Appl. Math. Inf. Sci.7, No. 5, 1889-1901 (2013) =) 1889

Applied Mathematics & Information Sciences
An International Journal

http://dx.doi.org/10.12785/amis/070527

On Soft Topological Spaces

D. N. Georgiou®*, A. C. Megaritis? and V. |. Petropoul os®

L university of Patras, Department of Mathematics, 26500 PatrascEree
2 Technological Educational Institute of Messolonghi, Department obanting, 30200 Messolonghi, Greece

Received: 20 Jan. 2013, Revised: 23 May. 2013, Accepted: 24 2043
Published online: 1 Sep. 2013

Abstract: The classical mathematical theories have their difficulties which are pooedn [18] for the solution complicated
problems in engineering and environment. To overcome these difficuMieldtsov [L8] introduced the concept of soft set as a
new mathematical tool. Furthermore, D. Pei and D. Mi2g ghowed that soft sets are a class of special information systent. In [
for the soft set theory: new definitions, examples, new classes p§etsf, and properties for mappings between different classes of
soft sets are introduced and studied. Moreover, the theory of safogipal spaces is investigated. This paper continues the study of
the theory of soft topological spaces and presents for this theory afmitibns, characterizations, and results concerning separation
axioms, convergence, Cartesian product, 8eibpology, and sofé-continuity.
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1 Preliminaries section 6 we give some questions on soft topological
spaces. The last section of this paper is the conclusion.
In 1999 D. Molodtsov (se€lf]) introduced the notion of
soft set. Later, he applied this theory to several direstion ) )
(see [19], [20], and R1]). 2 Basic known notions for the theory of soft
The soft set theory has been applied to many differenttopological spaces
fields (see, for examplel], [2], [4], [5], [7], [8], [11],
(12, [13], [14], [19], [16], [22], [23], [27]). Definition 2.1 (see [L8]) Let X be an initial universe set,
In2011 and 2012 few researches (see, for examile, [ 57(X) the power set oK, that is the set of all subsets of
(6], [10], [17], [23], [24], [2€]) introduced and studied the  x andA a set of parameters. A paiF,A), whereF is a

notion of soft topological spaces which are defined over anmap fromA to 22(X), is called asoft set overX.
initial universe with a fixed set of parameters.

It is known that topology is an important area of
mathematics with many applications in the domains of@!l Soft sets(F,A)
computer science and physical sciences. Soft topology i®efinition 2.2 (see [L8]) Let (F,A), (G,A) € SSX,A). We
a relatively new and promising domain which can lead tosay that the pai(F, A) is asoft subset of (G, A) if F(p) C
the development of new mathematical models andG(p), for every p € A. Symbolically, we write(F,A) C
innovative approaches that will significantly contribute t (G, A). Also, we say that the paif&, A) and(G, A) aresoft
the solution of complex problems in natural sciences. equal if (F,A) C (G,A) and(G,A) C (F,A). Symbolically,

The paper is organized as follows. In section 2 wewe write (F,A) = (G,A

give known basic notions and re;ults concerning t.heDefinition 2.3 (see, for example, 18] and [26]) Let | be
theory of soft sets and soft topological spaces. In section), - arbitrary index s',et andlF.,A) "i €1} C SSX,A). The
K} . — 3 .

3 we present separation axio_ms and we invgstigate th ft union of these soft sets is the soft $BtA) € SSX, A)
notion of convergence. In section 4 the Cartesian produc here the maf : A— 2(X) defined as foIIowsF(;;) Z

of two soft topological spaces is studied. In section 5 we i : :
introduce and study notions concerning the $bfpen UiR(p) i€}, foreveryp € A Symbolically, we write

sets, the soff-closed sets, and the sditcontinuity. In (F,A) =L{(K,A) :iel}.

In what follows by S$X,A) we denote the family of
overX.
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Definition 2.4 (see, for example, 18] and [26]) Let | be
an arbitrary index set andF,A) :i € 1} C S§X,A). The

soft intersection of these soft sets is the soft set

(F,A) € S§X,A), where the maj : A— Z(X) defined
as follows: F(p) = Nn{R(p) : i € I}, for every p € A.
Symbolically, we write

(F,A) =r{(R,A) :iel}.

Definition 2.5 (see, for example, 2] and [26]) Let
(F,A) € SSX,A). The soft complement of (F,A) is the
soft set(H,A) € S§X,A), where the mapl : A— Z(X)
defined as followsH(p) = X\ F(p), for everyp € A.
Symbolically, we write

(H,A) = (F,A)C.

Definition 2.6 (see [L8]) The soft set(F,A) € SSX,A),
whereF (p) = 0, for everyp € Ais called theA-null soft
set of S§X,A) and denoted bYAQ The soft sef{F,A) €
SSX,A), whereF (p) = X, for everyp € Ais called the
A-absolute soft set of S§X,A) and denoted b4

Definition 2.7 (see R6]) Let X and Y be two initial
universe setsA andB two sets of parameters$,: X — Y,
ande: A — B. Then, by @;¢ we denote the map from
SSX,A) to SSY,B) for which:

(1) If (F,A) € S§X,A), then the image ofF,A) under
@1, denoted byd;e(F, A), is the soft setG, B) € ST, B)
such that

U{f(F(p):pee({pv})},
if e 1({pr}) #0,

0, it e X({py}) = 0.

G(py) =

for everypy € B.

(2) If (G,B) € SSY,B), then theinverse image of
(G,B) under @, denoted by®; }(G,B), is the soft set
(F,A) € SSX,A) such thatF(p) = f~1(G(e(p))), for
everype A

Proposition 2.8(see Propositions 2.18 and 2.19 @fj[Let
(FvA)7 (FlaA) € SaxaA)v (G7 B)a (Gla B) € SSY? B) The
following statements are true:

(1) If (F,A) C (F,A), then®ie(F,A) C ®ie(F,A).

(2) If (G,B) C (G1,B), then®; }(G,B) C @, }(Gy,B).
(3) (F,A) C &, L (Dre(F,A)).

(4) Pre(®'(G,B)) C (G,B).

) q)fe (( )C) = (q)fe (G B))C-

Definition 2.9 (see, for example 2f]) Let X be an initial
universe setA a set of parameters, andC SSX,A). We
say that the familyr defines asoft topology on X if the
following axioms are true:

(l) Op,1p €T,

(2) If (G,A),(H,A) € 1, then(G,A) M
(3) If (Gi,A) € 1 for everyi € 1, then

(HA et

L{(Gj,A):iel}erT.

The triplet(X, 1,A) is called asoft topological space
or soft space. The members of are calledsoft open sets
in X. Also, a soft set(F,A) is called soft closed if the
complement(F,A)® belongs tor. The family of soft
closed sets is denoted In§.

Definition 2.10(see P]) Let (X, 1,A) be a soft topological
spacea € A, andx € X. We say that a soft s¢6,A) € Tis
ana-soft open neighborhood of xin (X, 7,A) if x € G(a).

