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Abstract: In this paper, generalized Laguerre spectral method for ordinary differential equation is proposed, which is very efficient
for long-time numerical simulations of dynamical systems. The global convergence of proposed algorithm is proved. Numerical results
demonstrate the spectral accuracy of these new approache and coincide well with theoretical analysis.
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1. Introduction

Numerous problems in science and engineering are
governed by ordinary differential equations. There have
been fruitful results on their numerical solutions, see,e.g,
Butcher [4,6], Hairer, Norsett and Wanner[16], Hairer
and Wanner [17], Higham [18]and Humphries [24]. For
Hamiltonian systems,we refer to the powerful symplectic
difference method of Feng[7], also see [8,15] and the
references therein.

In the past three decades, the spectral method has
developed rapidly. Its merit advantage is the high
accuracy. Many spectral algorithms have been proposed
for the initial problem of ordinary differential equation. In
the early investigations, one often used the
Legendre-Radau interpolation to design the Runge-Kutta
process. However, the Legendre-Radau interpolation is
available for finite interval essentially. Conversely, if we
use the Laguerre interpolation, we can approximate the
exact solution on half line. Thereby, the related algorithm
might be more appropriate for long-time calculations. In
particular, the algorithm possess the global convergence.
But the collocation method based on the Laguerre
interpolation only computes the approximate value of
exact solution at some interpolation points, which cannot
reflect the global behavior of the exact solution. Recently,
some authors has developed the generalized Laguerre
approximation with successful applications to spatial
approximations of various partial differential equations on

the half line and a large class of other related
problems,see, e.g., Funaro[7], Guo, Shen and Xu
Cheng-long[14], Iranzo and Falques[19], Mastroianni and
Monegate[21], which produces the possibility of building
up a precise framework of generalized Laguerre
approximation with its application to the initial problem
of the ordinary differential equations on half line.

This paper is for new generalized Laguerre spectral
method for the initial problem of the first-order ordinary
equation. In the next section, we investigate the
generalized Laguerre approximation. In section 3, we
propose the new algorithm by using the generalized
Laguerre approximation. This algorithm has several
advantages. Firstly, it is easier to be implemented,
especially for nonlinear systems. Next, it provides the
global numerical solutions and the global convergence in
certain weighted Sobolev space. Hence, it is very
appropriate to long-time calculations. The numerical
solution is represented by function form, so it can
simulate more entirely the global property of exact
solution, which provides more information above the
structures of exact solution. Furthermore, by adjusting a
parameter involved in the method, we may weaken the
conditions on the underlying problems, the range of
applications of the spectral method is enlarged essentially.
We present numerical results in Section 4, which
demonstrate the spectral accuracy of proposed method
and coincide well with the theoretical analysis. The final
section is for concluding remarks.
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2. Orthogonal Approximation

In this section, we investigate some results about the
generalized Laguerre approximation. Let
A={p|0<p <oo}. We define

LQZC(A) = {v | vis measurable on Aand |[v[|, o < eo},

with the following inner product and norm

1
Mlza = (029)2

(u.v)za = [ u(p)(p)x(p)dp.
For any integer m > 0, we define the space

k
d*v 2

4 (A), 0<k<m},

equipped with the following inner product, semi-norm and
norm

d*u d*v
(” V)m,x,A = (7 7)7{,/\
9 s OS;Sm dpk 9 dpk )
dmu 1/2
Wnga = 5= lzar— Wllmga = )2 4.

dp™
For any r > 0, the space H} (A) and its norm |[v||, ;A are
defined by space interpolation as in [2]. In particular,
oHy(A) = {v e Hy(A) | v(0) = 0}.
Let wgp(p) = p%PP.a > —1, B > 0. The
corresponding generalized Laguerre polynomials of
degree [ are defined by

s
2P (p) = 1p o L (ol P,

I dpl s by &y

They are the eigenfunctions of the Sturm— Liouville
problem

L (0as1,(P) 22 + 2P w5 5 (p)¥(p) =0, 0<p<oo,

@.1)
with the corresponding eigenvalues /'Ll(ﬁ ) = Bl. They fulfill
the following recurrence relations

