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Abstract: In this paper, we estimate the parameter of stress-strength reliability (R = P(X < Y)) of two independent random variables X
and Y , X denote to stress, Y denote to strength and have Burr XII distributions. Based on the assumption of strength and stress variables
are subjected to partially step-stress accelerated life test the reliability of a system is discussed. The point estimate of R is computes
with maximum likelihood and Bayes estimations. Also, confidence intervals of R are computed with asymptotic distribution, bootstrap
technique and Bayesian credible intervals. The reliability of the system under R is computed with respected to numerical example. The
results are assessed and compared by constructed Monte Carlo simulation study.

Keywords: Burr XII distribution; Stress-strength reliability; Maximum likelihood estimation; Bootstrap techniques; Bayes estimation.

1 Introduction

In applied science, when the stress is greater than the
applied strength the system is failing. The mechanical
reliability of a system or units is measuring by estimating
R. Practice, if we denoted to the lifetimes of two devices
by variables X and Y then the parameter R is used to
measure the probability that one fails before the other. For
example, in a laboratory test put under failure voltage
levels the two types of electrical cable insulation.
Increasing voltage stress is applied on the two types
electrical cable insulation. Our objective is determining
the longer life type of insulation. If, we denoted to the
lifetimes of type 1 by X and the lifetimes of type 2 by Y.
Hence, the estimate value of R = P(X >Y) take the value
greater than 0.5 then Type 1 of insulation is superiority in
the form of longevity. The parametric and nonparametric
estimate of R discussed early by AL-Hussaine et al. [1].
For extensive review of R see, Nadarajah [2], Mokhlis [3],
Kundu and Gupta [4], Kundu and Gupta [5],
Krishnamoorthy and Mukherjee [6] and Kundu and
Raqab [7]. Recently, this problem discussed by Mahmoud
et al. [8], Abd-Elmougod and Abu-Zinadah [9] and
Sarhan and Tolba [10].

Under modern technology a highly reliable products
are available and the problem of obtaining more

information about the lifetime of products is more
difficult. Also, a long period of time is used to test units
under normal conditions. One way to overcome this
problem the authors used censoring schemes. But, the
important one in applied science to overcome this
problem is accelerated life tests (ALTs). The key word of
ALTs was presented by Nelson [11]. Different types of
ALTs are available, the first type of ALTs is called
constant stress ALTs, in which the stress is kept under
constant level of stress through the test. The second type
of ALTs is called progressive stress ALTSs, in which the
stress level is continual increasing the test. The third type
of ALTs is called step-stress ALTSs. In step-stress ALTS,
the stress level is changed through fixed time or number
of failure. When the model of ALTs pass through normal
and stress conditions then, we mean partially ALTs. In
this paper, we adopt partially step-stress ALTs, see
Soliman et al. [12] and Al-Essa et al. [13].

Burr XII distribution is one of Burr system which
contain twelve distributions with a variety of density
shapes, see Burr [14]. Its has applied in reliability studies,
quality control, business, chemical engineering, medical
study. The random variable X is called Burr XII random
variable if and only if has the probability density function
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(PDF) given by flx)
1o} A
fx) =abx" (14227 x>0, a,6>0, (1) o
where a and b are shape parameters. Also, the cumulative e _-' .
distribution function (CDF), survival function (S(.)) and !
hazard failure rate function (H(.)) given respectively by 2 \
F(x)=1—(1+x")"7, @ osf \
by—a 02| 4 ' &
S(r) = (1+27)7, ©) j :
and " : e 2

H(t) = abt®~ ' (1+°)7".

The failure rate function of Burr XII distribution is
decreasing function when b < 1 and unimodal function at
b > 1. The parameter a don’t effect in the shape of failure
rate function and the shape parameter b plays an
important role for the distribution. Different shapes of
PDF and hazard failure rate of Burr XII distribution when
b=2.5 and different values of a are represented in Fig 1

and 2. Different authors discussed Burr XII distribution,
see Lee et al.[15], Abushal et al. [16] and Ragab et al.

