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Abstract: This research comprehensively examines the impact of incorporating pollution into a stochastic Gilpin-Ayala
model with patches. The critical contribution of this study lies in expressing the conditions under which species extinction
or persistence occurs based on pollution parameters. Consequently, including pollution effects in the analysis of ecological
systems enables a more accurate assessment of contaminated environments. Our results emphasize the importance of
considering pollution as a crucial factor in ecological systems, providing valuable insights into the complexities of some
polluted environments. Finally, we present a few computational simulations to validate the results developed over the
length of this article.

Keywords: Environmental pollution, Extinction, Persistence, Stationary distribution

1 Introduction

The detrimental effects of pollution on the
environment are well-documented and encompass
various forms, such as air, water, and soil pollution.
Industrial activities release hazardous substances
and emissions into the air, leading to the
degradation of air quality. Similarly, agricultural
practices involving pesticides, fertilizers, and other
chemicals can contaminate water bodies and soil,
posing severe threats to aquatic life and terrestrial
ecosystems. This pressing issue has compelled
scientists to undertake an in-depth analysis of
population viability in contaminated environments
to understand species’ ability to persist or face
extinction. In this context, scientific researchers are
actively studying the impacts of pollution on
different species and their capacity to adapt and
survive in contaminated conditions. By conducting
comprehensive investigations and experiments,
scientists aim to unravel the intricate relationships
between various environmental stressors and their
consequences for populations. Assessing population
survival in contaminated environments involves
examining factors such as reproductive success,
genetic diversity, physiological responses, and
behavioral adaptations. Researchers evaluate the

reproductive capabilities of species under polluted
conditions to determine their ability to maintain
viable population sizes. Furthermore, assessing
genetic diversity provides insights into the adaptive
potential of populations in polluted environments, as
reduced genetic variation can limit their ability to
respond to changing conditions. To comprehensively
understand the impact of pollution, scientists
meticulously investigate the physiological responses
exhibited by various species. The main objective is
to determine the tolerance thresholds of these
species and uncover the mechanisms they employ to
alleviate the adverse effects of contaminants
effectively. Additionally, behavioral adaptations,
such as altered feeding habits, migration patterns, or
nesting behaviors, are studied to determine whether
species can adjust their behaviors to cope with
polluted environments. The ultimate goal of these
scientific endeavors is to comprehensively understand
the ecological consequences of pollution and its
potential implications for species persistence or
extinction. Such knowledge is crucial for developing
effective conservation strategies, implementing
pollution control measures, and advocating for
sustainable development practices. The researchers
in [1,2,3] have suggested deterministic population
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models with toxin effects. In reality, stochastic
models hold significant advantages due to the
pervasive presence of randomness and uncertainty in
real-life situations. These models provide more
insightful results compared to deterministic models.
Consequently, numerous scholars have dedicated
their efforts to investigating the impact of
randomness on models (see, e.g., [4,5,6,7,8,9,10,11,
12,13,14,15,16,17] and the references cited therein).
As the growth of species is inevitably influenced by
environmental noise, many authors have studied
stochastic population models in polluted
environments (see, e.g., [18,19,20,21]). For example,
Z. Geng and M. Liu [21] considered a stochastic
single-species Gilpin-Ayala model with a toxin effect.










dx=
(

x(t)(r0 − l0c0(t) −k0x
θ0(t))

)

dt+α0x(t)dB1(t)

+β0x
1+θ0(t)dB2(t) +γ0x(t)c0(t)dB3(t),

dc0 = (kce(t) − (g+m)c0(t))dt,
dce = (−hce(t) +u(t))dt,

(1.1)
where x(t) represents the population size at time t,
r0 > 0 and k0 are the population’s growth rate and
self-competition coefficient without toxicants, θ0 is a
positive constant, l0 > 0 is the response of the
population to the contaminant in the organism,
k > 0 is the net rate of uptake of toxic substances
the organism from the natural world, g > 0 and
m > 0 indicate the rate of toxicant egestion and
detoxification of the organism, respectively. The
parameter h > 0 signifies the rate of toxicant
volatilization in the environment, c0(t) and ce(t)
indicate toxicant concentrations in the organism and
in the environment, respectively. The continuous
positive bounded function u(t) defined on [0,+∞)
represents the exogenous rate of pollutant entry
from the environment, α0, β0 and γ0 represent the
white noise intensity for r0, k0 and l0, respectively,
B1, B2 and B3 are independent standard Brownian
motions. On the other hand, dispersal frequently
happens among patches in ecological ecosystems [4,
22]. Therefore, we will consider the impact of
dispersal phenomena in this research. To this end,
we study a stochastic diffusion system containing
two patches with a toxic effect.


























































dx1 =
[

x1(r1 − l1c0(t) −k1x
θ1
1 ) + ε12(x2 −x1)