(.B) (@.B)
(@p),y_ 1, 4L (p) 4L (p)

Z (p)—ﬁ( S ap ), (22)

4.2 1
e Pl_ By £4%Mp) 3

P =0

1. %P)

ldp(p) — L% (p). 2.4)
1+ 12 5P (p) — @1+ o+ 1-Bp)Z P (p) + 1+ )2 %P (p) =0,
(2.5)

Therefore, it is straightforward to derive the following
property (cf. [3])

I'l+a+1) 150

(@B) 0} =
4O Farnraey

(2.6)

The set of jfjw'ﬂ ) (p) is the complete Lﬁ)a 5 (A)-orthogonal
system, namely,

(o,B)

(a.B) (e, B) _Jy , [=m,

(G L™ oy _{ Y0, 1#m

where ru N
(a.B) _ +to+
ne = Bt (I+1)° 27
Thus, for any v € L%"aﬁ (A),
W)=Y 0" 4P p)
1=0

with the coefficients

Sp) 1 (e.B)

Vi = %(aﬁ) 2 )waﬁAy 1>0.

Now, let N be any positive integer and &y (A) be the
set of all algebraic polynomials of degree at most N.
Furthermore, 0 2y (A) = {v € @n(A) | v(0) =0}.

In order to describe the approximation results, we
introduce the weighted space Af, 5 (A). For any integer
r>0,

Ay pA) = {v | v is measurable on A and HV”A&,B,A < oo},

equipped with the following semi-norm and norm

r
vl Wl = (X IRy,

a,B,A = || 8’;v|‘wa+rﬁ A
For any r > 0, we define the space Af, 5 (A) and its norm
by space interpolation as in [2]. '

In forthcoming discussions, we shall use the following
Lemma

Lemma 2.1. For any v & H(La 5

dv
[Vl < €l o0

The proof see (cf. [13])
The orthogonal
Pyap Ly, ,(A) — Pn(A) is defined by

projection

(PN,(X,ﬁV_V7¢)wa’ﬁaA = Oa V‘P € ‘@N(A)

and the orthogonal
0Py . 0 Héavﬁ (A) —0 Pn(A)

projection

d . 5 d¢
%(OPN,a,[iV_v%%)wa,ﬁ’A:07 Vd) 60 L@N(A)

Similarly, we define the orthogonal projection ¢Py o g ‘0
Lﬁ,a‘ﬁ (A) —0 PN(A) as

(

(0Pv,a V=V, 9w, 5.4 =0, Vo o Pn(A).
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where

OL%L)%B(A):{V | veLﬁ,a_ﬁ(A) and v(0) =0}

The following results characterize property of Py , g and
OP N,a.
Lemma 2.2. For any integers 0 < r,
1Pvap? —Vlopn <N E M,
The proof see (cf. [13])

Lemma 2.3. For any integers 1 < r,v € Ha’)a s

|0PN(XBV Vl]waﬁ/\ <CN ||7||Ar 1

The proof see (cf. [13])

Lemma 2.4. For any integers 1 < r,v € H{oa 8

loP.7 =Vl oy g < N || IIArl

Proof. By the projection theorem

loPvacgv—Vliogsn <10 —vlag,n Y0 €0 Pu(A)

Taking ¢ = above.

¢ €0 Pn(A). According to Lemma (2.1), we have

P /
/ Py_iapvdé in Clearly,
| Pvoie

dv
10PN ,0.8Y = Vg g4 < C”PNfl,oc.ﬁ% - %Hwaﬁ,/\
A combination of Lemma 2.2 and this formula leads to the

desired result.
Lemma 2.5. For any ¢ € Zy(A), integer r > 0

191170 5.4 < c(BN) 19I5, 5.4

The proof see (cf. [9])

