Proof. Suppose  that A, f =Af for
=(f,.f.f,,..)=0 in I;Elq, where

p'+q'=1. Then, by solving the system of

equations

a,f, +b,f, =Af,

af, +bf,=Af,
af, +b f ., =4f,
we obtain that
LR S
by

Therefore we must take f, # 0, since otherwise we

would have f =6

It is clear that, the vector

f=,,f,...
operator A;b corresponding to the eigenvalue A =a, ,

and f, =28y
by,

k eNjco,(A,,.1,). Also, if
A#a, for all k eN,

for all keN ,

f.,0,0,..) is an eigenvector of the

where f,#0 for all

n-1»
1<n<k. Then {a
then f, #0 for all k eN,

a q
=|/1_a <1.Thus

|
and §|fk| <oo1f|}1£30 fkkl

{1eC:|a-a|<a} UE co,(A,.1,).

Conversely, if Leo (A | "), then there exists

abs'p

f =(f,.f.f,.0#60 in I =1, and A, f =Af.

aq

Then, fk+1=ﬂfk, k eN and Z|fk|q<oo.
k K
Therefore
q q
limfk—+1 _|A=a <1 or ZAe{a :k eN}.
k >0 fk a

(note that |1 —a|=a contradicts with Y [f,[* <o
k

by using Lemma 3.1). This completes the proof. []

Lemma 3.2 [24]. T has a dense range if and only if
T is one to one.

Theorem 3.5. o, (A,,.1,) =0, (A,,.1)\0,(A,,.1,) .

Proof. For Aeo,(A,,.1)\0,(A,,.1,) , the

operator A,, —Al is one to one and hence has an

. * .
inverse. But A,, —Al is not one to one. Now,

Lemma 3.2 yields the fact that the range of the

operator A, — Al is not dense in | . This implies

that Aeo, (A,,,l,). ]

ab>'p

Theorem 3.6. o, (A,,.1,)={1eC:|1-a|<a}.
Proof. The proof follows from Theorems 3.3, 3.4
and 3.5. [

Theorem 3.7. 6, (A,,,1,)={A€C:|1-a|=a}.
Proof. Since o(A,,, 1) is the disjoint union of the

parts 0,(A,p,1,) . 0. (A, 1) and o, (A, 1))

ab> 'p

we must have

0, (Ap.1,)={AeC:|A-a|=a}. [

Combining Theorems 3.1, 3.2, 3.3, 3.4, 3.6 and

3.7, we can have the following main theorem:
Theorem 3.8. The operator A, :l, =1, is a

bounded linear operator and
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1.

2.
3.

1
Slklp(|ak |p +|bk |p)p S”Aa’b "Ip < st1p|ak|+51k1p|bk |

o(A,y.1,)=D UE.

ab

o, (Ayysl ) =E.

a,b’lp

o, (A.1)={1eC:|1-a|<a} UE .

o, (A1) ={21eC:|1-a|<a}.

0, (Ap.1,)={1eC:|1~-a|=a}.

Acknowledgements

I wish to express my thanks to Prof. Ali M.

Akhmedov, Baku State University, Faculty of
Mechanics & Mathematics, Baku, Azerbaijan, for

h

is kindly helps, careful readings and making useful

comments on the earlier version of this paper.

References

[1] A.M. Akhmedov and F. Basar, On the fine spectra
of the difference operator A over the sequence
space |,, (1<p <), Demonstratio Math. 39 (3)

(2006) 585-595.

A M. Akhmedov and F. Basar, The fine spectra of
the difference operator A over the sequence space
bv,, (1< p <), Acta Math. Sin. (Engl. Ser.) 23

(10) (2007) 1757-1768.
AM. Akhmedov and S.R. El-Shabrawy, On the fine
spectrum of the operator A, over the sequence

space ¢, Comput. Math. Appl. 61 (2011) 2994—
3002.
[4] AM. Akhmedov and S.R. El-Shabrawy, On the

spectrum of the generalized difference operator
A,, over the sequence space ¢, Baku Univ. News
J., Phys. Math. Sci. Ser. 4 (2010) 12-21.