]

dt

+

n
∑

i=1

(

α1ix1 +β1ix
1+θ1
1 +γ1ix1c0(t)

)

dBi,

dx2 =
[

x2(r2 − l2c0(t) −k2x
θ2
2 ) + ε21(x1 −x2)

]

dt

+

n
∑

i=1

(

α2ix2 +β2ix
1+θ2
2 +γ2ix1c0(t)

)

dBi,

dc0 = [kce(t) − (g+m)c0(t)]dt,
dce = [−hce(t) +u(t)]dt,

(1.2)
where xi is the population density of a species in the
ith patch, ri and ki are the population growth rate

and self-competition coefficient in the ith patch,
respectively, θi is a positive constant in the ith
patch, li is the response of the population to the
contaminant in the organism in the ith patch,
εi,j > 0 is a positive dispersal rate for the species
from the jth patch to the ith patch (i 6= j). This
coefficient represents the net migration rate from the
jth patch to the ith patch, which is proportional to
the difference in population densities (xi −xj) in
each patch (see, e.g., [23,24] and the references cited
therein). The vectors αi = (αi1,αi2, ...,αin),
βi = (βi1,βi2, ...,βin) and γi = (γi1,γi2, ...,γin) stand
for the white noise intensity on ri, ki and li. Let
(Ω,F ,{Ft}t≥0,P) be a complete probability space
with a filtration {Ft}t≥0 satisfying the standard

conditions and let B(t) = (B1(t),B2(t), ...,Bn(t))T

be a Brownian motion in n-dimensions used for
modeling the inter-correlation between the noises on
ri, ki and li.

2 Persistence

Lemma 1([18]). If 0<k≤ g+m and lim
t→∞

supu(t) ≤
h, then 0 ≤ c0(t)< 1, 0 ≤ ce(t)< 1 for all t≥ 0.

To begin with, we assume that 0 < k ≤ g +m and
lim

t→∞
supu(t) ≤ h. Since the last two equations of the

model (1.2) are linear with respect to c0(t) and ce(t),
we will only study the first two equations of model
(1.2).















































dx1 =
[

x1(r1 − l1c0(t) −k1x
θ1
1 ) + ε12(x2 −x1)

]

dt

+

n
∑

i=1

(

α1ix1 +β1ix
1+θ1
1 +γ1ix1c0(t)

)

dBi,

dx2 =
[

x2(r2 − l2c0(t) −k2x
θ2
2 ) + ε21(x1 −x2)

]

dt

+

n
∑

i=1

(

α2ix2 +β2ix
1+θ2
2 +γ2ix1c0(t)

)

dBi.

(2.1)
By the same procedure as in the proof of [24], we
obtain the existence and the positivity of x1 and x2.

Theorem 1. For any (x1(0),x2(0)) ∈R
2
+, there exists

a unique solution (x1,x2) to the model (2.1) in R
2
+.

Lemma 2([25]). Let t, a, b and c be non-negative
constants, then for any Mt, t ≥ 0 local martingale
vanishing at time 0, we have

P

[

sup
06t6a

(

Mt − b

2
[Mt,Mt]

)

> c

]

6 exp(−bc),

where [Mt,Mt] is the quadratic variation of Mt.
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Let us denote

ξ1 =
r1 − l1 − ε12 − 1

2
‖α1 +γ1‖2

k1+< α1 +γ1,β1 >+
1

2
‖β1‖2

,

and

ξ2 =
r2 − l2 − ε21 − 1

2
‖α2 +γ2‖2

k2+< α2 +γ2,β2 >+
1

2
‖β2‖2

.

Theorem 2. For any (x1(0),x2(0)) ∈ R
2
+,

(i) If

(

r1 − l1 − ε12 − 1

2
‖α1 +γ1 +β1‖2 −k1

)

> 0,

then

limsup
t→∞

x1(t) ≥ ξ

1

2θ1
1 . (2.2)

(ii) If

(

r2 − l2 − ε21 − 1

2
‖α1 +γ2 +β2‖2 −k2

)

> 0,

then

limsup
t→∞

x2(t) ≥ ξ

1

2θ2
2 .

Proof. It is sufficient to demonstrate (i).
For p ∈ N

∗, let

Ap =











limsup
t→∞

x1(t)< ξ

p

2pθ1 + 2
1











,

and

A=











limsup
t→∞

x1(t)< ξ

1

2θ1
1











.

