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Abstract: The original method for image registration based on phase-correlation is only valid, if the
shift vector is of integer values. So the error could be up to half of a pixel in theory. Since the
estimation of the parameters on rotation and scaling is based on the estimation of these shift values,
their accuracy is also restricted. In response to this limitation, we improved the method of search the
maximum point of the impulse function. Using surface fitting methods like Parabolic Interpolation or
Gaussian Function Fitting Method we could get the location of extreme point in sub-pixel level. So
the error would be significantly reduced. The result of some registration experiments showed that the
algorithm was valid for dealing with shifted, rotated and scaled images. Through the analysis we can
see the improved method greatly increased the accuracy of registration without increasing the

computational complexity.
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1 Introduction

Image registration can be formally defined as the
transformation of one image with respect to another
so that the properties of any resolution element of
the object being imaged is addressable by the same
coordinate pair in either one of the images. By
setting up the geometry parallelism among images
to transform, compare and analyze images
according to the same reference frame image [1]. In
the process of multiple data-source images analysis,
such as remote sensing, image fusion, computer
graphics, computer vision, environment supervision
[2], map drawing and medical imaging, the
registration is one of the most important steps.

For the problem of automatic image registration
(globally shift, rotation and scaling) based on
frequent domain framework, many researchers have
proposed two kinds of methods [3, 4] relies on the
Fourier shift theorem and -cross-correlation of
separation variables in log-polar coordinate. The
algorithms have been tested on the registration of
remotely sensed images by IDL ENVI

implementation [5]. Despite insensitive to linear
change of image brightness and having a certain
degree of anti-noise performance, the methods can
only estimate shift values in pixel level rather than
in sub-pixel level [6-8], thus to generate errors
which will be cumulated when estimating rotation
and scaling parameters after log-polar coordinate
conversion. Consequently, we should estimate the
more accurate values of shift to improve the
accuracy of all the estimated parameters.

In this paper, the errors of original algorithm,
generating in the method of calculating the most
extreme point position in impulse function directly,
are put forward and given the in-depth analysis. And
the improvements are proposed accordingly, that is
to combine with the method of surface fitting to
calculate a local extreme point position (sub-pixel
shift value). It reduced the error of original
algorithm to register the image with non-integer
pixels’ shift and improved the estimated accuracy of
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rotation and scaling parameters. The result of

experiment proved our assumption.

2 Improvement of Phase-Correlation Algorithm

Phase-Correlation based Registration
Algorithm. It is known that if two images differ
only by a shift, then they should satisfy the formula
that

£ ey) = £k =x0 =), 2.1
where x, and y,are shift values. To get these

values, we make the Fourier inverse transform for
cross-power spectrum, that is
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where 1’72 is complex conjugate of F,(u,v) and the

right-hand side is a 2-D impulse function.
According to the nature of impulse function we can

get the values of x,and y,, which are shift
parameters, through seeking the peak point (x,,y,)

of S(x—x,,y—,) -

With coordinate conversion, the rotation and
scaling of original image can be converted into shift
parameters in log-polar coordinates. Suppose

f(x,y) and f,(x,y) only differ by rotation and
scaling, which means that
f2p1(r’e):flpl(r_r()’e_eo)’ (2.3)
where r is the coordinate value of logarithmic axis
and @ is coordinate value of angle axis so as to get
the shift parameters of 7, and @, in log-polar
coordinate system. With the (2.3), we can get the
value of r, andg,, and obtain rand EHon the

reverse as well. The equation proposed by Chen can
be adopted which is

M =1)""" cos(zk | K)+ N 12
, (2.4)
sin(zk / K)+ N /2

N
x(m, k) =

mi(M-1)

N
y(m, k) = (M -1

where m is coordinate value of logarithmic axis and
k is coordinate value of angle axis in log-polar
coordinate system, while x andyare coordinate

value in Cartesian coordinate before conversion. In
log-polar coordinate system, having obtained the

offset (m,k), o and 6, can be acquired by the
equations below:

oc=M-D""" 0<m<M/2
ol=M-D"""" M [ 2<m< M
(2.5)
O, =k [ K woeeeeeeee 0<k<K/2
and
6 =-n(K-—k)/K---K/2<k<K

Indubitably, the error will be cumulated due to
the facts that parameters m andk generate the

estimates of oand@,. The step size of rotation

angle in (2.4) is /K, which cause the maximum
error is 7 /2K while the error should be double
when @€ [0,27). And for scaling parameter, as
b=M-1)"™" in (24) and get the result
thato =b™. However, the error positively depends
on m-error, maximum up tob"” (\/Z -1).

Algorithm Improvement. From the above
analysis, we can find that in order to improve the
accuracy of rotation and scaling parameters, a
simple method is to increase m and k in (2.4) and
reduce the step size (the quantization error of shift)
as well. However, the biggest problem brought
about is the multiple cost of computation and
moreover the high requirement of the interpolation
accuracy during the coordinate conversion. And the
most important is that the method is ineffective
when analyze the source of errors. If the error
comes from the noise and other external factors,
such improvements in accuracy will also be in vain.
In order to improve the accuracy of shift in sub-
pixel level, some scholars have put forward
algorithms combined with genetic algorithm or
normalized cross correlation algorithm to implement
the registration by two phases. The original phase-
correlation algorithm used as the coarse registration
and then the other support methods combined as the
fine registration. With the secondary registration
algorithm, it can improve the accuracy (generally,
only effective for the accuracy of shift) but increase
the computational cost inevitably.