Proposition 2.11 (see P]) Let (X,1,A) be a soft
topological space. ThenG,A) € 1 if and only if for
every a € A and x € G(a) there exists ara-soft open
neighborhood (G(ax),A) of x in (X,7,A) such that
(G(aﬁx)vA) C (GvA)'

Definition 2.12 (see P4]) Let (X,7,A) be a soft
topological space. Thesoft closure CI(F,A) of
(F,A) € S X,A) is the soft set

M{(QA) e (FAC(QA)}

Remark. (See, for example2f]) Let (X, 1,A) be a soft
topological space an@F, A), (G,A) € SSX,A). We recall
the following properties :

(1) (F,A) € t¢if and only if CI(F,A) = (F,A).

(2) If (F,A) C (G,A), then C[F,A) C CI(G,A).

Definition 2.13 (see P]) Let (X,7,A) be a soft
topological space arale A. A pointx € X is said to be an
a-cluster point of (F,A) € SSX,A) if for every a-soft
open neighborhood (G,A) of x we have
(F,A) M (G,A) # 0a. The set of alla-cluster points of
(F,A) is denoted by ¢F,a).

Proposition 2.14 (see P]) Let (X,7,A) be a soft space
and(F,A) € SSX,A). Then, C[F,A) = (Rea,A), where
the mapRr A : A = Z(X) defined as followsRe a(p) =
F(p)Ucl(F, p), for everyp € A.

Remark. Obviously, F(p) C cl(F, p), for every p € A.
Thus, in Proposition 2.14 we ha® a(p) = cl(F, p), for
everyp € A

Definition 2.15 (see, for example 26]) Let (X, 1,A) be a
soft topological space. A familyg C 1 is called abase for

g% g:e(g g EE ;; - g:egi’ﬁg ﬁ g:egg’ﬁg (X, T,A) if for every soft open sefG, A) # Oa, there exist
¥ =y e (Gi,A) € A, i €1, such that

(8) @;.'((G,B)U(G1.B)) = @ (G.B) L @ }(G1,B).

(9) @;1((G,B)M(Gy,B)) = &; 1(G,B) 1 &; }(Gy,B). (G,A) =L{(G},A) :iel}.
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Proposition 2.16 (see P]) Let (X,7,A) be a soft
topological space. Then, a familyg C 1 is a base for
(X,1,A) if and only if for everya € A, x € X, and every
a-soft open neighborhoodG,A) of x there exists an
a-soft open neighborhoodG,y),A) of x such that
(G(a)x),A) IS4 and(G(a.X),A) C (G,A)

Definition 2.17 (see P]) Let (X, 1x,A) and (Y, 7y,B) be
two soft topological spaceg,c X, ande: A — B. A map

f : X = Y is calledsoft e-continuous at the point x if for
every a € A and everye(a)-soft open neighborhood
(G,B) of f(x) in (Y,1v,B) there exists ara-soft open
neighborhoodF, A) of xin (X, 1x,A) such that

(Dfe(Fv A) C (G7 B)

If the map f is soft e-continuous at any point € X,
then we say that the malpis soft e-continuous.

Proposition 2.18(see P]) Let (X, 1x,A) and(Y, 7y, B) be
two soft topological spaces anel: A — B. Then, the
following statements are equivalent:

(1) The mapf : X — Y is softe-continuous.
(2) @;1(G,B) € 1«, for every(G,B) € ty.
(3) ;. 1(Q,B) € 1%, for every(Q,B) € ¥.
(4)  @1e(CI(F,A)) C Cl(®se(F,A)),
(F,A) € SSX,A).

Proposition 2.19(see P]) Let (X, 1x,A) and(Y, 1v,B) be
two soft topological spaces4y a base forY, 1y, B), and
e: A— B. Then, the following statements are equivalent:
(1) The mapf : X — Y is softe-continuous.

(2) #; 1(G,B) € 1%, for every(G,B) € %y.

for  every

3 Separation axioms and convergence

Notation 3.1Let (F,A) € SSX,A), ac A andx € X. In
what follows we write X €5 (F,A) (respectively,
X ¢a (F,A)) if and only if x € F(a) (respectively,
x ¢ F(a)).

Definition 3.2 A soft topological spacéX, 1,A) is called
a soft To-space if for every distinct pointsx,y of X and
for everya € A there exists a soft open s@B,A) such
that eitherx €, (G,A) andy ¢, (G,A) or x ¢, (G,A) and
y€a(G,A).

Definition 3.3 A soft topological spacéX,1,A) is called
asoft T1-spaceif for every distinct points,y of X and for
everya € A there exists a soft open s@b,A) such that
X€a (GaA) andy ¢a (G7A)

Proposition 3.4Let (X, 1,A) be a soft topological space.
If for everyx € X we have(F, A) € 1¢, whereR(p) = {x},
for everyp € A, then(X, 1,A) is a soft T,-space.

Proof. We suppose that for everx € X we have
(Fx,A) € T°. We prove that the tripletX, 1,A) is a soft

Ti-space. Letx andy be two distinct points ofX and
a < A Then, (F,A) € 1° and, therefore(F,A)¢ € 1.
Sincex € X\ {y} = X\ Ry(a), we havex e, (F,A)°".
Also, y ¢4 (Fy,A)°. Thus, the triplet(X,1,A) is a soft
T1-space.

Definition 3.5 A soft topological spacé€X,1,A) is called
asoft To-spaceif for every distinct points¢, y of X and for
everya € Athere exist two soft open s€iS, A) and(H,A)
such thak €5 (G,A),y €a (H,A), andG(a) NH(a) = 0.

Remark 3.6 Every soft h-space is a soft jFspace and
every soft T-space is a soft gFspace.

Example 3.7 (1) Let X = {x,y,z} and A= {0,1}. We
consider the following soft setéR,A), i = 1,2,...,6,

over X defined as follows:
,ifa=0,
Fo(a) {{y}

~J{x},ifa=0,
F(a) = {{z}, ifa=1, {x}, ifa=1,

{z}, ifa=0, {xy}, if a=0,
Fa(a) = { Fa(@) = {{x,z}, ifa=1,

{y}, ifa=1,
_ J{xz}, ifa=0, _J{y.z}, ifa=0,
Fs(a) = {{y,z}, ifa=1, Fe(a) = {{x,y}, if a=1.

Then, the triple(X, 7,A), where
T={(R,A):i=12,...,61U{0a,1a}

is a soft T,-space and, therefore, soft-Epace and soft
To-space.
(2) LetXx ={1,2,...},A={0,1,2}, and

T={(Gn,A):ne{1,2,...}}U{0a,1a},
such thaG, : A — £ (X), where
Gn(p) :{n7n+1a"'}7

for everyp € A. The triplet(X, 1,A) is a soft topological
space.

Let x andy be two distinct points oK anda € A. We
suppose thay < x. Then,x € {x,x+1,...} = Gy(a) and
y ¢ {x,x+1,...}. This means that €, (Gx,A) andy ¢,
(Gx,A\). Thus, the soft topological spa¢¥, 1,A) is a soft

To-space. Also, we observe that this soft topological space

is neither soft T-space nor soft F=space.
(3) Let(X,t) be a topological spac& a nonempty set,
and
T={(Gy,A):U et},

such thatGy : A — £ (X), whereGy (p) = U, for every
p € A The triplet (X, 1,A) is a soft topological space.
Then, the soft topological spacéX,t,A) is a soft
Ti-space if and only if the topological spa¢X,t) is a
Ti-spacej € {0,1,2}.

