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Abstract:  In this paper, an algorithm was proposed to calculate the inverse of general nonsingular (K,K)-pentadiagonal
matrix. The efficiency of the proposed algorithm is shown via some numerical illustrative examples and solving a (K,K)-
pentadiagonal system , where is nonsingular (K,K)-pentadiagonal matrix. All the numerical calculations are performed
on a PC computer with the aid of MATLAB programs.
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1 Introduction

Recently the concept of Pentadiagonal matrices have turned T isa nxn pentadiagonal matrix given in the form:
to be a mature topic in applied mathematics; specially when
dealing with the systems of linear algebraic equations
which often appear in solving partial differential equations

in meteorology, oceanography, queuing networks and d, a4 b 0 0]
parallel computing as well as in numerical analysis fields,

see for example Dongarra (1984) [4], Meier (1985) [10], ¢ dp & D O

Navon (1987) [11], Killingbeck , Jolicard (1992) [9], Golub g Cp d3 a by 0

, van Loan (1996) [7] and Asakar , Karawia (2015) [1]. 0 e, ¢cg dy a, by 0

Carlos M. et al. (2020) [2] consider a general (K,K) T- oo . N . . ?)
pentadiagonal matrix, they give the determinants by o ' ' ' '
considering the toeplitz and imperfect toeplitz versions of 1 0 €5 Cry dyg 3 by O
this type of matrices, also they show that the inverse can be 0 €4 Chg dyp a8y by
obtained as a product of an upper tridiagonal matrix with 0 e c d a
two super diagonals. Carlos M. et all again in October -8 'n-2 Tl
(2020) [3] consider pentadiagonal matrices by transforming 10 0 ep Chag Un

it into tridiagonl matrix after multiplying them with suitable
matrices and then transforming the last one into a diagonal
matrix which can be easily calculate its determine, but they
did not find_ the inve_rse of the pentadiagonal_ matrices. Tn(k k) , as the following form:
The pentadiagonal linear systems (PLS) written as the form

below

We define the general (K,K)-pentadiagonal matrix

™X =p 1)

and X , [ are the n-vectors
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Trfk’k)=

4 0 0 a0 0 b 0 - 0
0 d, EN b,

0 bk
G g : 0
0 ¢ G
: ' ' ' 0
0 -
& 0
0 ¢

P dn—l 0
10 o 0 gy 0 = 0 Gy 0 0 dy |
Where 1<k S%.

For this (Kk,k) pentadiagonal matrix, in case k =1,

Askar and Karawia (2015) [1] solved pentadiagonal linear
systems (PLS) using transformations. Their suggested
methods  are generalization to the algorithms which
proposed by El-Mikkawy and Atlan (2014) [6] for k -
tridiagonal system. Yalciner (2011) [13] gives the LU -
factorization of a Kk - diagonal matrix. Also he finds
eiginvalues of a k - tridiagonal Toeplitz matrix. Du and et.
al. (2014) [5] discuss the general non-symmetric problem
and propose an algorithm for solving nonsymmetric
pentadiagonal Toeplitz linear systems. Also, an algorithm
for solving a large system with a symmetric Toeplitz
pentadiagonal coefficient matrix hasbeen given by Nemani
(2010) [12]. Our motivation is to give a general algorithm
which can be obtain and compute the invers of the general

pentadiagonal matrix Tn(k ) shown in Eq.(3) and hence

solving any non-singular linear system in the form of Eq.
(1) where T :Tn(k ’k).

In addition, our formulas are generalization i.e. at

as general (k,k) tridiagonal matrix and our formulas

reduced to EI-Mikkawy and Atlan's (2014) [6] formulas.

This paper organized as the following. In the next section,
we will introduce the main results for the inverse of the

. . k k )
general pentadiagonal matrix Tn( ) . In Section sec. 3,
we will state the algorithm for the inverse of the matrix

k k . . .
Tr¥ ’ ) Some numerical examples will be carried out to
show the efficiency of the new algorithm in Section sec. 4.