[17].
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Fig. 2: Different shapes of hazard failure rate functions for

different value of a and b = 3.0.

tested under Monte Carlo simulation study. And, real data
is used to determine the reliability of a real populations.
The paper is organized with respected to the following
sections. In Section 2, The model of stress-strength
reliability formulated under partially step-stress ALTs. In
Section , The maximum likelihood method to estimate of
R with corresponding asymptotic confidence interval. The
parametric bootsrap-p and boostrap-t confidence interval
of R in Section 4. Bayesian approach to estimate R in
Section 5. The proposed model is analyzed under
numerical example in Section 5. Monte Carlo simulation
studying in Section 6. Finally, Some concluding remarks

reported in Section 7.

2 R under Partially Step-stress ALTs Model

Let, a samples of sizes m and n selected randomly from
the Burr XII distributions with PDFs f,(.) and f,(.),given

respectively by
fex) =abx? (1 +x2) @) x>0, a1, b>0, (5)

and

Fig. 1: Different shapes of PDFs for different value of @ and b =
3.0.

We aim to develop estimation problem of system
reliability of Bur XII lifetime population. Therefore, we
consider independent strength and stress variables X and
Y of Burr XII lifetime populations with common one
shape parameter and different other shape parameter. The
strength and stress data are collected under partially
step-stress ALT model. The classical and Bayes methods
are used study the estimation of R. The proposed model is

H) =abx" (1 4+2) 7@ x>0, a1, >0, (6)

The two samples are tested normal conditions until
reaching the time 7 then, tested under stress conditions.
The collected data from the two sample are given by
X= (Xl ’ le a3} Xkl ) Xk1+15 3 Xm)7 Xkl <T< Xk1+1 and
0 < k| <m as well as Y = (Y], Y], ceny Yk2, Yk2+1, ceny Yn),
Xk, < T <Xp,41and 0 < ky <n. As given by DeGroot and
Goel [26]. Under consideration the partially step-stress

ALTs the total test time W is given by

X

T, aaT <7t

r+(T§T), T>71

(N
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where T is the stress change time and f is accelerated
factor.

2.1 Model assumption

Let, the random variable X (stress variable) has Burr XII
with parameters a; and b and random variable Y (strength
variable) has Burr XII with parameters a, and b. The
density functions under partially step-stress ALT model
are given by

fix(x) = aybx (1 a0y~ (@th) x <7

=1 A =abptipr-)P . ®
x(1+(t+B(x—1)")~"@*D x>
and
Fiy(y) = aby? 1 (1 4yb) @ty < g
L) = () =abB(t+0(—1)"" . (9

X(1+(T+B(y—1)") @), y> 1
The corresponding CDFs are given by

Fo(x)=1—(1+x)"9 x<7
Fo(x)=1-(1+(t+Bx—1)") 4, x>1
(10)

R ={

and

Fy(y)=1-(1+y")"%2 y<1

@®:{5Mﬁﬂ—m+@+N%4W)%Yiﬂ)

2.2 Stress-strength model

From Eq.s (8) to (11) the stress-strength reliability model
of Burr XII distributions is given by

R=PX <¥) = [ 0ROy + [ fo(0)Pa)dy
0

(12)
From (8) to (11) the relation (12) is reduced to

T

R= /azbyb71(1 )@t {1 —(1 +yb)7“‘} dy
0

+ [abB (t+Bly— ) (14 (e+ 8 =)y =+

x [1 (1 +(t+Bly— r))”)*al} dy.

aj
= . 13
P (13)

3MLE of R
The non-normalized likelihood function of two samples X
and Y is given by

n

ky
L(X7Y|@)°<Hf1x(xl H Joe(xi Hfly Vi) H ny()’i)v
i=1

i=k;+1 i=ky+1
(14)

where © = {ay, ap, b, B} is the parameter vector. (14) is
reduced to

L(®[x,y) =

k[ m
Halbx?71(1+xf?)*<al+1) IT aibB(z+B(xi—

i=1 i=k;+1

X (14 (t+Bxi —

n

[T a2bB(z+B0i—

i=ky+1

)"
P (1)t

)P (14 (e 4+ By —1))7) et

L(@|X,y) =d anb m+n) ﬁern k|+ko)exp |:

{Z]ogxl
r)]} (a1 +1) {Zlog[l+;¥’]

+ i 10g[l+(r+ﬁ(xi—r))b]}+(b—1)

