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1 Introduction

For a variety of reasons, rational difference equations
recently caught the attention of many scholars. In one
sense, They provide illustrations of nonlinear problems
that, while occasionally treatable, exhibit new dynamics
as compared to the linear situation. However, because
they are commonly used in various biological models,
rational equations also make for interesting study topics.
Large-scale planar rational systems are quickly
investigated in the study of Camouzis et al. [1] for
systems of equations with nonnegative parameters in this
kind of study:

€1+ €Q, + €3R,

Al + BlQn + Can
€4+ 65C2n + GGRn

A2 + B?Qn + CQRn

Qn—i—l =

n=0,1,2,...,

Rn+1 -

they offer some results and open questions.

According to the referenced paper, it is possible to
reduce some of these structures to recently explored
second-order rational equations called Ricatti equations.
Additionally, Camouzis et al. came up with an index of
325 non-comparable systems to which emphasis should
be directed because for some parameter selections, one
acquires a system that is the same as the circumstance
plus some additional factors. These systems are listed as
pairs with the notation k,[, where k& and [ denote the
number of the associated equation. One of many

publications on difference equation structures is one of
many that deals with the periodic positive solutions of
rational difference equations:
1 R,
w1 = 1o RBusn = o,
Q i Rn i Qn—an—l
was acquired by Cinar in [2].
The following system of differential equations has
been solved by Elsayed [3]:

1 Rn—k
n - 5 Rn = .
Q i Rn—k i Qan

Elsayed and Gafel [4] dealt with periodic and systems
of difference equations and their solutions:

1+ (Rn + anl) 1+ (Qn + Rn—l)

QnJrl -

) Rn =
Rn_Q 1 Qn—Q

The way the following system’s constructive solutions
behave:
anl Rnfl
i1 = T, Ryt =
Q i 1+ Qn—an i 1+ Rn—lQn
Kurbanli et al. [5] have examined the subject.

Kurbanli [6] explored how the difference equation
system’s solution behaved:
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Qn—l Rn—l
= R -
Qn+1 Qn—an 1 n+1 Rn—lQn 1
1
S. =—.
n+1 San
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Ozban [7] has looked into A set of rational difference
formulas’ positive solution:

o BRn—B

n = 75 Rn == 5 -
Q i Rn73 i ananfq

The periodicity of the following systems was also
explored by Touafek et al. [8] who provided the form of
the solutions:

T Qu (L E R, T T Ry (R1 £ Q)

In [9, 10] Yalcinkaya looked into the necessary

conditions for the systems listed below of difference
equations to be globally asymptotically stable:

g . tnSn_1+ « " . Sptn—1+ a
nH tn + Snfl P Sn +tn71 ’
and
Qn + Rn—l Rn + Qn—l
np1 = AL Ry = L
Q i Qanfl - 1 1 Rnanl - 1

In [11, 12], Global asymptotic stability, persistence,
and boundedness of positive solutions to systems of
difference equations were all topics of study by Zhang et
al.

1 Rnfl
n=4 , Rp=A4 7—7—,
Q * Rn—p N Qn—ar—s

and

R’I’I*m n—m
Rupy = A+ Soom

Qn ’ Rn

Qnt =A+

Reasonable difference equations in nonlinear
structures and difference equations have both been
researched; more details can be found in [13]- [38].

Definition 1.(Periodicity) If Qn+p = Qn foralln > —k.,
a sequence {Q,}5° _,. is said to be periodic with period
P.

The periodicity and shape of several nonlinear
difference equation systems of order three percent are
examined in this research:

Q — Qan—Q
et Rnfl (:l:l + Qan72) ’
R,Qn—
o Qn-s

T Quo1 (1 £ RyQno)’

with initially requirements that @ _o, Q_1, Qo, R—2, R_1,
and R, are real, nonzero values.

2 The First System

This section provides the format of the system of
difference equations solutions:

Q | = Qan—Q
e Rnfl (*1 - 62711%7172)7 (1)
RnQn72
Rn+1

- Qn—l (_1 + Rn¢2n—2)7

in which n = 0,1,2,--- and the initial circumstances
Q-2, Q_1, Qo, R_2, R_1 and Ry are arbitrary
nonzero real numbers with Qo R_o # —1, Q_oRy # 1.

Theorem 1.If {Q,, R,} are differences in the solutions

formula system (1). Then forn =0,1,2,--- :

Baw™ (=1 + )™
v (=1 — aw)™’

ol an+1wn+1(71 + o)™

aw"
Q4n72 = Wa Q4n71 =

Q4n = ,yné‘n ’ Q4n+1 = e,yné‘n(_l _ aw)n-i—l )
and
o™ ey™o" (—1 — aw)™
Ryp—o = Ry _ 1 =
4n—2 a”w"*l’ 4n—1 anw™ (*14”75)”7
,ynén-i—l ’yn+16"+1(—1 _ aw)n
Ran = -0 Ban1 = 00 pr
anw Bamrw™(—1 + 79)

with Q2 = ¢, Q-1 =b, Qo =a, R.o =w, Ry =
eand Ry = d.