Definition 3.8 A soft topological spacéX, 1,A) is called
a soft T3-space if for every pointx € X, for everya € A,

© 2013 NSP
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and for every soft closed sé@,A) such thatx ¢4 (Q,A)
there exist two soft open set&, A) and (H,A) such that
X €4 (G,A), Q(a) CH(a), andG(a)NH(a) = 0.

Example 3.9Let X = {x,y,z} andA= {0, 1}. We consider
the following soft set$G, A) and(H, A) overX defined as
follows:

G(a):{{x}, if a=0,

fyh ifa=1, @ {{y’Z}’ 1

{z}, ifa=1.
Then, the triple{X, 7,A), where

T= {OA, 1A7 (GvA)a(HvA)}

Remark. (see P4)) A soft set(F",A) is soft closed if and
only if there exists a soft closed s¢F,A) such that
FY(p) =YNF(p), for everypc A.

Proposition 3.13Let (X, 1,A) be a soft T-space, where
i=0,1,2,3. Then, every soft subspaté 1y, A) of the soft
spaceg X, T,A) is a soft T-space.

Proof. (i=0) Lety; andy, be two distinct points of and
a € A Since (X,1,A) is a soft T-space, there exists
(G,A) € 1 such that eithey; €4 (G,A) andys ¢4 (G,A)
or y1 ¢a (G,A) and y2 €5 (G,A). Without loss of
generality we suppose thgt €, (G,A) andys ¢4 (G, A).
We consider the ma@" : A— 2 (Y) defined as follows:
G'(p) = YNG(p), for everyp € A. Then,(G",A) € 1.
We observe thay; €, (G',A) andy, ¢4 (G,A). Thus,

is a soft topological space. We observe that the softhe triplet(Y, 1y,A) is a soft T-space.

topological spacéX, 1,A) is a soft l;-space but it is not a
soft Tj-space foi = 0,1, 2.

The proof of the following proposition is
straightforward verification of the definitions.

Proposition 3.10 Let (X,7,A) be a soft B-space such
that for everyx € X and everyag € A the soft se{F¢°, A)
defined as follows:

) {x}, ifa=ag
Re@= {07 it a .

is a soft closed set. Then, the soft topological spaceGY(p)

(X,1,A) is a T,-space.

Proposition 3.11Let (X, 7,A) be a soft topological space.

If for every x € X, for everya € A, and for everya-soft
open neighborhood, A) of x there exists a@a-soft open
neighborhoodG, A) of x such that

x € G(a) Ccl(G,a) C F(a),

then(X,1,A) is a soft -space.

Proof. Let x € X, a€ A, and(Q,A) € 1€ such thatx ¢,
(Q,A). Thenx €, (Q,A)¢and(Q,A)€ € 1. This means that
the soft sef(Q,A)¢ is ana-soft open neighborhood of
By assumption there exists ansoft open neighborhood
(G,A) of x such that

x € G(a) Ccl(G,a) C X\ Q(a).

We consider the soft set @,A)°. By Proposition 2.14
and Definition 2.5, GIG,A)°¢ = (H,A), where

H(p) = X\ cl(G, p), for every p € A. We observe that
(H,A) e 1,Q(a) C H(a), andG(a)NH(a) = 0. Thus, the
triplet (X, 7,A) is a soft -space.

Definition 3.12 (see P4]) Let (X,7,A) be a soft
topological space and a nonempty subset of. Then,
the soft subspace (Y,7v,A) defined as follows:
(GY,A) € 1y if and only if there exist§G,A) € T such
thatG" (p) =Y NG(p), for everyp € A.

(i=1) Lety; andy, be two distinct points oY and
a € A Since (X,1,A) is a soft Ti-space, there exists
(G,A) € T such thaty; €5 (G,A) andy; ¢4 (G,A). We
consider the maG’ : A — 2(Y) defined as follows:
G'(p) = YNG(p), for everyp € A. Then,(G",A) € tv,
Y1 €a (G',A), andy, ¢, (G',A). This means that the
triplet (Y, 7y, A) is a soft Ti-space.

(i=2) Let y; andy, be two distinct points oY and
a € A Since (X,1,A) is a soft -space, there exist
(G,A) €1, (H,A) € T such thax €5 (G,A), y €4 (H,A),
and G(a) N H(a) = 0. We consider the maps
G ' :A— 2(Y)andHY : A— 2(Y) defined as follows:
=YNG(p) and HY(p) = Y NH(p), for every
p € A Then,(G',A) € Ty, (H",A) € Ty, y1 €a (G, A),
Y2 €a (HY,A), andGY (a) "HY(a) = 0. Thus, the triplet
(Y, v, A) is a soft -space.

(i=3) Lety e Y,ac A and(Q",A) € 1 such thay ¢4
(QY,A). Then, there existéQ, A) € 1€ such thalQ¥ (p) =
Y NQ(p), for everyp € A. Obviously,y ¢, (Q,A). Since
(X,71,A) is a soft -space, there exi$6,A) € 1, (H,A) €
T such tha €, (G,A), Q(a) CH(a), andG(a)NH(a) =
0. We consider the mags’ : A — 2(Y) andHY : A —
2(Y) defined as followsSY (p) = YNG(p) andHY (p) =
Y NH(p), for everyp € A. Then,(G",A) € tv, (HY,A) €
Tv,Y€a (G',A), Q' (a) CHY(a), andGY (a)NHY (a) = 0.
Thus, the triple(Y, 7y, A) is a soft -space.

Definition 3.14 Let (X, 1,A) be a soft topological space.
A pointx of X is calledsoft-limit of a netS= {x,,A € A}

of X if for every a € A and for everya-soft open
neighborhood(G, A) of x there existsAg € A such that
Xy €a (G,A) for everyA > A. In this case we say that the
net S soft converges to x. The set of all soft limits of the
netSis denoted by s-litS). When the ne has exactly
one soft limitx, then we write s-liniS) = x.

Proposition 3.15 Let (X,7,A) be a soft B-space,
S={x,,A € A} a net ofX, andx,y € s-lim(S). Then,
X=Y.

Proof. We suppose that#y and leta € A. By assumption

there exist two soft open sef&,A) and(H,A) such that
X €a (G,A),y €a (H,A), andG(a)NH(a) = 0. Sincex €

© 2013 NSP
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s-lim(S), there existsA\; € A such thatx, €5 (G,A) for
everyA > Ap. Also, sincey € s-lim(S), there exista\, € A
such thatx, €4 (H,A) for everyA > A,. Let Ag € A such
thatAg > A1 andAg > A,. Then, for everyA > Ag we have
Xy €a (G,A) andx, €a (H,A), which is a contradiction.

Proposition 3.16Let (X, 7,A) be a soft topological space,
(F,A) € S§X,A), and a € A. If there exists a net
S={xy,A € A} of X such thatx, €5 (F,A), for every
A € A, andx € s-lim(S), thenx €, CI(F, A).