A.M. Akhmedov and S.R. El-Shabrawy, On the fine
spectrum of the operator A, over the sequence

spaces c and |, (1< p <o), Appl. Math. Inf. Sci.

5(3) (2011) 635-654.

AM. Akhmedov and S.R. El-Shabrawy, On the
spectrum of the generalized lower triangle double-
band matrix A, over the sequence space c, Al-
Azhar Univ. Eng. J., JAUES (special issue), Dec.
2010, 5 (9) 54-63.

[7] AM. Akhmedov and S.R. El-Shabrawy, Notes on
the spectrum of lower triangular double-band
matrices, Thai J. Math., to appear.

A M. Akhmedov and S.R. El-Shabrawy, Some
spectral properties of the generalized difference
operator A, , European J. Pure Appl. Math., to

(8]

appear.

B. Altay and F. Basar, On the fine spectrum of the

difference operator A on c, and c, Inform. Sci.

168 (2004) 217-224.

[10]B. Altay and F. Basar, On the fine spectrum of the
generalized difference operator B(r,s) over the

(9]

sequence spaces ¢, and c, Int. J. Math. Math. Sci.
18 (2005) 3005-3013.

[11]B. Altay and M. Karakus, On the spectrum and the
fine spectrum of the Zweier matrix as an operator
on some sequence spaces, Thai J. Math. 3 (2)
(2005) 153-162.

[12]F. Basar and B. Altay, On the space of sequences of
p-bounded variation and related matrix mappings,
Ukrainian Math. J. 55 (1) (2003) 136-147.

[13]H. Bilgi¢ and H. Furkan, On the fine spectrum of
the generalized difference operator B(r,s) over
the sequence spaces I, and bv,, (I<p<w),
Nonlinear Anal. 68 (2008) 499-506.

[14]S.R. El-Shabrawy, On the spectrum of the operator
A, over the space |, (I1<p <o), Baku Univ.

News J., Phys. Math. Sci. Ser. 3 (2011) 55-64.
[15]H. Furkan, H. Bilgi¢ and B. Altay, On the fine
spectrum of the operator B(r,s,t) over ¢, and c,

Comput. Math. Appl. 53 (2007) 989-998.
[16]H. Furkan, H. Bilgi¢ and F. Basar, On the fine
spectrum of the operator B(r,s,t) over the

sequence spaces |, and bv,, (I<p <o),

p
Comput. Math. Appl. 60 (2010) 2141-2152.

[17]B. de Malafosse, Properties of some sets of
sequences and application to the spaces of bounded
difference sequences of order p, Hokkaido Math. J.
31(2002) 283-299.

[18]B.L. Panigrahi and P.D. Srivastava, Spectrum and
fine spectrum of generalized second order
difference operator A;, on sequence space c,, Thai

J. Math. 9 (1) (2011) 57-74.
[19]P.D. Srivastava and S. Kumar, On the fine spectrum
of the generalized difference operator A, over the

sequence space ¢,, Commun. Math. Anal. 6 (1)



118

m Saad R. El-Shabrawy: On the Fine Spectrum of the Generalized ....

(2009) 8-21.
[20]P.D. Srivastava and S. Kumar, Fine spectrum of the
generalized difference operator A, on sequence

space |,, Thai J. Math. 8 (2) (2010) 221-233.

[21]E. Kreyszig, Introductory Functional Analysis with 2002 and 2007, respectively. He is
Applications, John Wiley & Sons Inc., New York, working toward the Ph.D. at Baku State
Chichester, Brisbane, Toronto, 1978. University, Mechanics and Mathematics Faculty, Baku,

[22]B. Choudhary and S. Nanda, Functional Analysis Azerbaijan. His research interests include Functional
with Applications, John Wiley & Sons Inc., New  Analysis and Topology.

York, Chichester, Brisbane, Toronto, Singapore,
1989.

[23]1.]. Maddox, Elements of Functional Analysis,
Cambridge Univ. Press, London, 1970.

[24]S. Goldberg, Unbounded Linear Operators, Dover
Publications, Inc., New York, 1985.

Saad R. El-Shabrawy has obtained his
B.Sc. and M.Sc. from Mansoura
University (Damietta Branch), Faculty
of Science, New Damietta, Egypt, in