Now we define the projection operator
0
PN w0 H, (A)
—0 f@,’f,(/\)as

= d =R d

— N - dp=0, V¢ eoZH(A

/0 dpk dpk Ocﬁ p= ¢€0 N( )
where
0Pk (A)={¢ | ¢€ Py(A) and "j’S)_o 0<I<k—1}

Let wg(p) = app(p) = e PP B > 0. We have the
following result

Theorem 2.1. Let k be a positive integer.For any
nonnegative real numbers r and 5, 0 <r <k <s, there
exists a positive constant ¢ depending only on s such that,
for any function ¢ in Afw(/\) Mo H(]f)ﬁ, the following

estimate holds

k.0
=P @l <N [19lla

0,8.A

Proof. We first assume that » = k. Clearly,

ph- 10de
1d§d§ (2.8)

V(p €0 H(If) R /
To check that it belongs to ¢ 225 (A ),we note that it belongs
to &n(A),that it vanishes in 0 and that its derivatives up
to order k — 1 vanish in 0, which ends the proof of (2.8).
We also note that

Py9(p) =0 P05 0(P)

By virtue of (2.8),we obtain the following estimate from
Lemma 2.3

k.0 I k=10 7
lo—Py ‘P|k,wﬁ:|q) —Py_ 0 k- Log =

dk71¢ 10 dk71¢ dk l(p . dkfl(P
:|dpk—| TNkt pk Tles = |- p" T —0fN— KHL0B gok-T 11w
<e(N—k+1)7 Hd P, <N loly,,
2.9)
Clearly,
P
B [ (0B 0l apdy+(9—P"0) 0
p d(¢— P9
=2 (@—Pz’é’%)( i L gy
ﬁ/ P d (p— PN (P)
< (p— (p a)d + = / —————— )" wgdy
PO B dy S

Let p — oo,we obtain

e e d@—Py o),
/0 (¢ — Py 0) wpdy < ﬁz/ ( ay )-wgdy

Combining this estimate with (2.9), we obtain that

lo—=Pi"0llyg, <N ol 2.10)

Next we will prove the case for r= 0. We note that

Jor= (o — Py @)gwpdp

lo =Py 9llz (a)= sup
ag (M) Igllz, ()
B B
@2.11)
For any g in L%Dﬁ, we consider the solution y in onf,ﬁ of
the problem
oo dk% dkw oo
— ——gdp = wgd
/O dpkdpk AP /O gywgdp

The existence and uniqueness of this solution follow from
the Lax-milgram Theorem. Moreover, the regularty tells
us that y belongs to H(%’; (A) and satisfies

HJCH;%/;3 <clellz, (2.12)
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Then we compute

oo o gk(@ — POg) dk
/ (¢ — Py’ o) wpdp = / — )—xwﬁdp

. pk dpk
+°°d"<p P o) d*(x — PV"%)
—/ ot wgdp
k,0
<|p-Py w\Hg)B\x—PN’ X|Hg,ﬁ

Applying twice the estimate for r = k,we obtain from
(2.12) that

+oo
/0 80~ P p)opdp <N Fllollyy,  llsliz,

(2.13)
Combining this result with (2.11) gives the case of r = 0.
By space interpolation, we complete the proof.
Next, we introduce a set of polynomials y;;, 0<17<
k—1. xi; stands for the unique polynomial in &;,_;(A),
which satisfies

d' 21(0)
dp!

0.8.A

dam 0
=1 and 751{;( )

=0, 0<m<k—1m#l

For each function ¢ in H’g)ﬁ (A), we define a function @ in
Heg, (A) by

~ k—ldl 0
p=9-Y 20 0 (2.14)
= dp
We note that for any p € [0, %],
d'o(p) d'9(0) 5 p 'o(p)
| dpl - dpl |§( ePPd ) ” de_] ”Lﬁ,ﬁ(o,ﬁ%)
< op-ty @ lolp)
<25 01
p a5 (05
Now, let 1 z
do(p”) - doe(p
d(l ~ min | d(,)|
P 0<p<g p
Clearly,
5 d<P d<P( )
dp, Ji<p 7] o ldp < B 2,0
The previous two formula gives
E ()| | "o(p *)| ‘d’q)(P*)_dl(P(O)‘
— ' dp! dp! dp!
d@( ) “1d ™ elp)
<c(pt|“2P) ||Lzﬁ BT s, o)
<clloly o 021tk
("13