Since

ξ1 > 1, (2.3)

thus

P(A) = P





⋃

p∈N∗

Ap



 = lim
p→∞

P(Ap) . (2.4)

Suppose that (2.2) is not true.
So, from (2.4), we get P(A)> 0 and then there exists
p0 ∈ N

∗ such that, for p≥ p0, we have P(Ap)> 0.
Hence, for p ≥ p0 and for every ζ ∈ Ap, there is a
T (ζ)> 0 such that

x1(t) < ξ

p

2pθ1 + 1
1 for t≥ T (ζ). (2.5)

Now, by Itô formula, we get

log(x1(t)) = log(x1(0)) +Mt +

∫ t

0

[

(r1 − l1c0(s)

−k1x
θ1
1 (s)

)

+
ε12 (x2(s) −x1(s))

x1(s)
(2.6)

−1

2

n
∑

i=1

(

α1i +β1ix
θ1
1 (s) +γ1ic0(s)

)2
]

ds,

where Mt is a local martingale vanishing at t = 0,
defined by

Mt =

∫ t

0

n
∑

i=1

(

α1i +β1ix
θ1
1 (s) +γ1ic0(s)

)

dBi(s).

Applying Lemma 2, we have for any ε sufficiently
small and any integer q ≥ 1

P

[

sup
0≤t≤q

(

−Mt − ε

2
[Mt,Mt]

)

>
2

ε
logq

]

≤ 1

q2
,

where

[Mt,Mt] =

∫ t

0

n
∑

i=1

(

α1i +β1ix
θ1
1 (s)

+γ1ic0(s))2
ds (2.7)

Since

∞
∑

q=1

1

q2
converges, the Borel-Cantelli lemma

implies that there is a Ω1 ⊂ Ω with P(Ω1) = 1 such
that for all ζ ∈ Ω1, there exists an integer q1(ζ)
verifying

Mt ≥ −2

ε
logq− ε

2
[Mt,Mt] ,

for q ≥ q1(ζ), 0 ≤ t≤ q. (2.8)

Thus, it follows from (2.6), (2.7), and (2.8) that for
ζ ∈Ω1, q ≥ q1(ζ) and 0 ≤ t≤ q

log(x1(t))≥log (x1(0))− 2

ε
log(q)

+

∫ t

0

[

r1 − l1 − ε12 − 1 + ε

2
‖α1 +γ1‖2

−
(

k1 + (1 + ε)〈α1 +γ1,β1〉
)

x
θ1
1 (s)

−1 + ε

2
‖β1‖2

x
2θ1
1 (s)

]

ds.
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Using (2.3) and (2.5), we obtain for p≥ p0,
ζ ∈Ap ∩Ω1, q ≥ q1(ζ) ∧T (ζ) and T (ζ) ≤ t≤ q

log(x1(t)) ≥ log (x1(0)) − 2

ε
log(q)

+

∫ t

0

(

r1 − l1 − ε12 − 1 + ε

2
‖α1 +γ1‖2

)

ds

−
∫ T

0
[k1 + (1 + ε)〈α1 +γ1,β1〉

+
1 + ε

2
‖β1‖2

x
θ1
1 (s)

]

x
θ1
1 (s)ds

−
∫ t

T

[k1 + (1 + ε)〈α1 +γ1,β1〉

+
1 + ε

2
‖β1‖2

]

ξ

2pθ1

2pθ1 + 1
1 ds. (2.9)

From (2.9), one can easily verify for p≥ p0,
ζ ∈Ap ∩Ω1, and t large enough such that [t] ≥ q1(ζ),
where [t] is the biggest integer smaller than t, that we
have

1

t
log(x1(t)) ≥ 1

t
log(x1(0)) − 2

ε[t]
log ([t] + 1)

+

(

r1 − l1 − ε12 − 1 + ε

2
‖α1 +γ1‖2

)

−1

t

∫ T

0
[k1 + (1 + ε)〈α1 +γ1,β1〉

+
1 + ε

2
‖β1‖2

x
θ1
1 (s)

]

x
θ1
1 (s)ds

− t−T

t
[k1 + (1 + ε)〈α1 +γ1,β1〉

+
1 + ε

2
‖β1‖2

]

ξ

2pθ1

2pθ1 + 1
1 . (2.10)

Letting t → ∞ and ǫ → 0, and using the following
inequality

yρ < 1 +ρ(y− 1), y ≥ 0, 0 ≤ ρ≤ 1,

with

y = ξ1, ρ=
2pθ1

2pθ1 + 1
.