Proof.For n = 0, the conclusion is valid. Let’s assume that
n > 1 and n — 1 are both consistent with our assumption.
Meaning:

n—1, n—1

(6% w
Qin—6 = W7
Q _ (ﬂa)nflwn71(71+75)nfl
An=5 A =Tgn=1(=1 — qa)n—1 )
Q _ anwnfl ( )
dn—4 = ,Ynflé‘nfl’
Q _ anwn(_l _’_,y(s)nfl
n=3 = eyr—16n—1(—1 — aw)?’
and
n—1sn—1
AT
Rin—6 = -5 =5
B _ e’yn715n71(71 _ Oéw)nil
TS T g Tyn=1(Z1 4 )1
,yn—lén (3)
R4n—4 = T 1
anflwnfl
n§n(—1 — qw n—1
R4n—3 = 2 ( )

(Ba)Twr 1 (T +70)"
Now, it is evident from Eq. (1) that:
Q4n73R4n75

Qin-z = Ryp—1(—1— Qan—3Ran—s5)"
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Uisng Egs. (3) and (3) to get:

()

Q4n—2 - ’yn_l(sn | a
an—lyn—1 (—1 — aw)
_ aw _aw"
- n—1n = Ta—1sn’
V"o 1o
(W) (1 — Qw + O[’U.))
Runs Ryn—3Qun—s

" Qun—a (—1 + Ran—3Qun_s)
_ ((11;75))
a1t 0
(=) (1 (=59))

= n,,n—1  Amayn—1"
(S ) ambas)

,Ynfldnf 1
Additionally, Eq. (1) shows that:

Quny = Qan—2Ran—4
Rin—3 (1= Qan—2Rn—1)
_ ow
A" (=1 — aw)" 1
(o) 1o
aw(Ba)" (1 4 48)"
At (—1 — aw)! (=1 — aw)
_ Ba"w(=14~0)"
(=1 — aw)
R 1 — Ryn—2Qan—4
Quin—3 (=1 + Ran—2Qun—1)
~é

_ Rapn—1Qan—3
" Qun—2(—1+ Ripn—1Qun—3)
¥d
SEED)

() )

7”715n75 B ,YndnJrl

amw” (1 — 3 + ~0) anwn

R4n

Finally, Eq. (1) demonstrates that:

Qunis = QanBRan—2
nt R4n71 (*1 - Q4nR4n72)
ow

ey™o" (—1 — aw)™
(anw" (1490 ) (1 ow)
a"w"aw(—1 4 y§)"
ey (=1 — aw)™ (=1 — aw)
a (-1 + y0)m
ey (—1 — aw)ntt

RynQan—2
Qan—1 (=1 + R4nQun—2)
¥4
Baw™ (=1 +~0)"
(S i) 1470
B 6"y (=1 — aw)™
- Barwn(—1+76)" (=1 +~0)
B ALt (-1 — qw)™
~ Bamwn(—1+q8)n

Rypt1 =

The evidence is now complete.

%N S\ 873

Lemma 1.With the exception of the following scenario,
system (1)’s solution is unlimited.

anwn(_l +,}/6)n—1
(e,-ynlé‘nl(l _ aw)n) (—1+10)
Yoey 1o (=1 — aw)” Theorem 2.If v0 = 2, aw = —2, system (1) has an eight-
amrw (=1 + 76"~ (=1 +~9) period then the periodic solution and it has a subsequent
ey 0" (=1 — aw)™ Jorm:

T At (—1 + o) aw o
( K ) {Qn}:{7;6;04;?5_75_67_04;_777;6504;---}7

and so, 5 5
Oun = Qan—1Ran—3 {R.} = {w,e,v,l,w, e,5,l,w,e,5,...} .