Proof. Let S= {x,,A € A} be a net ofX such that
Xy €a (F,A), for every A € A. By Proposition 2.14, it
suffices to prove thak € cl(F,a). Let (G,A) be an
arbitrary a-soft open neighborhood ofx. Since
x € s-lim(S), there existsAg € A such thatxy €5 (G,A)
for everyA > Ao. Thus,x,, € F(a) NG(a) and, therefore,
(F,A)1(G,A) # 0a. This means that € cl(F,a).

Proposition 3.17Let (X, 1x,A) and(Y, ty,A) be two soft
spacesx € X, ande a map ofA onto B. If the mapf :

X —'Y is softe-continuous at the point, then for every
netS= {x,,A € A} of X which soft converges ta in

(X, 1x,A) we have that the neftf(x,),A € A} of Y soft

converges td (x) in (Y, Ty, B).

Proof. Let f : X — Y be a softe-continuous map at and
S={X),A € A} a net ofX which soft converges t& in
(X, 1x,A). We prove that the ndtf(x; ),A € A} of Y soft
converges tof (x) in (Y,Ty,B). Letb € B and (G,B) be
a b-soft open neighborhood df(x) in (Y, 1y,B). Leta e
e 1({b}). Sincef is softe-continuous at the poin¢ there
exists ara-soft open neighborhoo@dr, A) of xin (X, 1x,A)
such that®se(F,A) C (G, B). Also, sinceS soft converges
to x, there exists\g € A such thatx, €5 (F,A) for every
A > Ap.
LetA > Ao. Thenx, € F(a) and, therefore,

f(x) € f(F(@) € JIf(F(p) : pee *({b})}
C G(b).
Thus, (X)) €p (G,B). This means that the net
{f(n).A €N}

of Y soft converges td (x) in (Y, Ty, B).

4 Cartesian product of two soft topological
spaces

Definition 4.1 (see R3J)) Let (F,A) € SSX,A) and
(G,B) € SSY,B). The Cartesian product of (F,A) and
(G, B) is the soft set
(H,AxB) € SSX xY,Ax B),
where the mapl : Ax B— Z(X xY) defined as follows:

H(a,b) = F(a) x G(b), for every(a,b) € Ax B.

Symbolically, we write(H,A x B) = (F,A) ® (G,B) and
H=FxG.

Definition 4.2 (see R3)) Let (X, 11,A1) and(Y, 12,A2) be
two soft topological spaces. The soft topological space
(X xY,1,A1 X Ap), whereT is the collection of all soft
unions of elements of

{(FA)®(G,Az) : (F A1) € 11, (G, A2) € T2},
is called soft product topological space oOvErx Y.
Symbolically, we writer = 11 X To.
Proposition 4.3Let (X, 11,A;1) and(Y, T2,Az) be two soft
topological spaces; : A; x A, — Az, where
el(al7a2) =a,
for every(ag,a2) € A; X Ay, andey : Ag x Ay — Ay, where
&(a1,a) = a,

for every(ag,a2) € A x Az. The mappry : X xY — X and
pra: X xY —Y,wherepri(x,y) =xandpra(x,y) =, for
every (x,y) € X x Y, are softe;-continuous and sofé,-
continuous, respectively.

Proof. We prove that the mapr; is soft e;-continuous.
By Proposition 2.18 it suffices to prove that
ot (G,A) € 11 x Tp, for every (G,A;) € 11. Let

prie;
(G,A1) € 11. Then, @51, (G,A;) is the soft set

prie;
(F, AL x Ag) € SIX x Y, Ar x A)
such that
F(ar,82) = pr;*(G(ew(ar. a2)))
= pry H(Gl(aw)) = G(ar) x Y,
for every(az,a2) € A1 x Ap. Thus,

(D[;r}el(GaAl) = (F,A1 x A2) = (G,Aq) X 1A2-
Since(G, A1) € 11 andlp, € T, we have
(Dariel(G,Al) €Ty X To.

This means that the map; is softe;-continuous.
Similarly, we can prove that the maw, is soft -
continuous.

Proposition 4.4 Let (X,11,A1), (Y,T2,A2) be two soft
topological  spaces, (F,A;) € SSX,A;), and
(G,A2) € SHY,A). Then,

CI((F,A1) ® (G,Az)) = CI(F,A1) © CI(G, Ap).

Proof. By Proposition 2.14 we have:

(1) CI(F,A1) = (Rra A1), where the mafiRe a, © A1 —
Z(X) defined as followsRr a, (a1) = cl(F,a1), for every
a; € Ag.
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(2) CI(G,A2) = (Rg.a,,A2), Where the mafRg a, : A2 —

Z(Y) defined as followsRg a, (a2) = ¢l(G,a2), for every
ap € Ay

(3) CI((F,A1) ® (G,A2)) = (R A1 X Az), where the map

R: AL x Ay — Z(X xY)
defined as follows:
R(az,a2) =cl(F x G, (ag,a2)),
for every(ag,az) € A1 x Ap. We observe that
cl(F x G, (a1,a2)) = cl(F,a) x cl(G,ap).

Thus, for every (aj,a2) € A1 x A, we have
R(ar,a2) = Rea,(a1) X Rga,(@2). This means that
CI((F,A1) ® (G,A2)) = CI(F,A1) @ CI(G, Az).

Notation 4.5Let (X, 11,A1), (Y, 12,A2), and(Z, 13,A3) be
three soft topological spaces.

Q) fxeX,yeY,andf: X xY — Z, then by fy we
denote the map of into Z defined byfy(y) = f(x,y) for
everyy € Y. Also, by f¥ we denote the map of into Z
defined byf¥(x) = f(x,y) for everyx € X.

(2) If ag € Aq, a0 € Ay, ande: Ag x Ap — Ag, then bye,, we
denote the map d%; into Az defined byey, (a2) = e(ar, a)
for everyap € Ay. Also, by e®2 we denote the map d%;
into Az defined bye®(a;) = e(ay, ay) for everya; € Ag.

Proposition 4.6Let (X, 11,A1), (Y, T2,A2), and(Z, 13,A3)
be three soft topological spaces,A; x A, — Az, andf :

X xY — Z a softe-continuous map. Then, the following
statements are true:

(1) For everyx € X anda; € A; the mapfy: Y — Z is soft
€,,-continuous.

(2) For everyy € Y anday € A the mapfY : X — Z is soft
€®2-continuous.

Proof. We prove only the statement (1). Let Y, ap € Ay,
and(G, Az) be ane,, (a2)-soft open neighborhood df(y)
in (Z,13,As). It suffices to prove that there exists@nsoft
open neighborhoo@G,, Ay) of yin (Y, 12,A2) such that

Piyes, (G2,A2) C (G, Ag).

Since the mapf : X xY — Z is softe-continuous at the
point (x,y), by Proposition 2.19 and Definition 4.2, there
exist an a;-soft open neighborhoodGj,A;) of x in
(X,11,A1) and anaz-soft open neighborhoo(,, Az) of
yin (Y, 12,A2) such that

Pte((G1,A1) ® (G2,A2)) T (G, Az).