For p≥ p0, ζ ∈Ap ∩Ω1 and [t] ≥ q1(ζ), we get

limsup
t→∞

1

t
log(x1(t)) ,

≥
(

r1 − l1 − ε12 − 1

2
‖α1 +γ1‖2

)

×
(

k1+< α1 +γ1,β1 >+
1

2
‖β1‖2

)

×
[

1 +
2pθ1

2pθ1 + 1
(ξ1 − 1)

]

,

≥
(

r1 − l1 − ε12 − 1

2
‖α1 +γ1‖2

)

−
(

k1+< α1 +γ1,β1 >+
1

2
‖β1‖2

)

− 2pθ1

2pθ1 + 1

(

r1 − l1 − ε12 − 1

2
‖α1 +γ1‖2

)

+
2pθ1

2pθ1 + 1

(

k1+< α1 +γ1,β1 >+
1

2
‖β1‖2

)

,

≥
(

r1 − l1 − ε12 − 1

2
‖α1 +γ1 +β1‖2 −k1

)

×
(

1 − 2pθ1

2pθ1 + 1

)

,

> 0.

Hence, lim
t→∞

x1(t) = ∞. But this contradicts (2.5).

(ii) It is identical to (i).

3 Extinction

Theorem 3. For every (x1(0),x2(0)) ∈ R
2
+, the

solution of system (2.1) obey

lim
t→∞

sup
1

t
log

(

x1(t)

ε12
+
x2(t)

ε21

)

6M − 1

2
m2 a.s.,

(3.1)
where

M = max

{

r1 − l1 inf
t≥0

c0(t),r2 − l2 inf
t≥0

c0(t)

}

,

m=

[

min

(

α1i +γ1i inf
t≥0

c0(t),α2i +γ2i inf
t≥0

c0(t)

)]

1≤i≤n

.

Moreover, if M − 1

2
m2 < 0, then the extinction of the

species in (2.1).
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Proof. Using Itô’s formula, we obtain

d log

(

x1(t)

ε12
+
x2(t)

ε21

)

,

=
1

x1(t)

ε12
+
x2(t)

ε21

(

x1(t)

ε12

(

r1 − l1c0(t) −k1x
θ1
1 (t)

)

+
x2(t)

ε21

(

r2 − l2c0(t) −k2x
θ2
2 (t)

)

)

dt

− 1

2

(

x1(t)

ε12
+
x2(t)

ε21

)2

n
∑

i=1

(

x1(t)

ε12
(α1i

+β1ix
θ1
1 (t) +γ1ic0(t)

)

+
x2(t)

ε21

(

α2i +β2ix
θ2
2 (t)

+γ2ic0(t)))2
dt+

1

x1(t)

ε12
+
x2(t)

ε21

n
∑

i=1

(

x1(t)

ε12
(α1i

+β1ix
θ1
1 (t) +γ1ic0(t)

)

+
x2(t)

ε21
(α2i

+β2ix
θ2
2 (t) +γ2ic0(t)

))

dBi. (3.2)

Integrating we get

log

(

x1(t)

ε12
+
x2(t)

ε21

)

− log

(

x1(0)

ε12
+
x2(0)

ε21

)

,

=

∫ t

0

1

x1(s)

ε12
+
x2(s)

ε21

(

x1(s)

ε12
(r1 − l1c0(s)

−k1x
θ1
1 (s)

)

+
x2(s)

ε21

(

r2 − l2c0(s) −k2x
θ2
2 (s)

)

)

ds

−
∫ t

0

1

2

(

x1(s)

ε12
+
x2(s)

ε21

)2

n
∑

i=1

(

x1(s)

ε12
(α1i

+β1ix
θ1
1 (s) +γ1ic0(s)

)

+
x2(s)

ε21

(

α2i +β2ix
θ2
2 (s)

+γ2ic0(s)))2
ds+ Mt , (3.3)

with the local martingale

Mt =

∫ t

0

1

x1(s)

ε12
+
x2(s)

ε21

n
∑

i=1

(

x1(s)

ε12
(α1i

+β1ix
θ1
1 (s) +γ1ic0(s)) +

x2(s)

ε21
(α2i

+β2ix
θ2
2 (s) +γ2ic0(s))

)

dBi(s),

Now, for ǫ sufficiently small, according to Lemma 2
we have for each k > 1

P

(

sup
06t6k

[

Mt − ǫ

2
[Mt,Mt]

]

>
2log(k)

ǫ

)

6
1

k2
,

where

[Mt,Mt] =

∫ t

0

1

(
x1(s)

ε12
+
x2(s)

ε21
)2

n
∑

i=1

(

x1(s)

ε12
(α1i

+β1ix
θ1
1 (s) +γ1ic0(s)

)

+
x2(s)

ε21
(α2i +β2ix

θ2
2 (s) +γ2ic0(s))

)2

ds.