" Ryn—2(—1— Qun—1Ran—3) B B
_ow ProofLet’s assume that there is a prime period eight

_ (=1-aw) answer first.

o aw aw aw

(anwnl) (_1_ (1aw)) {Qn}:{7767a7?7_77_65_057_?;77676“7---}a
anwnflaw an+1wn

¥d ¥d
= = Rn = ) ada s Wy T 7_67_ s W 567"' ’
yd7 (1 — aw + aw) ynon {Fn} {w ¢ B e b }
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of the system (1), we see from the form of the solution of
system (1) that:

aw"
n—2 — Ty = TR
Q4 2 v ,yn—l(‘)‘n
Baw™ (—1+~o)"
n—1==x8= )
Q4 1 /8 ,yné-n (_1 _ ch)”
n+1,,,n
Q4n =+a= uv
,Yn(Sn
aw Q" Tlynt(—1 4+ 46)"
Q4n+1 =f—= nsn ( ’ZlJr)l ’
e ey0"(—1 — aw)
and
n6n
Rap—2=xw = 771,
awn
ngn (1 — n
Ryp—1 = Fe= & ( ow) ;
arw™ (=14 ~y5)"
né‘n-}-l
Rip=46="1"—v,
amwm
5 nHLgenti(—1 — aqw)”
Rint1 = + 20 ( )1 :
B~ Barwn(—1+0)n
Then we get:
¥ =—aw, —14+9=-1—-aw=1
Thus
Y6 =2, aw=—-2.
Second, enumerate v = 2, aw = —2. The design of the

System (1) solution demonstrates this to us”

aw™

Qan—2 = 7"_715" =(=1)"¢,
patw™ (“1+796)" _

n—1 = =(-1)" )
@an—1 Amen (=1 — aw)? (=18
an-l—l,wn
W= = (-1,
Q4 ~ngn ()"«
a i TH(—1 + 48" aw
b1 = = (—n
Q4 +1 67"5”(71 _ aw)nJrl ( ) e
and
T n
R4n72 = W = (71) w,
ey"o" (—1 — aw)™
Ryn—1 = = (=1)",
A=l g (=1 4+~o)" (=1)"
n6n+1
R4n - 7 o (71)7%75
aw
n+16n+1 —1 — aw)™ 5}
R4n+1 — ’y ( ) _ (_1)n’y_

Bamun (—1 1oyt

As a result, the proof is finished, and we get an eight-
period periodic answer.

We believe that the systems in the next paragraphs are
sound, and the reader is therefore left to prove the
following theorems.

Q | = Qan—Q
e Rnfl (*1 - 62711%7172)7 4
RnQn—Q ( )
Rn+1

T Quo1(—1— RuQn_a)

The definitions of the form of the solutions to system (4)
are the focus of the subsequent theorem Q2 = ¢, Q-1 =
b, QO = a, R,Q == f, R,1 :eandRo =d.

Theorem 3.Assume that (Q,, and R, are the solutions to
system (4), in which case QoR_s, Q_2Ry # —1. Then
forn=20,1,2,---,

0 _ aw" 0 _ Baw™ (=1 —~o)"
An—2 7"_16" ) 4n—1 ’y"(sn (_1 — aw)" )
anJrlwn an+1wn+1(_1 _ 76)’”

Q4n = Wa Q4n+1 - 6’}/”5"(*1 — aw)n+1 5

and
~"o" ey™d" (—1 — aw)”
Ryp—g= ————, Ryp_1=
4n—2 a”w"*l’ 4n—1 anw™ (71 — ’)/5)" )
,ynén-i—l ’yn+16"+1(—1 _ aw)n
Rin = ———, Rany1 = T
anw™ ﬂanwn(fl _ 75)n+

Lemma 2.With the exception of the following scenario,
system (4)’s solution is unlimited.

Theorem 4.If 70 = aw = —2, the system (2) has a
periodical solution with a period of four, and will appear

as depicted below. {Q,} = {’Y,ﬂ,a, ch,%ﬂ’a7 } 7
e
)
{Rn} = {wvev(S; %,w,e,é, } .

Proof.Let’s start by assuming that there is a prime period
four answer.

{Qu} = {78,027, 8,0, .},

)
7{R,} = {w,e,é, %,w,e,&, } .

Considering system (4), we note from the structure of its
solution that:

o w"
Qun—2 =7 = S
_ o pauw” (1 —~0)"
Q4n71 - /8 - ,yn(sn (_1 _ aw)n)
anJrlwn
Qun =a = ’7"7,
0 Cow oMt (=1 —16)"
LT T T eynn(—1 — aw)n L
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and
77/677/
Ryp—2=w= 7717
awn—
nEgn (1 — n
R4n71 = €= a ( aw) )
arw™ (=1 — )"
né‘n-}-l
Ry=6=1——
aw™
v6 AT (-1 — aw)”
Rypy1 = — = T
B Barwr(=1—~é)"*

Then we get:

Yo=aw, —1—vd=—-1—aw=1
Thus
76 = aw = —2.