Then, for everyas € Az we have
U{fx(Gz2(b)) : b e ezt ({as})},
H(ag) = { If & ({as}) # 0
0, if &' ({as}) =0
and

U{f(Ga(a) x Ga(b)) : (a,b) € e~*({as})},
if e ({as}) # 0,

0, if e 1({ag}) = 0.
Letag € Az. We prove that
H(ag) € G(ag).

If e;}({ag}) = 0, thenH(ag) = 0 C G(ag). We suppose
that e;'({as}) # 0 and b € e'({as}). Then,
(a1,b) € e71({ag}). It suffices to prove that

H'(ag) =

fx(Gz(b)) C G(ag).
Indeed, we have
fx(Ga(b)) = {f(xy) 1y € Ga(b)},

x € Gi(a1), and f(Gi(a1) x Gz(b)) C H'(ag) C G(as).
Therefore, for every € Gy(b) we have

f(x,y) € f(G1(a1) x Gz(b)) C G(ag).

This means that
H(ag) = | J{fx(G2(b)) : b€ & ({as})} € G(aa),
for everyaz € As. Thus,
Prre, (G2, A2) = (H,A9) T (G, Ag).

5 Soft 8-topology: 8-open, B8-closed soft sets
and soft 8-continuity

Definition 5.1 Let (X, 1,A) be a soft topological space
anda € A. A point x € X is said to be ara-0-interior
point of (F,A) € SYX,A) if there exists are-soft open
neighborhoodG, A) of x such that QIG,A) C (F,A). The
set of all a-6-interior points of (F,A) is denoted by
intg(F,a).

We observe that ig{F, p) C F(p), for everyp € A.
Definition 5.2 Let (X, 7,A) be a soft topological space and

Let (F,A) € SSX,A). TheB-interior Intg(F,A) of (F,A) is the
Preny (G2, A2) = (H,Ag) soft set(Rea,A), Where the maRe a1 A— 22 (X) defined
and as follows:Re A(p) = intg(F, p), for everyp € A.
®1e((G1,A1) ® (Go,Az)) = (H', Ag). We observe that Ip{F,A) C (F,A).
@© 2013 NSP
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Definition 5.3 (1) Let (F,A) € SSX,A), i €l. Then, by
N{F :i €1} andu{F :i € I} we denote the maps frok
to Z(X) for which

N{F:iel}(p)=n{R(p):iel}

and
U{R tiel}(p)=U{R(p):iel},

for everyp € A.

(2) Let (F,A) € SSX,A). Then byF€ we denote the map
from A to Z2(X) for which F¢(p) = X\ F(p), for every
p € A. Obviously,(F,A)¢ = (F¢A).

Remark. We observe that for the soft sets
(N{FR:iel},A) and (U{FR:iel},A)

of Definition 5.3(1) we have the following properties:

) (N{R:iel},A=r{(R,A):icl}.

(i) (U{R:iel}l,A)=U{(R,A:iel}.

(i) If (G,A) € SYX,A), then
(NM{R:iel},AU(GA) =(N{RUG:iel},A).

(iv) If (G,A) € SSX,A), then
(U{R:iel},AN(GA) = (U{RNG:iel}A).

Proposition 5.4 The following statements are true:

(1) If (F1,A), (F2,A) € SSX,A) andp € A, then

intg(F1, p) Nintg(F2, p) = intg(FLNF2, p).
(2) If (F,A) € SIX,A),i €l andpe A, then

U{inte(R,p):iel} Cintg(U{R :iel},p).

Proof. (1) We prove that

intg (F1, p) Nintg(F2, p) C intg(FLNF2, p).

Let x € intg(F1, p) Nintg(F2, p). Then, there exist twe-
soft open neighborhood&s, A) and(G;, A) of x such that
Cl(G1,A) C (F1,A) and C[Gp,A) C (F,A). The soft set
(G1,A)M(Gy,A) is ap-soft open neighborhood afand
CI((G1,A)M(Go,A)) C CI(G1,A)T1CI(G2,A)

E (FlvA) r (F27A)

= (FiNkLA).
Thus,x € intg(FLNF, p).

Conversely, we prove that

intg(FLNF, p) Cintg(F1, p) Nintg(F, p).

Let x € intg(F1 N, p). Then, there exists p-soft open
neighborhoodG, A) of x such that

CI(G,A) C (FiNF,A).

Therefore, C|G,A) C (F,A) and CI[G,A) C (R, A).
Thus,x € intg(Fy, p) Nintg(F2, p).

(2) Letx e U{intg(F, p) :i € 1}. Then, there exists= |
such thatx € intg(F;, p). Therefore, there exists jsoft
open neighborhoo@G;, A) of x such that

CI(GI,A) C (F,A) T (U{R i € 1},A).

Thus,x € intg(U{FK :i €1}, p).
Corollary 5.5 The following statements are true:
(1) Intg(F1,A) Minte(F2,A) = Intg(FLN 2, A).
@) W{Inte(R,A) :iel} Cintg(U{F :iel},A).
Definition 5.6 A soft set(F,A) is said to beB-open if
Intg(F,A) = (F,A).

We observe that a soft s@f, A) is 8-open if and only
ifintg(F, p) = F(p), for everyp € A.

Proposition 5.7 The family 19 of all 8-open soft sets
defines a soft topology oX.

Proof. (1) We have0Q, 15 € Tg. Indeed, we observe that
Intg(0a) = 0a and Inp(1a) = 1a.

(2) Let (G,A),(H,A) € 19. We prove that
(G,A) M (H,A) € 1. It suffices to prove that
(GNH,A) € 19. Indeed, In§(G,A) = (G,A) and
Intg(H,A) = (H,A). By Corollary 5.5(1) we have
(GNH,A) = (GA)M(H,A)

= Intg(G,A) NIntg(H,A)
= Intg(GNH,A).

(3) Let (Gj,A) € 19 for everyi € I. We prove that
L{(Gi,A) : i € I} € 19. It suffices to prove that
(U{Gj:i €l},A) € 1p, that is

Intg(U{Gi :iel},A) = (U{G:iel},A).

Indeed, for every € | we have In§(G;,A) = (Gi,A). By
Corollary 5.5(2) we have
(U{G:iel},A) = L{(G,A):iel}
= W{Intg(Gi,A) :iel}
C |nt9(U{Gi = |},A).
Also,

Intg(U{Gi:i€l},A)C(U{G:iel},A).

Therefore, Ig(U{G; :i € 1},A) = (U{Gi :i € I},A).

Proposition 5.8 The following statements are true:
Dt Cr.

Q12192 (T9)0 2 ((Te)e)e 2 -

(3) Intg(F,A) € 1, for every(F,A) € SSX,A).
(4) Intg(F,A) = L{(G,A) € T : CI(G,A) C (F,A)}, for
every(F,A) € SSX,A).