Using the Borel-Cantelli lemma, there is a Ω1 ⊂ Ω
with P(Ω1) = 1 such that for all ζ ∈ Ω1 an integer
k1(ζ) such that

Mt 6
2log(k)

ǫ
+
ǫ

2
[Mt,Mt], for 06 t6 k , k> k1(ζ).

(3.4)

Hence, it derives from (3.4) and (3.3) that for ζ ∈Ω1,
k > k1(ζ) and 0 6 t6 k

log

(

x1(t)

ε12
+
x2(t)

ε21

)

,

6

∫ t

0

1

x1(s)

ε12
+
x2(s)

ε21

(

x1(s)

ε12

(

r1 − l1c0(s) −k1x
θ1
1 (s)

)

+
x2(s)

ε21

(

r2 − l2c0(s) −k2x
θ2
2 (s)

)

)

ds

−
∫ t

0

1 − ǫ

2(
x1(s)

ε12
+
x2(s)

ε21
)2

n
∑

i=1

(
x1(s)

ε12
(α1i +β1ix

θ1
1 (s)

+γ1ic0(s)) +
x2(s)

ε21
(α2i +β2ix

θ2
2 (s) +γ2ic0(s)))2ds

+log

(

x1(0)

ε12
+
x2(0)

ε21

)

+
2log(k)

ǫ
, (3.5)

which implies

log

(

x1(t)

ε12
+
x2(t)

ε21

)

,

6

∫ t

0

1

x1(s)

ε12
+
x2(s)

ε21

(

x1(s)

ε12
(r1 − l1c0(s))

+
x2(s)

ε21
(r2 − l2c0(s))

)

ds

−
∫ t

0

1 − ǫ

2(
x1(s)

ε12
+
x2(s)

ε21
t)2

n
∑

i=1

(

x1(s)

ε12
(α1i

+γ1ic0(s)) +
x2(s)

ε21
(α2i +γ2ic0(s))

)2

ds

+log

(

x1(0)

ε12
+
x2(0)

ε21

)

+
2log(k)

ǫ
. (3.6)
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Therefore, it is simple to conclude from (3.6) that

log

(

x1(t)

ε12
+
x2(t)

ε21

)

,

6

(

M − 1 − ǫ

2
m2

)

t+ log

(

x1(0)

ε12
+
x2(0)

ε21

)

+
2log(k)

ǫ
.

Let ζ ∈Ω1 and t large enough that the biggest integer
smaller than t proves that [t] > k1(ζ). We have from
(3.7) that

1

t
log

(

x1(t)

ε12
+
x2(t)

ε21

)

,

6M − 1 − ǫ

2
m2 +

1

[t]

(

log

(

x1(0)

ε12
+
x2(0)

ε21

)

+
2log([t] + 1)

ǫ

)

.

This yields

lim
t→∞

sup
1

t
log

(

x1(t)

ε12
+
x2(t)

ε21

)

6M − 1 − ǫ

2
m2.

Letting ǫ−→ 0 gives

lim
t→∞

sup
1

t
log

(

x1(t)

ε12
+
x2(t)

ε21

)

6M − 1

2
m2.

4 Stationary distribution

The following theorem establishes a sufficient
condition for a stationary distribution.

Theorem 4. Let n≥ 4. If α1, α2, β1, β2, γ1 and γ2

are linearly independent,
(

r1 − l1 − ε12 − 1

2
‖α1 +γ1‖2

)

> 0, and
(

r2 − l2 − ε21 − 1

2
‖α2 +γ2‖2

)

> 0, then, the solution

(x1(t),x2(t)) admits a unique ergodic stationary
distribution.

Proof. Consider the open-bounded subset

D =

(

1

µ
,µ

)

×
(

1

µ
,µ

)

⊂ R
2
+, (4.1)

where µ is a positive constant. Since α1, α2, β1, β2,
γ1 and γ2 are linearly independent, then

w1 ,
[

α1rx1(t) +β1rx
1+θ1
1 (t) +γ1rx1c0(t)

]

1≤r≤n
,

and

w2 ,
[

α2rx2(t) +β2rx
1+θ2
2 (t) +γ2rx2c0(t)

]

1≤r≤n
,

are also linearly independent.
Hence, the diffusion matrix Γ , namely
(Γij)1≤i,j≤2 = (<wi,wj >)1≤i,j≤2 is positive

definite. Thus, the ellipticity condition in [26] is
verified (see Chapter 3 of [26]). Now, consider the
following positive functions

ψ1(x1) =
1

2
log2(x1), ψ2(x2) =

1

2
log2(x2),

ψ3(x1,x2) = ε21x1 + ε12x2,

and

ψ(x1,x2) = ψ1(x1) +ψ2(x2) +ψ3(x1,x2).