Second, assume that v§ = aw = —2. Then we see
from the form of the solution of system (4) that Secondly,
suppose 70 = aw = —2.. The shape of the solution to
System (4) shows us that:

aw"
Qan—2 = 7"_715" =7
a™w™ (=1 —~y0)"
Q4n—1 = /8 ( 7 ) = 67
yrom (=1 — aw)”
an-l—l,wn
Qun = W =,
a" Ml (—1 — 46" aw
Q4n+1 - 1 =
ey 0™ (—1 — aw)™t e
and
né‘n
Ryp—2 = % = w,
a™w
ngn (1 — n
Ry = 210" aw) _

amw™ (=1 —~8"
RynT = fracy™s" o w™ = 7,
,Yn+15n+1(71 _ aw)n 75

in which n = 0,1,2,..- and the initial circumstances
Q_2, Q_1, Qo, R_o, R_1 and Ry are random nonzero
real values that have Qo R_o # 1.

Theorem 5.If {Q,,, R, } are answers to the system of three
difference equations. Then forn =0,1,2,--- |

n..n n—1
a”w .
Qan—2 = SngnT (1+ (4)5v9),
g o
n—1
o H (14 (45 +1)76)
0 _ Ba™w™ j=o
In—1 7”5” (71 ¥ OﬂU)n )
an-l—lwn n—1 .
Qun = — 50— T+ (45 +2)y9),
v iy
an+1wn+1 n—1
ntl = 1+ (45 + 3)7v0),

Qan+1 ey (— 1+ aw) E)( + (47 + 3)79)

and

Ryp—2 = "o T !

" a1 o (14 (45 + 2)79)’
eyon (=14 aw)”

Ran—1 = anwn™ n—1 ) )
[T (1+ (45 +3)y9)
=0

né‘n-}-l n—1 1

R4n = 2

arwt (14 (45 + 4)79)’
,yn+1d5n+1

Banwn 1 +76 n—1 )
( ) Ho(l + (47 + 5)v0)
‘7:
where Q—2 =7, Q—l = 67 QO = qQ, R—2 =w, R—l =
e and Ry = 6.

(—14+ aw)™

R4n+1 -

3

Proof.Since n = 0, the conclusion is valid. Let’s now
assume that n > 0 and that n — 1 are consistent with our
assumption. meaning,

Ryny1 = = . n—1, n—1 n—=2
Naopn(_1 n+1 « w .
Barwn(—1 = 9) B Qan—6 = Py ) [T+ @),
Since we currently have a periodical solution for period 4, =0
the proof is finished. n=2 .
(Ba)—Lum=1 l:[o(l + (45 4+ 1)v0)
Q4n75 = 1 = i
n— 5n—1 —14 aw n—1
3 The Second System: ! I ( )
a"w" o )
The solutions to the set of difference equations are given Qun-1 = yn—1lgn-1 1 (1+ (47 +2)79),
in this section. =0
n—2
n+l = s 7=0
Rnf -1+ anf n—3 — )
15% 0 C”: 2) (5) Qan—s eyr=15n=1" (=1 + aw)"
Rn — n n— ,
T Qua (14 RaQuo) and
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7”715n71 n—2 1
R4"76 - on—1,,n—2 . ’
an—ly o (14 (45 + 2)79)
e,ynflénfl (_1 + Oé’w)nil
R4n_5 = an—lyn—1 n—2 ) ’
[T 1+ (45 +3)79)
=0
,yn—lén n—2 1
Rin—4 = ———— . ;
e (14 (45 +4)79)
n5n 71 + aw n—1
Ruv s — gl ( ) _

Ba n—lwn—l 1 +'76 n—2 )

(Ba) ( ) Ho(l + (45 + 5)v0)
j=

Now, Eq. (5) indicates that:

Qan—3R4an—s
Rin—a (—1+ Qan—3Ran—5)

(o 7am)

= X
,.yn—l(;n nﬁ2 1
an~twn =t 5 (14 (45 4 4)796)

1

( (=vem))

aw

Q4n—2 =

,.yn—l(;n n—2 1
an—twn=t iy (1+ (45 +4)79)

)(law+aw)

n—1, n—1 n—2
=SSR+ )+ 409)

—1
,yn 5n =0

= O T+ (4g)n0),

—1
,yn 571 =6

Ryn_3Qun—s
Qan—41 (1 + Rypn—3Quan—s)
n—2
[T+ (45 +1)y0)
Y0 =0

T 0 4 45+ 5)70)

Ryp_o =

Jj=0

= X
ETEXTI—

,-ynfl(Snfl 5=0

T+ (4 + 1)96)
T =
(1479) 1;[0(1 + (4] + 5)79)

. L
(1 + (4n — 3)76)

(s o o0 (o (ramang))
~6

Qw1 n-2 _
(W _Ho(l + (45 +2)79) | (1 + (4n — 3)v6 +~9)
=

n—lén,—l

Y 74
(anwnfl flj:(l + (45 + 2)75)> (14 (4n — 2)~9)