Proof. (1) Let(G,A) € Tg. Then, Inp(G,A) = (G,A). We
prove that(G,A) € 1. By Proposition 2.11 it suffices to
prove that for evernya € A andx € G(a) there exists an
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a-soft open neighborhoo(G, ), A) of xin (X, 7,A) such
that (G(ax),A) C (G,A). Letac A andx € G(a). Then,
X € intg(G,a). Therefore, there exists aa-soft open
neighborhood  (G(ax,A) of x  such  that
C|(G<a7x),A) C (G,A) ThUS,(G(&X),A) C (G,A)

(2) Follows by (1) and Proposition 5.7.

(3) Let(F,A) € SSX,A). We prove that Ing(F,A) € T.
By Proposition 2.11 it suffices to prove that for evary A
andx € intg (F, a) there exists aa-soft open neighborhood
(G(ax)»A) of xin (X, 7,A) such that

(Glax),A) E Intg(F,A).

Leta e A andx € intg(F,a). Then, there exists aasoft
open neighborhoo(G 4 ), A) of x such that

Obviously,G,x (p) C inte(F, p), for everyp € A. Thus,
(Gax),A) E Intg(F, A).
(4) Follows by (3) and Definitions 5.1 and 5.2

Remark. In general, In§(F,A) ¢ To.

Example 5.9(1) Let (X, 1,A) be the soft topological space
of Example 3.7(2). Thergg = {0a, 1a} # T.

(2) Let (X,1,A) be the soft topological space of
Example 3.9. We consider the soft s@f,A) over X
defined as follows:

_J{xz}, ifa=0,
F(p)_{{x,y}, ifa=1.

Then, Ing(F,A) = (G,A) € 1. Since(G,A) # (F,A), we
have Inp(F,A) ¢ To.

Definition 5.10 Let (X, 1,A) be a soft topological space
anda € A. A pointx € X is said to be am-6-cluster point
of (F,A) € SSX,A) if for every a-soft open neighborhood
(G,A) of x we have(F,A)MCI(G,A) # 0a. The set of all
a-0-cluster points of F, A) is denoted by ¢(F,a).

We observe thet (p) C clg(F, p), for everyp € A.

Definition 5.11 Let (X, 1,A) be a soft topological space
and(F,A) € SSX,A). The 8-closure of (F,A) is the soft
set Ch(F,A) = (Rra,A), where the maRe a: A— F(X)
defined as followsRe a(p) = clg(F, p), for everyp € A.

We observe that (F,A) C Clg(F,A)
CI(F,A) C Clg(F,A).

Definition 5.12 A soft set(F,A) is said to bef-closed if
Clg(F,A) = (F,A). The family of all 6-closed soft sets is
denoted byrg.

We observe that a soft s@i, A) is 6-closed if and only
if clg(F, p) = F(p), for everyp € A.

and

The proof of the following proposition is

Proposition 5.13Let (X, 7,A) be a soft topological space.
The family 7§ has the following properties:

(1) 0a,1p € T§.

(2) If (QA), (RA) € 1§, then(QA) U (RA) € 5.

(3) If (Qi,A) € 1§ for everyi € |, then

N{(Qi,A) i el} e Tg.

Proposition 5.14The following statements are true:
(1) If (F1,A), (R, A) € SSX,A) andp € A, then

clo(F1,p)Uclg(F2, p) = clg(FLUF2, p).
(2) If (F,A) € SIX,A),i el andpe A, then

clo(N{FR :iel},p) Cn{clp(F,p):iel}.

Proof. (1) We prove that

clg(Fy, p)Uclg(F2, p) C clg(FLUR, p).

Letx € clg(F1, p) Uclg(F2, p) and (G, A) be ap-soft open

neighborhood of x. We must prove that
(FLUR,A) M CI(G,A) # 0a. Without loss of generality
we suppose that x € clg(F,p). Then,

(F1,A)CI(G,A) # 0a. Therefore,

(FLUR,A)MCI(G,A) # Oa.

Thus,x € clg(FLUR,, p).
Conversely, we prove that

clg(FLUR, p) C clg(Fy, p)Uclg(F2, p).

Let x € clg(F1 U, p) and (G,A) be a p-soft open
neighborhood ok. Then,

(FLUR,A)TICI(G,A) # Oa.

Therefore,
(Fl,A) M Cl(G,A) 75 OA

or
(F2, A)M1CI(G,A) # Oa.

Thus,x € clg(F1, p) Uclg(F2, p).
(2) Letxeclg(N{F :i € 1},p) and(G,A) be ap-soft

open neighborhood of X. Then,
(n{FR : i € I},A) N CI(G,A) # 0a. Therefore,
(F,A) N CI(G,A) # 0a, for every i € |. Thus,

xen{clg(R,p):iel}.

Corollary 5.15 The following statements are true:
(1) Clg(F1,A)LClg(F2,A) = Clg(FLUF, A).
@) Clg(n{R:iel},A) C{Clg(R,A) :icl}.

Proposition 5.16Let (X, T,A) be a soft spacey € A, and
(F,A) € SSX,A). Then, ch(F¢ p) = X\ intg(F, p).

Proof. We prove that ¢J(F¢ p) C X\ intg(F,p). Let

straightforward verification of the Proposition 5.7 and x € clg(F¢, p). Then, for everyp-soft open neighborhood

Propositions 2.10 and 2.12 d][

(G,A) of x we have(F,A)°1CI(G,A) # 0a. We suppose
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that x € intg(F, p). Then, there exists g-soft open
neighborhood(G,A) of x such that QIG,A) C (F,A).
Therefore, (F,A)¢ 1 CI(G,A) 0p, which is a
contradiction. Thusg € X\ intg(F, p).

Conversely, we prove that\ intg(F, p) C clg(F€¢, p).
Let x € X\ intg(F,p) and (G,A) be a p-soft open
neighborhood ok. We must prove that

(F,A)°MCI(G,A) % Oa.

Sincex ¢ intg(F, p), the relation GQIG,A) C
true. Therefore, there exispg € A such that

cl(G, p1) £ F(pa)-
This means thatX \ F (p1)) Ncl(G, p1) # 0 and, therefore,

(F,A) is not

(F,A)°1CI(G,A) # Oa.

Thus,x € clg(F¢, p).
Corollary 5.17 Let (X, 1,A) be a soft topological space

and(F,A) € S§X,A). Then, the following statements are

true:

(1) Clg((F.A)®) = Clg(FS,A) = (Intg(F,A))°.

(2) The soft setF,A) is 8-open if and only if the soft set
(F,A)¢is 6-closed.

By Proposition 5.8 and Corollary 5.17 we have the

following proposition.

Proposition 5.18The following statements are true:
(1) g s

Q12152 (16)5 2 (15)9)5 2 --

(3) Clg(F,A) € 1°, for every(F,A) € SS(X A).

Remark. In general, G§(F,A) ¢ 1§.

Example 5.19Let (X, 7,A) be the soft topological space of
Example 3.9. We consider the soft §EtA) overX defined
as follows:

) {x},ifa=0,
F(a){{y}, ifa—1.

Then, Ch(F,A) = (G,A) € 1° Since(G,A) # (F,A), we
have Ch(F,A) ¢ 1§.