Next, we define

||<P||Bg)0ﬁ = [l@llas +H‘P||Hg)ﬁ(/x)

0,8,A

According to previous formula and (2.14), for any real
number s,

||<PHA5“ S H(P”BA
Next, set
Pio=P"p+ Z 0) o (2.15)
Obviously,
k.0 ~

¢—Pyo=9— Py o
Using Theorem 2.1 leads to

H‘P—p/fr‘PHHg,ﬁ(A) =|p—py (P”Hw J<eN'T ||‘P||Ba,0,3

~ (2. 16)
Next, we define P,\l, as

Py@ = Pyop®+(0) (2.17)

By using Lemma (2.4) with a = 0, we obtain

lo— PN‘P”wﬁA*”(P 0Pn0Pllwp. <N ”(P”A’
218)

3. Generalized Laguerre Spectral Method

In this section, we apply generalized Laguerre
approximation to ordinary differential equation.

Let wg(p) = wyp(p) = e PP, B > 0. The
corresponding generalized Laguerre polynomials

2P0y =2"P(p), 120

The set of .,2”,(’3 >(p) is the complete L%,B (A)-orthogonal
system, namely,

2, (A)

with the coefficients

0 =B Lo, 120,
Using (2.6), we derive that
2Poy=1, 1>0 3.1
Thus
wi=2P0)-2P)(p), 0<k<N-1 (2
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form the basis of ¢ Zn(A). Obviously, the system (3.8)is equivalent to
We consider the following problem
duy(p) _
7*f(uN(p)vp)7 PZO 3.9
&~ f0(p)p), P20 s 39
dp = (3.3) un(0) = v
v(0) =vo

Next, we construct the numerical scheme. To do this,we
approximate v(p) by uy(p). where uy(p) € #n(A) and
un(0) = vo.

uy(p) can be expanded to

N
p)=Yus?
=0

By virtue of (2.3),
d N -1
G z a4 () =By (Y 4l
=1 m=0
N
= *ﬁ Z zm ( Z ﬂl)
m=0 [=m+1
(3.4)

Due to the orthogonality of DQ”I(B ) ,we deduce that

(x(ﬁ)7Wk)a)ﬁ _ (,Sﬁ(ﬁ),,?,fﬁ))w _ (-3?(13)73([3))@[3

B k+1
B I=k
=9 -5 [=k+1
0 other.
(3.5)
A combination of (3.4) and (3.5) leads to
d N N
(5 (P)¥iday =— X+ Y, @, 0<k<N-—I
p I=k+1 I=k+2
— i1 0<k<N-2
S i k=N-—1.
(3.6)
We note that ﬁN:vof):?/:’OI i, then
—ljt1 0<k<N-2
(L n(p). Wiy = { 5
dp Np7lllk(1)ﬁ ZIZI_VO k:N—l
1=0
(3.7
Let
)1 j=k+1, 0<k<N-2
W= 1 j=0,---N—1, k=N-—1.
AN = (a )Ny —(0,0,---,0,1)T

MN = (’1071117' . '7ﬁN—27ﬁN—1>T

fk = (f(uN(p)7p)’ l//k)(l)ﬁ’ FN(MN) = (fi))fl7"'af}V—27f}V—1)T

We derive the following spectral scheme for (3.3)

ANYUN = FN (uy) +voBY
N—1
_ _ 3.8
uy =vgo— Z uj. ( )
1=0

Next, we analyze the numerical error of (3.8). To do this,
let Ey = uy — f’},v We suppose that # is continuous for

p > 0.Let
d - ~ dv

Gp1= EPN‘ Vo) —By - (3.10)
Then, we have that
d 1 ldV
(dpPNv(p) (P)(Dﬁ ( 7¢)(Dﬁ (Gﬁ,17¢)wp v‘p €0 @N(A)
3.11)
Subtracting (3.11) from (3.9) yields that
d
(%EN(I))JZ))(;% = (Gﬁ,27¢)w,3 _(Gﬁ,lv‘P)wB V(P €o gzN(A)a
Eyn(0) =
(3.12)

where
~ dv
Gﬁ,zzf(”N(P%P)—Pz\l/% and En(p) €0 Pn(A)