AT

n—1 .
arwn =L TL (14 (47 + 2)79)
j=

Moreover, Eq. (5) illustrates that:

Qan—2Ran_4

Rin—3(—1+ Qan—2Ran_4)
ow

QRan-1 =

,ynén (_1+aw)n71

(Ba)"—Lw =1 (1 + 70) ”ff@ + (47 +5)79)

Jj=0

(Ba)"_lw"_l(l + vd)ow 7,%1:[2(1 + (45 4+ 5)79)

7=0
707 (—1 + aw)™ 1 (-1 4 aw)
n—1
paw™ I (14 (45 +1)79)
§=0

yd7 (=1 + aw)™ ’

Ryn—2Quan—4a

Run_1 =
T Quns (14 Rin—2Qun—4a)

<(1 + (425— 2)75)>

n—2

w1+ (45 +3)79)

a”w j=0
e,yn—lén—l

(=14 aw)”

1

(1 (ra=am))
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vd

L+ (45 + 3)70)

aw =0

(=14 aw)™

1
(1+ (4n — 2)70 + 79)
ey 16" Iyg(—1 + aw)™
n—2
arw™ TT (14 (45 +3)vd) (1 +
§=0
ey (=1 + aw)™

(4n — 1)74)

n—1 :
arw™ [T (14 (45 + 3)79)
j=0

We can also demonstrate the opposite formula. The
evidence is conclusive.

4 The Third System:

_ey"s” e (1— (45 +1)aw)
L @sne)

76T (1 (45 + 2)aw)

R4n =

oo W G
R n+16n+1 "1:[ 1 _ 4] +3) )
dntl = Banw™ (1 + ~9) 6 (1+ (45 +5)79)°

where Q—2 =7, Q—l = 67 QO = qQ, R—2 =w, R—l =
e and Ry = 6.

ProofWhen n = 0, the conclusion is valid. Let’s now
assume that n > 0 and that n — 1 are consistent with our
assumption. meaning,

n—1, n—1n"=2

0 _o"w (14 (45)79)
We look into the answers to a set of two difference =67 n=Tgn—2 (- (47 + 2)aw)’
equations in this part: = )
OuF s O . (Bt T (L4 (4 + 1)9)
Qn+1 = Rn71 (1 — Qan72)7 7"715n71 (1 — (4] =+ 3)0&?1}),
RyQn s © -
Rp+1 = nen- , _ (14 (45 + 2)79)
anl (1 + RnQn72) Q4"_4 - An= 15n ]:[ 1— 4] + 4 )
in which n € N and the initial circumstances Q) _s, Q _1, B
Qo, R_2, R_1 and Ry are randomly chosen nonzero real Q B a™w"” 1:[ (14 (45 + 3)79)
numbers. 8T eyn=1gn—1(1 — qu) i+ (1= (4j + 5)aw)’
Theorem 6.Assuming that the solutions to system (6) are
{Qn, Rn}. Then we observe that the subsequent formula
gives all of the solutions to the system (6) for and
n=0,1,2,-:
0 _auw e (14 (45)~9) Rur s — An—lgn—1 222 (1 — (45)aw)
4n—2 A=t i (1— (45 + 2)aw)’ n—6 a” Toyn—2 o 1 + (45 + 2)vd)’
n—1 . _1 n—2
Quny = Baw™ H (1+ (45 + 1)79) Run_s = eyn—1lont (1 - (454 ow)
" ymen 2 (1= (45 + 3)aw)’ T qnelgnet s (14 (45 + 3)y0)”’
o :a"+1w"ﬁ(1+(4j+2)75) Rur i Ar=lgn 22 (1 — (45 + 2)aw)
n ngn i (1— (45 +4)aw)’ mTAE T e Tgn—1 i (1+ (45 +4)70)’
0 vttt ”1:[ (1 + (45 + 3)70) Ry = A" 1:[ 1 — (45 + 3)aw)
dntl = ey 6™ (1 — aw) iy (1— (45 +5)aw)’ " (Ba)r w1 (1 4 ~0) o (14 (45 +5)79)
and
- NI n—1 (1= (4§)ow) Now, Eq. (6) indicates that:
=2 = =1 LU0 2)6)
Q4 y = Q4n73R4n75
" Run—a(1— Qun—3Ran_s)
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(u“:w). i) L

- amwn=t iy (1+ (4] 4 2)70)
ynlgn n=2 (1 — (45 + 2)aw)

<a” Lyrn=1 250 (14 (45 +4) 75 ) Additionally, Egs. (6) show that:

_ Qan—2Ran—4
1_ aw  "H (1 — (4j +1)aw) Qun-1= Rin—3 (1 = Qan—2Ran—1)
(1- aw) j=0 (1 —(4j +5)aw) ( aw >
(1 - (4n — 2)aw)

( aw ) _ v
_ (1 — (4n — 3)aw) 6" n=2 (1 — (45 + 3)aw)
Anlgn =2 (1 — (45 + 2)aw) (Ba)=twn=1(1 4+ ~6) j=o (1+ (4 +5)7d)
an—lwn=1 2 (1 + (45 + 4)76) 1
1 aw
(1 o ) (1 - ((1 ~(in—2)aw)
(1+ (4n = 3)aw) (B (1L 4 yd)aw 1:[ (1+ (45 + 5)70)
- oLyl 1:[ (1+ @4 +4)90) (76" (1~ (4n—2)aw —aw) 4 (1 (4] + 3)aw)
A1 (1 — (4n — 3)aw — aw) L (1 — (45 + 2)aw) ne2 ,
= _ Ba™w™(1 + ~4) H (14 (45 +5)70)
B o — + (45 + 4)v90) 0™ (1 — (4n — 1)aw) o (1 — (47 + 3)aw)
T n—ign (1 (4n— 2 1:[ — (4§ + 2)aw) n-1 :
=0 Ba™w" (1+ (45 +1)y9)

_ awr Hl (1+ (47)70) Ty i (1= (45 4 3)aw)”
- qn-lgn o (1— (45 + 2)aw)’

Ruy = Run—3Qun—5 R _ Rup—2Qun—a
" Qun—a (14 Rupn—3Qun—s) T Qun—s (14 Rap—2Qun—a)
10 (4 (454 1)39) (7—5)
(1 +796) j=o (1+ (4 +5)76) _ (14 (4n — 2)79) "
= X n.n n— .
a1 n—2 (1 + (43 + 2)’}/6) < _ (s_fiu H2 (1 + (4] + 3)7(” )
Y TenT L (1= (45 + 4)aw) ey 16 H1 — ow) ;o (1 — (45 + 5)ow)
1
1
2 (14 (45 + 1)70) <1 + gi
n— j i —
1+ (14 (4n —2)79)
< <<1+ o 0@ 6))) '
= X
7—5) anwn n=2 (1 4 (4j + 3)70)
_ ((1 + (4n — 3)79) « <e,yn—16n—1(1 ~aw) jl;lo (1— (4 + 5)aw)
( ot ne? <1+<4j+2>ws>> 1
1 n— .
” _ Y6y (1 — aw) 1—[2 (1 - (454 5)aw)
1+ — ™ (1 4n — 1)~6 1 47 + 3)v0
(+(1+(4n M) arur (L (dn — 170) 1L (T (47 +3)70)
) i ﬁ (4 + o) _ 70" (L= (4 + Dow)
~anwn—1 (14 (4n — j: (14 (45 + 2)79) arwt (14 (45 + 3)79)
= R 1:[ (-4 _+ 4)aw) We may also demonstrate the other relationships. The
amw" =t (1 + (4n — 2)74) =0 (1+ (45 +2)v9) evidence is conclusive.

© 2024 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci. 18, No. 4, 871-883 (2024) / www.naturalspublishing.com/Journals.asp

%N S\ 879

5 Other Systems

Since all of the theorems being proved here are similar
to those in the systems of difference equations discussed
before, they will not all be proved here Q5 = v, Q-1 =
6, QQ = Q, R_2 =w, R_1 :eandRO =9.

Qn+1 = RIS
Ro1(1—QnRn—2)’ e
Rpq1 = B Q> .
Qn-1(1 = RyQn-2)
Qn+1 = Qnltn>
Ry 1 (=14 QnRn_2)’ @)
Ryl = B Qn— .
anl (1 - RnQn72)
QnRn—2
Qn+1 - Rnfl (71 — Qan72), (9)
Rpi1 = BnQn—2 :
anl (1 + RnQn72)
QanfQ
Qn+1 - Rn—l (_1 — Qan—Q), (]O)
R _ RnQn72
n+1 —

Qn—l (1 - RnQn—Q) .