Definition 5.20 Let (X, 1,A) be a soft topological space
and (F,A) € SYX,A). The 6-boundary of (F,A) is the
soft set B@(F,A) = (Rea,A), where the map
Rea @ A — Z(X) defined as  follows:
Rea(p) = clg(F, p) Nclg(FC, p), for everyp € A,

Proposition 5.21Let (X, 7,A) be a soft topological space
and(F,A) € SSX,A). Then, the following statements are
true:

(1) Bdg(F. A) = Clg(F,A) Clg(FC,A).

2 Bdg(F A) e 1°

(3) Bdg(F,A) = Clg(F,A) 1 (Intg(F,A))C.

(4) Clg(F,A) = Intg(F,A) LIBdg (F, A).

(5) Bdg(F,A) = Bdg(F€,A).

Proof. (1) Is straightforward verification of the Definition
5.20.

(2) Follows by relation (1) and Propositions 5.13 and
5.18(3).

(3) Follows by relation (1) and Corollary 5.17(1).

(4) We have

Intg(F,A) UBdg(F,A) =

Intg(F,A) U (Clg(F,A)MClg(F¢,A)) =

(Intg(F,A) UClg(F,A)) M (Intg(F,A) LIClg(F¢,A)) =
Clg(F.A)M((Cla(F€,A))°LIClg(F€,A)) =

C|9(F,A) Mla= C|9(F,A).

(5) Is straightforward verification of the Definition 5.20.

Definition 5.22 Let (X, 1,A) be a soft topological space,
ac A andx € X. We say that a soft s¢F,A) is ana-0-
soft open neighborhood of x in (X, 7,A) if x € F(a) and
(F,A) € Tg.

Proposition 5.23Let (X, 7,A) be a soft topological space.
Then,(G,A) € 1y if and only if for everyp € A andx €
G(p) there exists @-6-soft open neighborhoo;, ), A)
of xin (X, 1,A) such tha(G(,, 5, A) C (G,A).

Proof. Let (G,A) € 19. Then, for everyp € A and
x € G(p) we consider the soft setG,,),A), where

p,x% = G. Obviously, (G(,y,A) is a p-8-soft open
neighborhood ok.

Conversely, we suppose that for evgrg A andx €
G(p) there exists @-6-soft open neighborhoo;, ), A)
of xin (X,7,A) such that(G, ), A) C (G,A). We prove
that(G,A) € 19. We consider the set

I={(p,X): peA xeG(p)}.
Then,
(G,A) ={(G(px),A) : (p,X) € 1}.

Also, for everyp € Aandx € G(p) we have
(G(px):A)-
Thus, by Corollary 5.5(2) we have
(GA) = L{(Gpx:A) : (p,x) €1}

= L{Intg(G(px),A) : (p,x) €1}

C Intg(U{Gpyx) : (P,X) € 1},A) = Inte(G,A).

Also, Intg(G,A) C (G,A). This means that Ig{G,A) =
(G,A) and, therefore(G,A) € 1g.

Proposition 5.24Let (X, 1,A) be a soft topological space.
Then, (G,A) € 14 if and only if for everyp € A andx €
G(p) there exists g-soft open neighborhoo(G, ), A)
of x such that QG 5, A) C (G, A).

Proof. Let (G,A) € Tg, p € A, and x € G(p). Then,
(G,A) = Intg(G, A) and, therefore,

x € G(p) =intg(G, p).

Thus, there exists p-soft open neighborhoo@5 ), A)
of xsuch that QG x),A) C (G,A).

|nt9(G(p"X>,A) =
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Conversely, we suppose that for evepyc A and
X € G(p) there exists ap-soft open neighborhood
(G(px)»A) of xsuch that AIG;, 5),A) C (G,A). We prove
that (G,A) € 19. It suffices to prove that
Intg(G,A) = (G,A) or equivalently, in§(G, p) = G(p),
for every p € A. Let p € A and x € G(p). Then,
Cl(Gpx,A) E (G,A) and, therefore,x € intg(G, p).
Thus, G(p) C inte(G, p). Also, intg(G,p) € G(p). This
means that int(G, p) = G(p).

Definition 5.25 Let (X, 1x,A) and (Y, Ty, B) be two soft
topological spaces,c X, ande: A— B. Amapf: X =Y
is calledsoft e-8-continuous at the point x if for everya e
Aand everye(a)-soft open neighborhoods, B) of f(x) in
(Y, v, B) there exists am-soft open neighborhoo(F, A)
of xin (X, 1x,A) such that

®1e(CI(F,A)) C CI(G, B).

If the mapf is softe-6-continuous at any point€ X,
then we say that the madpis soft e-6-continuous.

Proposition 5.26Let (X, 1x,A) and(Y, Ty, B) be two soft
topological spaces amel: A— B. Ifamapf: X —Yis
softe-continuous, therf is softe-8-continuous.

Proof. Let x € X, a € A, and(G, B) be ane(a)-soft open
neighborhood of f(x) in (Y,7y,B). Since the map
f : X =Y is softe-continuous ak, there exists a@a-soft
open neighborhoo(F, A) of xin (X, 7x,A) such that

®1e(F,A) C (G,B).
By Proposition 2.18 we have
®se(CI(F,A)) C Cl(Pre(F, A)).
Thus,
®1e(CI(F,A)) C CI(G,B)

and, therefore, the map is soft e-6-continuous at the
pointx.

Example 5.27LetX = {1,2,...}, A={0,1,2},
71 ={(Gn,A):ne{1,2,...} }U{0a,1a},
whereGn(p) = {n,n+1,...}, for everyp € A, and
T2 = {0a,1a}.

Then, the triplets (X,11,A) and (X,12,A) are soft
topological spaces. We consider the
f:(X,11,A) = (X, 12,A) such thatf(x) = 3, for every
x € X and the mafe: A — A such thae(a) = a, for every
a € A Since (11)g = {0a,1a}, the map f is soft
e-6-continuous. But the mapis not softe-continuous.

Proposition 5.28Let (X, x,A) and(Y, Ty, B) be two soft
spacesx € X,e: A— B, andf : X — Y. If for everya e
A and everye(a)-soft open neighborhoo@, B) of f(x)
in (Y, 1y,B) there exists ama-6-soft open neighborhood

map

(F,A) of xin (X,1x,A) such that®:e(F,A) C CI(G,B),
thenf is softe-6-continuous axk.

Proof. Let a € A and (G,B) be an e(a)-soft open
neighborhood off (x). Then, there exists aa 6-soft open
neighborhood (F,A) of x in (X,1x,A) such that
®se(F,A) C CI(G,B). By Proposition 5.24 there exists an
a-soft open neighborhoodF,,),A) of x such that
Cl(Fax),A) E (F,A). Thus, by Proposition 2.8,

®1e(Cl(Fan,A)) C ®re(F,A) C CI(G,B)
and, therefore, the map is soft e-6-continuous at the
pointXx.

Proposition 5.29Let (X, 1x,A) and(Y, Ty, B) be two soft
topological spacesg: A — B, and f : X — Y. If
@, (CI(G,B)) € (1x)g, for every(G,B) € 1y, thenf is
softe-6-continuous.