+ Y. log[t+B(x

i=k+1
ky n
xq Y loglyil+ ) log[t +ﬁ(yi—f)]} —(a2+1)
i=1 i=ky+1
ky n
X {Zlog [1 +yf»’] + Z log [1 +(T+ﬁ(yi—7:))b}}4
i=1 i=ky+1
(15)
The natural logarithms of (15) is reduced to
£(O|x,y) = mloga; +nloga, + (m+n)logh
+(m+n— (ki +kp))logB+(b—1)
ky m
X {Zlog[xiH Y 10g[7+3(xi—7)]} — (a1 +1)
i=1 i=ky+1
k m
X {Zlog [1+xf’] + Y log [1+(T+B(x;r))b]}
i=1 i=k;+1
ko n
+(b1){210g[yi]+ Yy log[HB(yif)]}(azH)
i=1 i=ky+1

ky n
X{El"g[l”?]* )} 10g[1+<r+B(yir))”]} (16)

i=ky+1

3.1 Point Estimators

In this section, we adopt the classical ML estimators of R
as well as adopt Bayesian approach the formulate the point
estimate of R.
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3.2 Point ML estimate of R and
. . . (O|x,y) m+n—(ki+k)
The zero value of the first partially derive of (16) with 2B = B +(b-1)
respected to ajand a; are reduced to m
Z (xi — 1)
H(Ox,y) m i1 THBi—7)
da T a Moob(xi— 1) (T Bxi—1)) !
D a PR O Ay ()
i—kt1 1+ (T+Bxi— 1)

i log [1 + (T4 B(xi—

©)’] } -0,

{ilog [1 —l—xﬂ +

i=k1+1
and
d(O[xy) n
8a2 o an
k )
{Zlog[1+y,]+ Z 10g[1+(T+ﬁ( ))}}O,
i=ky+1
which are reduced to
dl(bvﬁ):
- = L (7
Y log[l+x]+ ¥ log 1+(r+ﬁ(x,~—r))”}
i=1 i=k1+1
and
dZ(bvﬁ) =
" . (18)

ko m
ylog[l]+ ¥ log[1+(z+B(i—1))]

i=1 i=ky+1

Also, the zero value of the first partially derive of (16)
with respected to b and 3 are reduced to

(OIx,y) _

m+n
3 {Zlog xi]

Py 1og[r+ﬁ(xl»r>}}<a1+1>
i=k;+1
oy loen g (T4 Bla— D) loglr+ Bl — )]
R A 1+ (14 B(xi— 1))
ko n
+{Zlog[yl]+ Yy log[HB(yif)]}(azH)
i=1 i=ky+1
s ablogy ¢ (r+ﬁ(yir>>blog[r+ﬁ<yir)]}
{z; L+y? ;:gﬂ L+ (t+B (i — 1)
0

(19)

_ < (vi—1)
+(b 1),~:§+17’5+ﬁ()’i_ﬂ
a S bi—T) (BT

R i B T

i=ky+1

b
b)) =0 (20)

The likelihood equation are reduced to two non-linear
equations (19) and (20) solve by using Newton—Raphson
iteration to obtain the estimate values b and ﬁ Therefore,
the ML estimate of the parameters a; and a; are obtained
from (17) and (18). The ML estimate of reliability R is
given by

A~ aj
R= 21
ar+a @b
3.3 Bayesian estimator of R
In this section, we adopt independent gamma

distributions as the prior distributions for the parameters
ay, ap and . Also, the non-informative prior information
for the accelerated factor 3 as follows

ap o< af‘fl exp{—dia}, ay = agrl exp{—draz}
boc b3 Lexp{—dsb}, (22)
and
B o @3
5

The joint prior distribution is defined by

IT" (a1,a2,b, B) o< ' a5 b 1B

X exp{—d1a1 dray — d3b}. 24)
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The joint posterior distribution is obtained from (15) and
(24) is formulated as

1 ney—1 _
M(ay,az,b, Bx,y) o af "1~ a5~ plmintes

ki
% Bm+n7(k1+k2)*1 exp { b—1) <Z log [x;]
i=1

m ki
+ ) log[f+ﬁ(xir)]> —(ai+1) <Zlog [1+xﬂ

i=ky +1 =
+ Z log [1+(r+ﬁ(x,-r))"}> +(b—1)
i=ky +1
<Zlog il + Z log[t+B(yi— )]) —(a2+1)
i=ky+1
X (ilog {1 +yf-’} + i log [1 +(T+ﬁ()’i—7))b}}
i=1 =kt 1
—diay —dzaz—d3b}. (25)

The joint posterior distribution given by (25) has
shown that, the closed for of posterior distribution and the
corresponding posterior estimator under any loss function
cannot be obtained in the closed form. Therefore, the
approximate methods are employed in this cases such as
numerical integration, lindely method and Markov chen
Monte Carlo method (MCMC). In this section, we
employed the MCMC method to obtain the approximate
empirical distribution and the corresponding parameters
estimate.