Taking ¢ = 2Ey in (3.12) leads to

d
2(Ew, %EN)wﬁ 2(Gpa,EN)wy —2(Gp 1, En)ay
:Aﬁ’z +Aﬁ71
(3.13)
Where
Aﬁ,l = _Z(Gﬁ,laEN)a)ﬁ and Aﬁ,Z = Z(Gﬂz;EN)a)ﬁ
Since Ey(0) = 0, integration by parts
d 2
2Ew, g Ex)ey =BIENG, (314
By using the Cauchy inequality, we derive that
|4p.11 < 211G 1 llogllEnllwy < €llEnIG, +
(3.15)
Next, we assume that there exists a real number Y such that
(f(z1,p) = f(z2,p))(z1 —22) < ¥(z1 —22)*  (3.16)
Then
Aﬁl: ( (MN7p) PNdp )wﬁ
=2(f(un.p) — f (B, p) . EN) o
dv dv
2F(Bvp) = F04P),Ex)ay +2( 7 B 3 Ewoy
< 2l|Ew &, +27(Byv —v,En)a
dv -~ dv
2(— —P\—E
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According to the above formula, we obtain that

A 2| <27IEn| +27||PNV V][ g [[EN || g
dv dv
vad ||wﬁ||EN||wB

1 dv

1 dv H
Y Ndp
B2,
(3.17)
Substituting (3.14),(3.15),(3.17) into (3.13), we assert that

BllENIG, < (2r+3e)lEnG, ]IIGB 11l
1 dv ldv

el Ndpn + LB =i,

Then it remains to estimate ||Gg ; ||%l)ﬁ

( dv
IGa a1, < 2=

< \\P&v—vul gt ||d

With the aid of the above formula, we obtain that

(B~ 5) IEnIZ, < cllBlv—vI3, + 1By~ v,
B

Ndp

<c<||PNv—v|| i

dv
+||
1dv
dp Ndp
"HPNV PNV|lwﬁ+|PNV V‘]wﬁ)

(3.19)
where

0 =2y+3¢
By virtue of Lemma 2.5 with o = 0, we derive that
< N2 By — B3,
< eN2(||Blv — v,

|P]\1]v7ﬁ]%7v|%(0ﬁ
+Hv Pivli,)

Substituting this formula into (3.19), we obtain the
following Theorem
Theorem 3.1. If v belongs to A‘}‘Doﬁ (A) ﬂHg,ﬁ (A),

taking 8 such that § > 6,by (2.16) with r = 1 and (2.138),
then
2-s
|En|l@p < cN2 (”VHBZ,O

)M, Tl R

dp HAs 1

Remark 3.1. The algorithm with fixed parameter f3
is still applicable, even if B < §. For example, we assume
that for certain real number y

(f(z1,p)

Then in this case, we take o such that
B > 2(y— a)+ 3¢ =2y + 3¢ and make the variable

— f(z2:p)) (21 —22) < V(21 —22)°

transformation

v(p) =e®U(p), F(U(p),p)=e *f(e*U(p),p)—al(p)
du(p)
U(0) =

We may use (3.8) to resolve (3.24) and obtain the
numerical solution Uy (p). Moreover, the condition (3.16)
ensures the global accuracy of Uy(p).The numerical
solution of (3.3) is given by uy(p) = e*PUn(p)

Remark 3.2. The scheme (3.8)is an implicit scheme.
If f(z; t) is nonlinear function for z, this system can be
solved by nonlinear iteration. Suppose that f(z,z) fulfills
the following Lipschitz condition