Proof. Let x € X. By Proposition 5.28 it suffices to prove
that for every a € A and every e(a)-soft open
neighborhood G, B) of f(x) in (Y, ty,B) there exists an
a-0-soft open neighborhoo@F, A) of x in (X, 7x,A) such
that @e(F,A) C CI(G,B). Let a € A and (G,B) be an
e(a)-soft open neighborhood df(x) in (Y, 7y,B). Then,
f(x) € G(e(a)) or

xe f1(G(e(a))) C fL(cl(G,e(@))).
We set(F,A) = ®;}(CI(G,B)). This means thaf (p) =
f~1(cl(G,e(p))), for everyp € A. Thus,
xe f1(cl(G,e(a))) = F(a).
Since(F,A) € (1x)g, the soft setF, A) is ana-08-soft open
neighborhood ok in (X, 7x,A). By Proposition 2.8,
®re(F,A) = Ore( D (CI(G,B)) C CI(G, B).
Therefore, the map : X — Y is softe-6-continuous at the
pointx.

Corollary 5.30 Let (X,1x,A) and (Y, Tv,B) be two soft
topological spaceseg: A — B, and f : X = Y. If
@, H(Q,B) € (1x)§, for every (Q,B) € ¢, then f is soft
e-6-continuous.

Proof. By Proposition 5.29 it suffices to prove that
®;;(CI(G,B)) € (Tx)s,

for every(G,B) € 1y. Let(G,B) € tv. Then,(G,B) € 1.
By Proposition 2.8 we have

d)f_el((Gv B)C) = (d)f_el(Gv B))C'
Since®; ((G,B)°) € (1x)$, we haved; }(G,B) € (1x)e.

Proposition 5.31 If the map f : X — Y is soft
e-0-continuous, then

®1e(Clg(F,A)) C Clg(®1e(F,A))
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for every(F,A) € SSX,A).
Proof. Let ®¢(Clg(F,A)) = (Q,B) € SSY,B), where

U{f(clo(F,p)):pee({mv})}
Q(py) = ¢ ife*({pv}) #0,

0, if e ({pv}) =0,
for every py € B and ®@r(F,A) = (Q',B) € SSY,B),
where

U{f(F(p): peet({p})},
Q(py) = ifet{pr}) #0,

0, it e X({py}) = 0.

for every py € B. It suffices to prove that

(Q,B) C Clg(Q,B) or equivalentlyQ(py) C clg(Q', py),
for every py € B. Let py € B. If e 1({py}) = 0, then

Q(py) = clg(Q,py) = 0. We suppose that
e l({py}) # 0. Let y € Q(py). Then, there exists

p € e 1({py}) such thaty € f(clg(F,p)). Lety = f(x),
wherex € clg(F, p). We prove thaty € clg(Q, py). Let
(G,B) be apy-soft open neighborhood ¢f It suffices to
prove that(Q',B) 1 CI(G,B) # 0g. Sincepy = e(p) and
the mapf is soft e-6-continuous at the poink, there
exists a p-soft open neighborhoodH,A) of x in
(X, 1x,A) such that

P5e(CI(H,A)) C CI(G,B). (1)
Since x € clg(F,p), we have (F,A) 1 CI(H,A) # Oa.
Therefore, by Proposition 2.8 we have
0s # ®te((F,A)MICI(H,A))
C ®4(F,A) M @1(CI(H, A))
= (Q,B)M @1e(CI(H, A)).

Thus, (Q/,B) N @4(Cl(H,A)) # Og and, therefore, by
relation (1) we havéQ@’,B) M CI(G,B) # Og.

Corollary 5.32 If the map f : X — Y is soft
e-6-continuous, then

Clo(®1¢(G,B)) C @1 (Clg(G,B)),
for every(G,B) € SSY,B).
Proof. By Proposition 5.31 and Proposition 2.8 we have
®re(Clo (@15 (G,B))) C Clo(®re( @15 (G,B)))
C Cly(G,B).

Therefore,
Clp(®7¢'(G,B)) C @15 (®re(Clo( 7' (G.B))))

C ®5'(Clg(G,B)).

Proposition 5.33 If the map f : X — Y is soft
e-0-continuous, then

®; (G, B) L Intg (@7, (Cla(G,B))),

for every(G,B) € 1y.
Proof. Let ®; }(G,B) = (F,A) € SSX,A), where

F(p) = fX(G(e(p))), for everyp e A
and®;}(Clg(G,B)) = (F',A) € SSX,A), where

F'(p) = f(clg(G,e(p))), for everyp e A.

We prove that
(FvA) C IntQ(F/aA)

or equivalentlyF (p) C intg(F’, p), for everyp € A. Let
pe A and x € F(p). It suffices to prove that
x € intg(F’, p). We havef (x) € G(e(p)). Since the mag
is softe-6-continuous at the poirg, there exists g-soft
open neighborhoo(H,A) of xin (X, 1x,A) such that

(Dfe(CI(HvA)) C CI(Gv B) (2)

We prove that GH,A) C (F/,A). Indeed, by relation (2)
and Proposition 2.8 we have

CI(H,A) C &;}(®re(CI(H,A))) C @;1(CI(G,B))
C ;1(Clg(G,B)) = (F',A).

6 Questions

1.1s the converse of Propositions 3.11, 3.16, 3.17, and 5.33
true?

2. Let (X, 1,A) be a soft topological space. Under what
conditions does the equality = t hold?

3. Let (X, 1,A) be a soft topological space. Under what
conditions does the sequentgrg, (Tg)e, ((Tg)o)s,- - - IS
eventually constant?

4. Find a soft topological spad&, 1,A) such that

T 2 Tg 2 (Te)g 2 ((Tg)g)e 2

7 Conclusion

The classical mathematical theories have their difficsiltie
which are pointed out in1[g] for the solution complicated
problems in engineering and environment. To overcome
these difficulties, Molodtsov1[g] introduced the concept
of soft set as a new mathematical tool. Furthermore, D.
Pei and D. Miao 22] showed that soft sets are a class of
special information systems.

Topology is an important area of mathematics with
many applications in the domains of computer science
and physical sciences. Soft topology is a relatively new
and promising domain which can lead to the development
of new mathematical models and innovative approaches
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that will significantly contribute to the solution of
complex problems in natural sciences.
In [9] for the soft set theory: new definitions,

examples, new classes of soft sets, and properties for

[14] P. K. Maji, R. Biswas, and A. R. RoySoft set theory
Comput. Math. Appl.45, 555-562 (2003).

[15] P. K. Maji, R. Biswas, and A. R. Roysuzzy soft sets].

Fuzzy Math.9, 589-602 (2001).

mappings between different classes of soft sets ardl6]P. Majumdarand S. K. Samantgimilarity measure of soft

introduced and studied. Moreover, the theory of soft
topological spaces is investigated.
This paper continues the study of the theory of soft

topological spaces. In section 2 we give known basic

notions and results concerning the theory of soft sets an

soft topological spaces. In section 3 we present separatio
axioms and we investigate the notion of convergence. In

section 4 the Cartesian product of two soft topological

spaces is studied. In section 5 we introduce and study

notions concerning the soft-open sets, the so@t-closed
sets, and the soff-continuity. Finally, in section 6 we
give some questions on soft topological spaces.
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