3.3.1 Posterior full conditional distributions

The full conditional distributions from the joint posterior
distribution (25) formulated by

ki

Iy (a1 |b, B,x,y) =< am+c1 exp{ﬂll (d1 + Zlog [1 +xf’]

i=1

m

+ ) log[l—Q—(T-ﬁ-ﬁ(xi—T))b})}, (26)

i=k;+1

ko

s <o (s Frafr ]

i=1

ki
I (blay,az, B, x,y) < bW+~ Texp {d3b+b (Z log [x;]

i=1

kzllog[l+xl~b]

i=1

+ i 10g[7+ﬁ(xi—f)]> —(01+1)(

i=k;+1

+ Z log [1 +(r+/s(x,~—r))”]> +b (kilog[ym

i=k; +1 i=1

n ky
Y log[HB(yif)]) —(az+1) (Zlog [l+yf~’]

i=k;+1 i=1

+ f log[1+(r+B(y[T))b]>}, (28)

i=ki+1

H4(ﬁ‘al>a2>bax>y) o< ﬁm+n7(kl+k2)7l

Xexp{(bl)( i 10g[7+ﬁ(xi7)]>

i=k+1

(@ +1) ( )" log[1+(v+ Bl ))”])
i=k)+1

+(b-1) (

(a2+1)< i 1og[1+(r+ﬁ(y,»r))”]>}. (29)

i=ki+1

D=

log[t+B(yi — fﬂ)

Ko

+1

The full conditional distributions have shown that, two gamma
distribution are obtained as (26) and (27). Also, two more
general function its plots similar normal distribution. Therefore
the empirical distribution is obtained by adopted the MCMC
method (MH under Gibbs algorithms) as the following
algorithms.

3.3.2 MH under Gibbs algortms

In the problem at hand MH algorithms under Gibbs sample is
more suitable to generate empirical posterior distribution and
the corresponding estimate, see Metropolis et al. [30] as the
following algorithms.
Algorithm 1 (Empirical posterior distribution and Bayes
estimate of R)
1.Put s=1 and begin with the initial value agoz)d] , agoiéz, »0h
and ﬁ(:0> B.
2.By using gamma distribution (26) and (27) generate the
iterate values a<1S), ag).
3.by using MH algorithms generate the values A0R Bm from
(28) and (29) under normal proposal distribution.

1.Compute RG) = Pl

S.puts=s+1.

6.Steps from 2 to 5 are repeat MB times.
2.Report RV, R(2) . R(MB)
3.Compute The Bayes estimate of R by

+ X log[l+(r+ﬁ<yi—r>>b}>}i @7) P Y RO, 30
e MB-MB" _\g 1
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where MB* is the first iteration needed to reach the stationary
distribution.
4.Compute The Bayes variance of R by

1 MB

Rp = —————— () _Rp)?
Rs = S ip iZM§+1(R Rp)*. (3D

3.4 interval Estimate of R

In this section, we discuss interval estimation of the model
parameters by, approximate ML confidence interval, bootstrap
confidence interval and credible intervals of R.

3.5 Approximate confidence interval of R

From the second derivative with respected to a; and ap of the
log-likelihood function (16), we obtain

B 82€(®|X,y) —m

Lo, = = 32
aa, aa% Ll% ) ( )
*(Ox,y) —n
Ly, = —————=—, 33
we =07 & ©3)
0%4(0x, 0%4(0x,
Taras = laga, = (Blxy) _ o°@xy) _ (34)

dajday darday
The Fisher information matrix (FIM) of the vector ¥ = (a;,ay)
is defined by

—m
FIM(ay,az) = ( ”OT n), (33)
aé‘z
and the inverse one of FIM is given by
@
FIM '(aj,a)=| ™ , |. (35)
0%
Also, delta method is used to obtain the variance of R by
oR\? IR\ ?
Vi = (—) FIM; | + (—) FIM,,'. (36)
a ap
Hence,
2
VR:(m+”) a1 37
mn (al + a2)
Hence, (1-20¢)100% confidence interval of R is given by
(R—Za/V&, R+Zar/Vr), (38)

where Zy is percentile normal variate N(0, 1) and confidence
level given by 7.