Theorem 7.The formula below provides the solutions of
the subsequent system (5)n =0,1,2,---:

Ouy— "0 T (1= (45)90)
" ~non—l o (1— (45 + 2)aw)’
_ Bamw" T (1 - (45 4 1)78)
Quin-1 = =55 1;[0 (1— (45 + 3)aw)’
Oun = am T T (1 - (45 4 2)79)
T ynan g (1= (47 +4)aw)’
antlyn T (1= (45 4 3)90)
Qan+1 = ey 6™ (1 — aw) ];-[ 1— (45 +5)aw)’
and

n—1

(1 - (47)aw)
Ran—2 = anwn 1 H

(1— (454 2)v0)’

ey r (1= (45 + Daw)
ot = EO (1= (4 +3)9)"
Ry, — Angntl et (1— (45 4+ 2)ow)
" anwn o (1— (45 +4)70) "’
- cntlgntl ”1:[ (1— (45 + 3)aw)
Antl = Barw™(1 — ~9d) o (1 — (45 +5)v6)

Theorem 8.If {Q,, R.} are solutions of the difference
equation system (6) where the initial circumstances
Q_2, Q_1, Qo, R_o, R_1 and Ry are arbitrarily
nonzero real numbers with QQ_oRy # 1. Then, for

n=0,1,2-:

atw™ n—1 '
Qun—2 = Sngn—1 (1 = (45)79),

Y j—O

s 1] (1 (4] + 1)70)
Q4n—1 - — )

ymen (=1 4+ aw)”

n+1,,n n—1

Q w i
Qun =g L0 =7+ 290,
7=0
an+ n+1 el
Qan+1 ey6n(—1 + aw) 1 H (47 + 3)v9),
and
n—1
_men 1
Ryp—2 = arwn—1 ;EIO (1-(45+ 2)75)7
e o™ -1+ aw)™
Ry = Ojr/lwn n— 1( ) ,
T (1 — (45 + 3)76)
§=0
n5n+1 n—1 1
Ry = i - )
anw™ 0 (1 — (4] + 4)’75)
et gne (-1 +aw)"
Ran+1 = Barwn (1 — yd)
H (1— (45 + 5)75)

7=0

Theorem 9.If {Q.,,, R,} are solutions of the difference
equations system (7) where the initial circumstances
Q-2, Q_1, Qo, R_o, R_1, and Ry are arbitrarily
nonzero real numbers with Q_oRy # —1. Then, for
n=20,1,2,---:

n..n n—1

o w .
Qin—2= ——— | | (1 + (45)"9),
n§ :
7=0
n—1 )
Lo (T4 (45 +1)v6)
0 _ Ba =0
LT T yngn (-1 —aw)»
anJrlwn n—1
= 1 45 + 2
7=0
n+1 n+1 n—1
(14 (45
Qant1 = ey on (=1 — )t 1_[0 + (45 + 3)790),
and
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talks and to explain the findings of the other sections.
— These illustrations show several qualitative behaviors of
Rup s = Yo 1 nonlinear difference equation solutions.
" anqn—1 o (1+ (45 + 2)7v0)’
ey™om -1 —aw)™
Ran—1 = /Zl n n— 1( ) ’
aw
[T (1 + (45 +3)79)
=0 Example 1.We take into account a numerical example of
At n_l 1 the difference system (1) with the initial values Q_o =
Ryn = . 05, Q-1 =4,Q = 0.2, R_y = 0.7, R_; = 8, and
Na N 1 4 4 5 ? «Jy —1 > 4 0 « Ly —2 oy —1 )
arw j=0 (1+ (47 +4)79) Ry = 0.2, (See Fig. 1).
n+15n+1 1 — aw)”
Rinet = — (= )

Porun (30" (1 4 (4 4 5)90)
7=0

Theorem 10.Consider that {Q,, Ry, } are solutions of the
system (8) with the initial circumstances Q) _s, Q—_1, Qo,

R_5, R_1, and Ry are arbitrarily nonzero real numbers
with Q_oRg # —1. Then, forn =0,1,2,---:

n—1
aw™

Qan—2 = W | (1 — (45)76),
7=0
n—1
o L= (47 +1)79)
Baw™ j=0
Q4n71 n(‘)‘n (_1 — CY’LU)" )

an-l—l,wn n—1

= — 1—(4574+2
Q=5 110 =45 +2)09),
7=0
n+1 n+1 n—1
a1l = (4 3)v9
Qan+1 (= 1—0411;”*11—[0 (47 + 3)79),
and
R B ,Yn(sn n—1 1
2T g1 5 (1= (4j +2)70)’
ey o™ —1 — aw)™
R4n71 = O;len nfl( ) ’
[T(1—(45+3)79)
j=0
n5n+1 n—1 1
R4n = 7 3 )
arwn o (1= (4] +4)79)
n+15n+1 1 — aw)”
Rinet = — (- )

Pt (- 4y 5)

6 Numerical Examples

In this section, we take a look at several fascinating
numerical examples in order to support our theoretical

plot of X(n+1)=Y(n-2)X(n)/Y(n-1)(=1-Y(n-2)X(n)), Y (n+1)=X(n- 2)Y( VX (n=1)(=1+X(n-2)Y(n))
30 . . : . T

x(n).y(n)

Fig. 1: Example 1.