Through digging the information of impulse
function O(x, y), we use two methods to fit local
surface near the extreme point location to get the
value of sub-pixel displacement (Jx/1y) (suppose

the peak point (x,,y,) have been found by the
original method).

Parabolic Interpolation. Take peak point
(x,,¥,) and the field points around as the points

satisfying the below-parabolic equation and put
them into the following equations.



S. Chang-Guang, H. Minoru: Explicitly Solvable Time-dependent .....

27

NS P

5()6, )7) = dz(x_x())2 +€2(y—y0)2

+d1(x_x0)+el(y_y0)+f
By the nature of extreme point, we can get the
results:

d,=(0(x,+1,y,)—0(x,—-1,y,))/2.d,
=(0(xy =Ly )+ 0(xy+1,3))—28(x,,5,))/ 2

e, =(0(xp, v, +)—0(x,.y,—1))/2,e,
=(0(xy, Yo =D+ (xy, yo +D—=28(x,, ¥,)) /2

Ux=—d,/2d,[1y=—e¢ /e,

1-D Fitting Gaussian Function. According to
the symmetry of the impulse function on both sides
of the extreme point, we use 1-D fitting Gaussian

Function in x direction and y direction respectively
to get the point’s location. Taking x direction as

(xo_l’yo)a (xo’yo)a
(x, +1,y,) are substituted into following function:

S(x,y,) =TT 7,
Then we got

(2.6)

Q2.7

example, three points

(2.8)

Ind(x,,y,)—Ind(x,—1,,)

Ux=
2Ind(x,,y,)—Ind(x,—1,y)—Ind(x, +1,y,)

-1/2

ye ln§(x0,y0)—1n 5(x0,y0—1)
2In8(x,,y,)—In8(x,, y,—~)—Ind(x,, y, +1)

O -1/2

(2.9)
Implementation for Improved Algorithm. The
final algorithm flow for determining rotation,

scaling, and shift is:
1) For reference image I, and input image I,,
convert polar coordinates in the

coordinate system to get /, , and

logarithmic
2pl *
2) Make Fourier Transform for [,, and 1,,

respectively, seek cross-power spectrum and make a
Fourier inverse transform according to (2.2).

3) Find peak point location (m,k) and get the
sub-pixel level displacement to amend the peak
point, getting result of (x,+lx,y,+]y). Then we

can get the values of o and 6, by (2.5).
4) Make inverse transform of rotation and scaling
for I, and obtain the value (x,,y,) by I, to

amend (x, +Jx, y, Hly).

3 Experiment and Analysis

Through our remotely sensed image processing
platform, we implement the traditional image
registration algorithm and the two above-mentioned
improved methods. In order to test and verify their
efficiency and accuracy adequately, we designed the
experiment.

First we conduct a TM image to a certain degree

of rotation and scaling (o =1.39,6, =55°) and

cut an image with size of 512*512 from original
image. Then we got the reference image and image
to be registered for experiment in Fig 3.1.

We registered the images mentioned above by
Gaussian algorithm and the original algorithm
respectively and the estimated parameters selected
in the process are shown in Table 3.1. In order to
better compare the effect of two algorithms, we
select Link function of ENVI to compare the
reference image and the images after registration,
the result shown in Fig 3.2. On the whole, we see
that phase-correlation algorithm has reached the
requirements of registration if ignore the errors of
interpolation during the process of image scaling.
Comparing all the image results, the registration
image by Gaussian algorithm is closer to the
reference image, so it is obviously that the improved
algorithm had reduced the registration errors from
original algorithm efficiently.

Table 3.1 estimated parameters (rotation and scaling) comparison after registration by two kinds of

algorithm
m k Scale angle
Actual Value 27.188 156.4444 1.3927 |55
Original algorithm 28 156 1.4066  |54.8438
Gaussian function method 27.5288 156.4578 1.3985 55.0047
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(a) reference image

(b) image to be registered

Fig3.1 image results after reglstratlon by two kinds of algonthm

Fig3.2 comparison between image results after registration by two kinds of algorithm and reference image
(show with Link in ENVI, the area of bottom right corner of the window is 4 times lager than the area of
related upper left corner)

4. Conclusion

The paper analyzed the accuracy of phase-correlation
based image registration algorithm, and on this basis we
proposed an improved method for image registration. For
getting the most accuracy point location in sub-pixel
level, we designed two algorithms combined with the
surface fitting technology. By this way we improved the
performance of registration on images with shift, which
means the performance of scaling and rotation would be
improved correspondingly. From the experimental results

we found both of our algorithms can reduce the estimated
errors of original algorithm. Specially, one-dimensional
Gaussian function was better in the universal cases.
Compared with the other similar algorithms, method in
this paper improved the accuracy without adding
computational complexity and also suitable for all the
registration parameters.

However, there are still many problems need to be
considered in the future research, such as multi-peak
point problem in impulse function will limit the
applicability of phase-correlation method, which means
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maybe we need to find an efficient pretreatment for some
special images; Another problem is how to seek a more
appropriate  method of surface fitting which is so
important to our method.
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