According to the Itô formula, we have

Lψ1(x1) = log(x1)
[

r1 − l1c0 −k1x
θ1

1 + ε12

(

x2

x1
− 1

)]

+
1

2
(1 − log(x1))

n
∑

r=1

(

α1r +β1rx
θ1

1 +γ1rc0

)2

.

Using log(x1) ≤ x1 and rearranging yields

Lψ1(x1) 6

(

r1 − l1c0 − ε12 − 1

2
‖α1 +γ1c0‖2

)

log(x1)

+ε12x2 −k1x
θ1
1 log(x1) +

1

2
‖α1 +γ1c0‖2

+
1

2

(

2< (α1 +γ1c0) ,β1 >+‖β1‖2x
θ1
1

)

x
θ1
1

×(1 − log(x1)). (4.2)

Similarly, we have

Lψ2(x2) 6

(

r2 − l2c0 − ε21 − 1

2
‖α2 +γ2c0‖2

)

log(x2)

+ε21x1 −k2x
θ2
2 log(x2) +

1

2
‖α2 +γ2c0‖2

+
1

2

(

2< (α2 +γ2c0) ,β2 >+‖β2‖2x
θ2
2

)

x
θ2
2

×(1 − log(x2)), (4.3)

and

Lψ3(x1,x2) = ε21

(

r1x1 − l1c0x1 −k1x
1+θ1
1

)

+ε12

(

r2x2 − l2c0x2 −k2x
1+θ2
2

)

. (4.4)

From (4.2), (4.3) and (4.4), we have

Lψ(x1,x2) 6 χ1(x1) +χ2(x2), (4.5)

where

χ1(x1) =

(

r1 − l1c0 − ε12 − 1

2
‖α1 +γ1c0‖2

)

log(x1)

+
1

2

(

2< (α1 +γ1c0) ,β1 >+‖β1‖2x
θ1
1

)

x
θ1
1

×(1 − log(x1)) −k1x
θ1
1 log(x1) + (ε21r1 + ε21

−ε21l2c0)x1k1ε21x
1+θ1
1 +

1

2
‖α1 +γ1c0‖2,
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and

χ2(x2) =

(

r2 − l2c0 − ε21 − 1

2
‖α2 +γ2c0‖2

)

log(x2)

+
1

2

(

2< (α2 +γ2c0) ,β2 >+‖β2‖2x
θ2
2

)

x
θ2
2

×(1 − log(x2)) −k2x
θ2
2 log(x2) + (ε12r2 + ε12

−ε12l1c0)x2 −k2ε12x
1+θ2
2 +

1

2
‖α2 +γ2c0‖2.

Hence

χ1(x1) ∼
x1−→∞

−1

2
‖β1‖2x

2θ1
1 log(x1) −k1ε21x

1+θ1
1 ,

χ1(x1) ∼
x1−→0

(

r1 − l1 − ε12 − 1

2
‖α1 +γ1‖2

)

log(x1),

χ2(x2) ∼
x2−→∞

−1

2
‖β2‖2x

2θ2
2 log(x2) −k2ε12x

1+θ2
2 ,

and

χ2(x2) ∼
x2−→0

(

r2 − l2 − ε21 − 1

2
‖α1 +γ2‖2

)

log(x2).

Since [r1 − l1 − ε12 − 1

2
‖α1 +γ1‖2]> 0,

and

[r2 − l2 − ε21 − 1

2
‖α1 +γ2‖2]> 0,

then

lim
x1→+∞

χ1(x1) = lim
x1→0

χ1(x1) = lim
x2→+∞

χ2(x2)

= lim
x2→0

χ2(x2) = −∞.

Thus, from (4.5), (4.1) and for µ large enough, we get

Lψ(x1,x2) ≤ −1 for all (x1,x2) ∈Dc.

Hence, the proof is completed.

5 Simulations

We have the following discrete system using the Euler
classical scheme developed in [27].















































































x1(k+ 1) = x1(k) + (x1(k)(r1 − l1c0(k)

−k1x
θ1
1 (k)

)

+ ε12(x2(k) −x1(k))
)

h

+

n
∑

i=1

(

α1ix1(k) +β1ix
1+θ1
1 (k)

+γ1ix1(k)c0(k))
√
hηi,

x2(k+ 1) = x2(k) + (x2(k)(r2 − l2c0(k)

−k2x
θ2
2 (k)

)

+ ε21(x1(k) −x2(k))
)

h

+

n
∑

i=1

(

α2ix2(k) +β2ix
1+θ2
2 (k)

+γ2ix2(k)c0(k))
√
hηi,

where ηi (i = 1,2, ...) are independent random
variables distributed on N (0,1). So, we take

c0(t) = 0.1 + 0.05sin(t).