Example 2.We consider a fascinating example for the
difference system (1) with the beginning circumstances.
Q2=5Q_1=-4Q =-2/T,R.o=7,R_1 =8,
and Ry = 0.4, (See Fig. 2).

plot of X(n+1)=Y(n-2)X(n)/Y(n-1)(=1=Y(n-2)X(n)),Y (n+1)=X(n-2)Y(n)/X(n=1)(=1+X(n-2)Y(n))
10 T T T T T T T T

A \ \ \ \ l X(n)
\ 4 4 4 4 ==

x(n).y(n)

5 10 15 20 25 30 35 40 45 50

Fig. 2: Example 2.

Example 3.With the initial circumstances, we investigate
an intriguing numerical example for the difference system
(5),Q-2=0.15,Q_1 = —0.24,Q9 = 0.13, R_o = 0.17,
R_; =0.18,and Ry = 0.2, see Fig. 3.
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plot of X(n+1)=Y(n-2)X(n)/Y(n=1)(=1=Y(n-2)X(n)), Y (n+1)=X(n-2)Y (N)/X(n—1)(~1-X(n-2) Y (n))

3b

x(n).y(n)

Fig. 3: Example 3.

Example 4.1f we consider system (2) with the initial
conditions: Q2 =5,Q_1 = —4,Qo = -2/7, R =71,
R_; =8,and Ry = —0.4, we get Fig. 4.

plot of X(n+1)=Y(n-2)X(n)/Y(n-1)(=1-Y(n=2)X(n)),Y(n+1)=X(n-2)Y(n)/X(n-1)(=1-X(n-2)Y(n))

T A A =
\‘ “ [ I “‘7”

x(n),y(n)
n

Fig. 4: Example 3.

Example 5,When we input the beginning conditions:
Q-2 =0.15, Q-1 = —0.24, Q9 = 0.13, R_2 = 0.17,
R_1 = 0.18, and Ry = 0.2. We presume the difference
equations system (6), see Fig. 5.

plot of X(n+1)=Y(n-2)X(n)/Y(n-1)(=1+Y(n=2)X(n)),Y(n+1)=X(n-2)Y(n)/X(n-1)(1+X(n-2)Y(n))

x(n),y(n)
o

Fig. 5: Example 5

Example 6.Fig. 6 depicts the behavior of the difference
system’s  solution wunder its initial conditions:
Q-2 =0.11,Q_1 = —0.14, Qy = —0.13, R_o = 0.14,
R_1 =-0.128,and Ry = 0.22.

40

plot of X(n+1)=Y(n-2)X(n)/Y(n=1)(1=Y(n-2)X(n)),Y(n+1)=X(n-2)Y (n)/X(n-1)(1+X(n-2)Y(n))

0.5
g or
g -0.51
1+
-15 L L
5 10 15 20 25 30 35 40
n
Fig. 6: Example 6
Example 7When we set the initial circumstances

Q-2 = 041, Q-1 = 0.6, Qo = 0.13, R_o = 0.14,
R_; = 0.38, and Ry = —0.22, we take the system of
difference equations (7) into consideration, see Fig. 7.

plot of X(n+1)=Y(n-2)X(n)/Y(n-1)(1=Y(n-2)X(n)),Y(n+1)=X(n-2)Y (n)/X(n-1)(1-X(n-2) Y (n))

20 ; :
A
1o / ]
— \/ | c\/ “ \/ \
S ol — N / \ | \ / \
= = / \ | | [ \
: N 7 N
/ | \ |
\ [
10 | | b
\/ \
\
0 ‘ ‘ ‘ ‘ ‘ ‘ ‘
5 10 15 20 25 30 35 40

Fig. 7: Example 7.

Example 8.Fig. 8 depicts the behaviour of the difference

system’s solution under the initial conditions: ) o = 1.9,
= —0.3

Q-1 =-06,Qy = —03,R_o = —04, R_;
and Ry = 0.2.
plot of X(n+1)=Y(n-2)X(n)/Y(n-1)(=1+Y(n=2)X(n)),Y(n+1)=X(n-2)Y(n)/X(n-1)(1-X(n-2)Y(n))
101
— 5r
< 4l
-101
s ‘ LV ‘ ‘ ‘ ‘
5 10 15 20 25 30 35 40
n
Fig. 8: Example 8.

7 Conclusion

In this article, the solvability of systems of third-order
rational difference equations has been discussed.
Consequently, according to their nonzero initial
conditions, several systems are introduced concerning
their periodicity. In addition, each system is examined
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and presented as associated with its theoretical existence
and uniqueness. Finally, several numerical examples are
depicted to ensure the theoretical studies of the presented
and developed systems of third-order rational difference
equations.
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