L>0

|f(z1,p) = f(z2,p)| < L|z1 — 22},

Then iteration process is convergent.
Proof. Since the scheme (3.8) is equivalently to (3.9),
we consider the following iteration process

(m)
du —
XL p)p). p20
u,(\;")(O)—vo
Where
(m) & (m) (B
Uy (P):thl .,%
=0
Let 2" (p) = u" (p) —u\" " (p). then

( d”; 1(9),0)wy = (£ " (p),p) — (" (0).P).0)
Vo €9 Pn(A),
iy (0) =

Taking ¢ = 2ﬁ1(\;") (p) in the above equation,we derive that

(m=2)

Bllay” (0)I13, <2(£y" " (p),p) — £ (p).p)],
iy (p e
m— m—2 _(m
<2L<\u <p>—u§v ().l ()} o
m—1)
< 2Ly " ag Iy
This inequality implies
12" ()l <—|\ iy -

Thus, for B > 2L, the above iteration process is
convergent. This fact implies the existence of solution of
(3.8).We can prove the uniqueness of solution of (3.8)
easily.

@© 2013 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci. 7, No. 3, 1117-1124 (2013) / www.naturalspublishing.com/Journals.asp

NS ¥ 1123

Figure 2 Convergence rates of relative errors.

4. Numerical results

In this section, we present some numerical results. We use
scheme (3.8) to solve problem (3.3) with the test function
v(p) = (1 4+ p)’e™P. The corresponding right term at
(3.3)is

F0(p),p) = jv(p)+5(1+p) e —(1+p)e P —{(1+p) e

which fulfills the condition (3.16) with y= %. Therefore,
as predicted by Theorem (3.1), for any
B > 2y+3€~0.5, the global numerical error |[uy — v||w,
decays exponentially as N — oo,

To describe the numerical errors, we introduce the
global absolute error Egq = [luy — v||w, and the global

relative error Egr = || “=||w,. In Figurel and Figure2,
we plot the global absolute errors 1g;, of E,, and the
global relative errors Igo of Eg, with various values of N.
They indicate that the global errors decay exponentially
as N increases, They coincide very well with theoretical
analysis.

We next use scheme (3.8) to solve the problem:

dv 1

[ >
o = Gexn(eosp) +F(p). p =0,
v(0) = vy,

-3t

-4t

ga

-6

IoglOE

-7+

-9t
-10F

i 10 15 20 25 30 35

Figure 3 Convergence rates of absolute errors.

10 15 20 25 30 35

Figure 4 Convergence rates of relative errors.

which fulfills the condition (3.16) with y = ¢. Take the

test function v(p) = e P(p + 1)°. Then a direct
computation shows that

F(p) =5eP(p+1)* e P(p+1)° — Lexp(cos(e? (p +1)%)).

Since f(v,p) is a nonlinear function for v, we need a
nonlinear iteration to solve this system.

In Figure3 and Figure4, we plot the global absolute
errors logo of E,, and the global relative errors log;, of
E,, with various values of N. Therefore, as predicted by
Theorem (3.1), for any § > 2y ~ 1, the global numerical
error [[uy —v||w; decays exponentially as N — +eo.

5. Conclusion

In this paper, we propose a new generalized Laguerre
spectral method for the initial problem of the first-order
ordinary differential equations, which has fascinating
advantages.

e The suggested generalized Laguerre spectral
method is based on the modified generalized Laguerre
polynomial approximation on the half line. It provides the
global numerical solution and the global convergence

© 2013 NSP
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naturally, thus it is available for long-time numerical
simulations of dynamical systems.

e The numerical solution is represented by function
form, so it can simulate more entirely the global property
of exact solution.

o The numerical results demonstrate that the new
generalized Laguerre spectral method possesses the
spectral accuracy, which coincides with theoretical
analysis very well.

o In this paper, we also develop a powerful framework
for analyzing various spectral methods of initial value
problems of ODES.

Although we only consider a model problem, the
suggested method and technique are also applicable to
many other problems, such as various evolutionary partial
differential equations and infinite-dimensional nonlinear
dynamical system.
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