Example 1. Set x1(0) = 0.7, x2(0) = 0.8, r1 = 0.7,
r2 = 0.7, l1 = 0.2, l2 = 0.1, k1 = 0.2, k2 = 0.3,
α1 = 0.12, α2 = 0.15, γ1 = 0.08, γ2 = 0.09, β1 = 0.05,
β2 = 0.06, θ1 = 1, θ2 = 1, ε12 = 0.35 and ε21 = 0.4.
This gives

r1 − l1 − ε12 − 1

2
‖α1 +γ1β1‖2 −k1 > 0,

and

r2 − l2 − ε21 − 1

2
‖α2 +γ2 +β2‖2 −k2 > 0.

The persistence condition of Theorem 2 is satisfied.
The simulations in Fig.1 well support these findings.

0 1 2 3 4 5 6 7 8 9 10

Time 10
4

0

1

2

3

4

5

6

7

X
1

x
1
 without noise

x
1
 with noise

0 1 2 3 4 5 6 7 8 9 10

Time 10
4

0.5

1

1.5

2

2.5

3

3.5

4

4.5

X
2

x
2
 without noise

x
2
 with noise

Fig. 1: Trajectories of x1 and x2 of system (2.1) with
parameter values in Example 1.

Example 2. Set x1(0) = 0.1, x2(0) = 0.2, r1 = 0.06,
r2 = 0.05, l1 = l2 = 1, k1 = 0.7, k2 = 0.8, α1 = 0.5,
α2 = 0.51, γ1 = 0.05, γ2 = 0.1, β1 = 0.95, β2 = 0.85,
θ1 = 0.5, θ2 = 0.6, ε12 = 0.9 and ε21 = 0.8. This gives

M − 1

2
m2 = −0.09125< 0.

As a result, the extinction condition of Theorem 3 is
verified. Simulations in Fig.2 confirm these findings.
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0 1 2 3 4 5 6 7 8 9 10

Time 10
4

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

x
1

x
2

Fig. 2: Trajectories of x1 and x2 of system (2.1) with
parameter values in Example 2.

Example 3. Set x1(0) = 0.7, x2(0) = 0.8, r1 = 0.4,
r2 = 0.5, l1 = 0.1, l2 = 0.15, k1 = 0.4, k2 = 0.3, α1 =
0.15, α2 = 0.2, γ1 = 0.05, γ2 = 0.1, β1 = 0.15, β2 = 0.3,
θ1 = 0.85, θ2 = 0.95, ε12 = 0.1 and ε21 = 0.15.
This gives

r1 − l1 − ε12 − 1

2
‖α1 +γ1‖1 = 0.18> 0,

and

r2 − l2 −ε21 − 1

2
‖α2 +γ2‖2 = 0.155> 0. Consequently,

the stationary distribution condition of Theorem 4 is
verified.

0

0.5

2.5

1

1.5

2

2

1.5

1

0.5 21.81.61.41.210.80.60.4

Fig. 3: Estimation Kernel density of (x1,x2) with
parameter values in Example 3.

6 Conclusion

This study comprehensively integrated pollution into
a stochastic Gilpin-Ayala model with patches,
providing novel insights into species dynamics within
contaminated environments. We identified the
conditions under which species extinction or
persistence occurs, highlighting the critical role of
pollution in shaping ecological outcomes. Finally,
computational simulations establish the theoretical

results, further validating the model’s efficacy. These
findings underscore the necessity of incorporating
pollution as a central element in ecological
frameworks. This paves the way for more accurate
predictions and effective conservation strategies in a
world increasingly impacted by environmental
contaminants.
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Physica A: Statistical Mechanics and Its Applications,
523, 677-690, (2019).

c© 2024 NSP

Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci. 18, No. 6, 1179-1188 (2024) / www.naturalspublishing.com/Journals.asp 1187

[10] A. Settati, A. Lahrouz, M. El Jarroudi, M. El
Fatini, and K. Wang. On the threshold dynamics of
the stochastic SIRS epidemic model using adequate
stopping times. Discrete & Continuous Dynamical
Systems, Series B, 25, (2020).

[11] A. Lahrouz, A. Settati, H. El Mahjour, M. El
Jarroudi, and M. El Fatini. Global dynamics of an
epidemic model with incomplete recovery in a complex
network. Journal of the Franklin Institute, 357(7),
4414-4436, (2020).