3.6 Bootstrap confidence interval of R

Bootstrap technique is commonly method not only in
parameters estimation but it used to predict of the variance and
bias of an estimators as well as in testing hypothesis. More
information about parametric and nonparametric bootstrap
techniques presented by Davison and Hinkley [27] and Efron
[28]. In this section, we adopt parametric percentile technique
(bootstrap-p), see DiCiccio and Efron [29] as follows.

3.7 Algorithm 2: (Approximate bootstrap-p
confidence interval)

1For given the stress change time 7 and strength stress
samples X = (X1, X1, ..., Xk, Xk, +1, -, Xm), and Y = (Y],
Y1, ..., Yy, Yig41, -, ¥y) determine the integer m, n, Ky and
ky.

1.Compute the ML estimate of the model parameters value 4,
., band B.

2Under the same value of m, n and T generate bootstrap

sample X*= (X|, X5, ..., X,fl, XI:.H’ .oy X)) and Y*=(Y}",
Y, LYY s ).

3Determine the integer value k; and k5. . .

4Compute bootstrap sample estimate 4*, 45, b* and f*.

5Compute the bootstrap estimate value of R, R* = %

6Repeat steps (2-5) S times, we obtain the sample estimates
of R, say R*(1) R*@) RS,

7The sample estimates of R, put in ascending order RZ‘I), RZ‘Z),

R*
s Rig)-
8The empirical CDF of ordered values R, R}, RZ‘S) is

(1) 72y
defined by ,
I(w) =P(R* <w)and Ripo, =T '(w). (39

9The bootstrap-p confidence intervals of with 2 confidence
level is given by

(élﬁool-p((x)7 ﬁlﬁool-p(] - (X)) . (40)

3.8 Bayesian credible interval of R

Algorithm 3 (Credible interval of R)

1.Put the sample RUTMBY) " R(2) " RIMB) iy ascending order

Ry, R@2)s - RovB-MmB*)-
2.The empirical CDF of
R(z),.A.,R<MBiMB*> is defined by N

ordered  values Ry,

I'B(w)=P(Rg <w)and Ry =T'B~'(w).  (41)

3.The Bayes (1 —20t)100% credible intervals of R is given by

(R(x(MBfMB*) ; R(l—(x)(MC—MC*)) . (42)

4 Numerical Example

To illustrate the developed results in this paper, we consider a
numerical samples generated from Burr XII distributions.
Therefore, we consider two populations Burr XII with shape
parameters {aj,b}={0.8, 0.5} and {ay,b}={1.5, 0.5}.to
discuss the inference procedures. Also, the sample size
m = n =30, accelerated factor § = 1.5 and stress change time
7 = 0.5. The strength data generated from Burr XII with
{a1,0}={0.8, 0.5} is given by

{0.00104922,  0.0190217,  0.0235457,  0.0335899,
0.0975236, 0.0975334, 0.124916, 0.14277, 0.471222, 0.923666,
1.12178, 1.15805, 1.2345, 2.68943, 3.23917, 6.78473, 12.8286,

© 2024 NSP
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17.3145, 424134, 74.8762, 142.408, 143.452, 282.632,
362.374, 368707, 849.952, 2383.04, 3007.98, 13082.,
13587.6}.

Also The stress data generated from Burr XII with
{a1,b}={1.5, 0.5} is given by

{0.00000626096, 0.00218342, 0.00471568, 0.00503699,
0.00554835, 0.00587211, 0.0153165, 0.0241679, 0.0245518,
0.0251434, 0.0724508, 0.136352, 0.14772, 0.178771, 0.271778,
0.299763, 0.541363, 0.668674, 0.734493, 0.743836, 0.754889,
1.52874, 1.71577, 3.41646, 3.47571, 4.74769, 5.23083,
7.45187, 86.7267, 321.488}.