[12] T. Caraballo, I. Bouzalmat, A. Settati, A. Lahrouz,
A. N. Brahim, and A. Harchaoui. Stochastic COVID-
19 epidemic model incorporating asymptomatic and
isolated compartments. Mathematical Methods in the
Applied Sciences, (2024).

[13] A. Settati, A. Lahrouz, and M. El Jarroudi. Dynamics
of hybrid switching diffusions SIRS model. Journal
of Applied Mathematics and Computing, 52, 101-123,
(2016).

[14] T. Caraballo, A. Settati, A. Lahrouz, S. Boutouil,
B. Harchaoui, (2024). On the stochastic threshold of
the COVID-19 epidemic model incorporating jump
perturbations. Chaos, Solitons & Fractals, 180, 114521.

[15] S. Boutouil, B. Harchaoui, A. Settati, A. Lahrouz, A.
Nait Brahim, M. El Jarroudi, M. Erriani, Analyzing
Stochastic SIRS Dynamics Under Jump Perturbation.
International Journal of Applied and Computational
Mathematics, 2024, vol. 10, no 1, p. 3.

[16] B. Harchaoui, M. El Idrissi, A. El Haitami,
A. Nait Brahim, A. Settati, A. Lahrouz, M. El
Jarroudi, M. Er-Riani, T. Amtout, Examining the
Relationship Between Infection Power Rate and
the Critical Threshold in Stochastic SIS Epidemic
Modeling, WSEAS Transactions on Biology and
Biomedicine, 2224-2902, Volume 20, Art.8, p.73-79,
DOI: 10.37394/23208.2023.20.8 (2023).

[17] M. El Idrissi, B. Harchaoui, A. N. Brahim, I.
Bouzalmat, A. Settati, A. Lahrouz, A sufficient
condition for extinction and stability of a stochastic
SIS model with random perturbation, WSEAS
Transactions on Systems, 21, 367–371, (2022).

[18] M. Liu, K. Wang, Survival analysis of stochastic
single-species population models in polluted
environments, Ecological Modelling, vol. 220, no.
9, pp. 1347-1357 (2009).

[19] M. Liu, K. Wang, Persistence and extinction of a
stochastic single specie model under regime switching
in a polluted environment, Journal of Theoretical
Biology, vol. 264, no.3, pp. 934–944 (2010).

[20] M. Liu, K. Wang, Q. Wu, Survival analysis
of stochastic competitive models in a polluted
environment and stochastic competitive exclusion
principle, Bulletin of Mathematical Biology, vol. 73, no.
9, pp. 1969-2012 (2011).

[21] GENG, Zongjie et LIU, Meng. Analysis of Stochastic
Gilpin-Ayala Model in Polluted Environments. IAENG
International Journal of Applied Mathematics, 2015,
vol. 45, no 2.

[22] J. Dhar, K. S. Jatav, Mathematical analysis of a
delayed stage-structured predator–prey model with

impulsive diffusion between two predators territories,
Ecol. Complex, 16, 59–67 (2013).

[23] L. J. S. Allen, Persistence, extinction, and critical
patch number for island populations, J. Math. Biol,
24 617–625 (1987).

[24] X. Zou, D. Fan, K. Wang, Effects of Dispersal for a
Logistic Growth Population in Random Environments,
Abstract and Applied Analysis Volume, Article ID
912579 (2013).

[25] X. Mao, Stochastic Differential Equations and
Applications, Horwood Publishing Limited, Chichester
(1997).

[26] J. V. Scheidt, T. C. Gard, Introduction to Stochastic
Differential Equations, New York-Basel, Marcel Dekker
Inc, 1988, XI, 234 pp 78, ISBN 0–8247-7776-X, Pure
and Applied Mathematics 114, Zamm-zeitschrift Fur
Angewandte Mathematik Und Mechanik, 69, 258-258
(1989).

[27] E. P. Kloeden, Numerical Solution of Stochastic
Differential Equations, Springer, New York (1992).

Bilal Harchaoui received
a Master of Mathematical
Engineering from the Faculty
of Sciences and Technology
(FSTT), Tangier (Morocco).
He has been enrolled for a
Ph.D. degree since 2018 at the
Department of Mathematics
at Abdelmalek Essaâdi
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Essaâdi University (UAE).

Bilal El Khatib received
a Master of Mathematical
Engineering from the
Faculty of Sciences and
Technology (FSTT), Tangier
(Morocco). Prior to his
Master’s degree, he obtained
a State Engineering Diploma
in Operations Research and

Decision Support from the National Institute of
Statistics and Applied Economics (INSEA)in
Rabat(Morocco). He has been enrolled for a Ph.D.
degree since 2020 at the Department of Mathematics
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