Under change stress time 7 = 0.5 and accelerated factor
B = 1.5 two data transformed to X ={ 0.00104922, 0.0190217,
0.0235457, 0.0335899, 0.0975236, 0.0975334, 0.124916,
0.14277, 0.471222, 0.782444, 0.914519, 0.938699, 0.989669,
1.95962, 2.32612, 4.68982, 8.71909, 11.7096, 28.4423,
50.0842, 95.105, 95.8016, 188.588, 241.749, 245.971, 566.801,
1588.86, 2005.49, 8721.51, 9058.58} and

Y ={0.00000626096, 0.00218342, 0.00471568,
0.00503699, 0.00554835, 0.00587211, 0.0153165, 0.0241679,
0.0245518, 0.0251434, 0.0724508, 0.136352, 0.14772,
0.178771, 0.271778, 0.299763, 0.527576, 0.612449, 0.656329,
0.662557, 0.669926, 1.18583, 1.31051, 2.4443, 2.48381,
3.33179, 3.65389, 5.13458, 57.9844, 214.492}.

From the last data, we observe k| =9 and ky = 16. The point
estimate of R under ML and Bayes method and the corresponding
ACI, Boot-p CI, and CI are reported in Table 8.

5 Mote Carlo Studying

In this section, we are presented Monte Carlo simulation study
to assessed the quality of developed results in this work of
estimation R. Therefore, we assess the point estimate of
different methods, ML, bootstrap and Bayes estimation by
computing mean estimate (ME) and mean square error (MSE).
But, the approximate confidence interval (ACI), two bootstrap
confidence intervals (Cls), and Bayes credible intervals (BCI) of
R are assessed by computing mean interval length (MIL) and
probability coverage (PC). In our studying, we test the results
for different parameter values, different acceleration factor and
different stress change time 7. Also, we adopt sample sizes

and
1000

MSE(R) = ——
®) 1000 /5,
8:Compute the value of MIL and PC and all results are reported
in tables from 2 to 5.

(R@ - ME) : (44)

Numerical discussion: All the results of simulation study
have shown that, the model of estimation the reliability of
system present a good results. Also, some points are observed
from Tables 2 to 5 are given as follows

1.The MSEs and MILs are decreasing when sample sizes are
increasing.

2.Bayes point estimate with respected to MSE serve well than
ML estimate.

3.Bayesian credible interval with expected to MIL and PC
serve well than Approximate confidence interval and
percentile bootstrap confidence interval.

4.PCs are closed to proposed one at a large sample size.

5.The proposed inference methods of R present consistent
results.

6.The large value of 7 serve well than small value of 7.

6 Conclusions

In this paper, we discussed the problem of estimation the
parameter of stress strength reliability when two variables
strength and stress have Burr XII distribution. This problem is
discussed under partially step-stress ALT model. We exposed
the estimation problem of R by different method of estimation.
We applied ML and Bayes methods to obtain the point estimates
of R. Also, interval estimate of R discussed under Approximate
ML confidence interval, percentile bootstrap confidence interval
as well as Bayesian credible interval interval. The numerical
results of numerical example and simulation study have shown
that, each methods serve well.
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described in the tables. The following algorithms describe the research work through the project number
outline of this study. (PSAU/2023/01/25881)
Algorithm 2: (Mote Carlo simulation study)
1:Begin with indicator s = 1.
2:For given m,n, T and parameter vector ® = {ay, ap, b, B}
generate two samples X = (X1, X1, ..., Xi,s Xk, 415 -0 Xm)
and Y = (Y17 Y17 ceey Yk27 Ykz+17 vy Yn)
3:Form (21) and (30) compute the ML and Bayes point estimates
4:From (38), (40) and (42) compute interval estimates by,
approximate ML confidence interval, percentile bootstrap
confidence interval and credible interval.
S5:Puts = s+1.
6:Repeat the Step 2 to 5 1000 times.
7:Compute the the ME and MSE from the relations
1 1000 (0
E=—— RV 433
1000 i;[ ' (433)
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Table 1: The point and interval estimate of (R)
Rgxact  RMmL Rpayes  ACI Boot-p CI CI
0.3478 0.2701  0.3208 (0.1703, 0.3698)  (0.2752, 0.4215)  (0.2100, 0.3978)
Table 2: ME, MSR, MIL and PC of R =0.25 when ® = {0.5, 1.5, 1.5, 1.5}
T (m, n) Point estimate Interval estimate
ME MSE MIL CP
ML  Bayes ML Bayes ACI  Boot-p CI ACI Boot-p CI
0.5 (15,15) 0.243 0.245 0.0345 0.0287 0354 0374 0347 (0.89) (0.88)  (0.90)
(15,25) 0.255 0.253 0.0324 0.0256 0.342 0361 0328  (0.90) 0.91) (0.92)
(25,15) 0.254 0.251 0.0321 0.0253 0.337 0.354 0.319 (0.91) (0.90)  (0.93)
(25,25) 0.247 0.253 0.0301 0.0228 0.319 0327 0302 (0.92) 0.93) (0.94)
(40,40) 0.245 0.249 0.0272 0.0201 0.298  0.311  0.289  (0.93) 0.92) (0.96)
(40,60) 0.248 0.251 0.0261 0.0189 0.291 0304 0.275 (0.91) 0.93) (0.95)
(60,40) 0.250 0.249 0.0257 0.0183 0.292 0301 0.269 (0.94) 0.97) (0.94)
(60,60) 0.252  0.253 0.0235 0.0159 0.281 0.292 0.261 (0.93) 0.93) (0.95)
1.5 (15,15) 0.245 0.254 0.0337 0.0281 0.347 0.371 0.342  (0.90) 0.90) (0.91)
(15,25) 0.242  0.251 0.0317 0.0251 0.338 0.347 0325 (0.92) (0.90) (0.93)
(25,15) 0.255 0.252  0.0317 0.0248 0.334  0.351 0.320 (0.933) (0.92) (0.92)
(25,25) 0.248 0.251 0.0295 0.0224 0313 0324 0303 (0.9 0.94)  (0.96)
(40,40) 0.247 0252 0.0268 0.0197 0.293 0.35 0.284  (0.92) 0.94)  (0.95)
(40,60) 0.251 0.247 0.0254 0.0182 0.288 0.301 0.271  (0.94) 0.92) (0.94)
(60,40) 0.253 0.252 0.0251 0.0180 0.288 0.303 0.264 (0.93) 0.94)  (0.95)
(60,60) 0.250 0.251 0.0232 0.0154 0.278 0.290 0.254  (0.96) 0.97) (0.94)
Table 3: ME, MSR, MIL and PC of R =0.456 when © = {1.0, 1.2, 2.0, 1.5}
(m, n) Point estimate Interval estimate
ME MSE MIL CP
ML  Bayes ML Bayes ACI  Boot-p CI ACI  Boot-p CI
0.4 (15,15) 0465 0446 0.0554 0.0503 0.614 0.635 0.601 (0.90) (0.90) (0.91)
(15,25) 0461 0459 0.0542 0.0494 0.597 0.624 0.587 (0.91) (0.92) (0.93)
(25,15) 0.447 0.454 0.0513 0.0452 0.575 0.600 0.542 (0.92) (0.91) (0.96)
(25,25) 0.458 0455 0.0497 0.0428 0.562 0.589  0.529 (0.96) (0.93) (0.94)
(40,40) 0.455 0453 0.0481 0.0407 0.549 0.565 0.511  (0.92) (0.94) (0.93)
(40,60) 0.447 0.452 0.0458 0.0382 0.520 0.541  0.491 (0.92) (0.93) (0.93)
(60,40) 0.457 0449 0.0451 0.0374 0.511  0.529 0482 (0.93) (0.97) (0.94)
(60,60) 0.452 0.451 0.0432 0.0344 0.482 0.503 0.454 (0.94) (0.92) (0.95)
0.8 (15,15) 0.463 0.448 0.0550 0.0501 0.68 0.631  0.597 (0.90) (0.92) (0.91)
(15,25) 0.459 0447 0.0537 0.0491 0.592 0.619 0.583 (0.92) (091) (0.94)
(25,15) 0.448 0.451 0.0508 0.0448 0.571  0.601  0.539 (0.94) (0.93) (0.94)
(25,25) 0459 0449 0.0492 0.0423 0.557 0.583  0.524 (0.92) (0.94) (0.93)
(40,40) 0.452 0457 0.0478 0.0402 0.544 0.561 0.507 (0.94) (0.93) (0.96)
(40,60) 0.449 0.451 0.0456 0.0378 0.514 0.537 0.487 (0.93) (0.93) (0.95)
(60,40) 0.458 0.454 0.0447 0.0371 0.506 0.524 0479 (0.94) (0.94) (0.93)
(60,60) 0.453 0.454 0.0429 0.0341 0.478 0.501  0.451 (0.92) (0.97) (0.94)
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