2 Main Result

In this section we will define the following components

d; i=1..k
Xj =90i =Zj kYi« i =k -1,.., 2k (4)
di =Zi_Yik —9i—kbiok 1=2k+1..,n.
L i=1..k :
Vi~ & —Zjybj_x 1=k-1..,n-k ©)
S i=1..k
X
zi =1 ®)
G —0ikYik j_k41. n-k
Xi T
i =5 =1,..,n-2k @)
Xj

Lemma 1. Let Tn(k’k) be (k,k) pentadiagonal
matrix as given in Eqg. (3), then the Doolittle LU
factorization  of Tn(k’k)

Tn(k ) = L(nk K xu r(]k ) , Where

is given by
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I_(k ) _
' and for i < j
10 0 :
0 ia- _ i=n,...,n—-k +1,
k o
E xp ) j=i-k
0 b i=n-2k,..1
5 ajj = %awkj —X*'_Ofnzkj P=i+k, . (9)
0 ' ' ' v j =i mod(k )
0 0 otherwise
91
0
: : . 0 and for i > j
0 - 0 0 - 0z 0 - 01 i=n,.,n-k+1
9n-2k n-k R i
Un(k,k}
X, 0 0 vy, 0 0 b 0 0 i=n-k, .. k+1
0 ' aij =12 jk —9j% jak ] =1k, (10)
0 Vi =jmod(k)
bn—Zk 0 otherwise
0
: . N (k k)
Proof. From Doolittle factorization method, T, can
0
y be decomposed into Lgk k) and U r(]k k) as
n-k
9 Tn(k’k)ng]k’k)XU rgk’k),where Lg]k’k) andU r(]k’k)
are given in pervious lemma. The inverse of the
- 0 pentadiagonal matrix Tn(k’k)can be found from the
0 0 x

and det( ) Hx, , X defined in Eq.(4).

Now, we give the followmg result.

Theorem. et T,

matrix as given in Eq. (3). Then

(Tn(k K ))_12(041' )I“J . where

e (k,k) pentadiagonal

1 i=n,..,n-k+1
Xi
v , (8
ajj = i+Z|y| Qj 4k i+k i:n—k,...,n—2k+1 ()
Xi Xj
—=ZiGik ~YiQi+k 1=n-2k,..1

relation
(Tn(k ,k ))*1 :(L(nk k) (kK ))*1 :(U (kK ))1X(L$]k P ))*1

where,

i) (o)

__
det(U r(1k ’k))

and

(L(nk,k) 1 Adj( (k,k))

and after some analytic calculation we found
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(23
@“ ) ﬁm
t=1

n

n n
th 0 ... 0 yl H Xt 0O ---0 (y1y4_blx4) H Xt 0--- 0
t=2 t= t=2
t#lk +1 t#k +1,2k +1
n n ) :
th ¥ H Xt -
t= =1 0
t#2 t#2,k +2
n
(Yn-2kYnk —bn-akxnk) [TI xt
t=1
t#n-2k ,n—k
0
0
n
Y-k H Xt
t=1
t=n—k,n
0
0
n-1
[1x
t=
and
1 0 0
0 1
0
Z3
0
Z3
-1
(L(nk’k)) _
0
212k +1— 91
0
0
0 0 Zpn okZnk —9n-2k 0...0 Zn-k 0---0 1
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. (k k) N
The inverse (Tn ’ ) follows immediately from

-1 -1
multiplying (U r(]k’k)) x(L%k'k)) and the proof is

completed.

3 Algorithm for the inverse of general

(k, K) pentadiagonal matrix
Algorithm

INPUT:
The matrix order N
The value of k and

The values
aivcia i:]-v ln_k
bi y €y i=1...n-2k
di’ i :1, .,n
OUTPUT:
-1
. . (k.k) (. \"

The inverse matrix, (Tn —(au )i,jzl
Step 1:
fori =1 to k
do
Xj =dj
Yi =8

C.
Zi ==L

Xj

€
gi =—

Xj
end do
for i =k +1to 2k
do

Xij =0dj —Zj Vi
Yi =8 —Zj_bj_x
i =(Ci —9i kYi_x )/Xi

i =6 /X

end do

for i =2k +1to n—k
do

Xi =di x —Zi «Yik —9i_2kbi _2k
Yi =8 —Zj_ybj_x

zi =(Ci —Gik Yik )/Xi
9i =€ /X

end do

fori =n—-k +1to N

do

Xij =dj =Zj_ Yi—k —9i—2kbi 2k
end do

Step 2:
fori =n to
do step—1
aji =1/
end do
fori=n—-ktoi=n-2k +1
dostep —1
1 z;y;
o =—+ iYi
Xi X

Qi 1k i+k
end do

fori=n—-ktoi =n—-2k +1
dostep —1

Yi
Qi j+k :_X__ai+ki+k
[

end do
for i =ntoi =n—-k +1
dostep —1

Qiik = Zi-k%i
end do

fori =n—2k tol step—1
for j =1 +k to Nstep k

Yi i
Qii =——CQjixi—— i
ij X i+k j X i+2K j
Aji =—2i%jjk —9i%jj+2k
end do
Qi =——Zi%j+k —Yi%i+2k
Xj
end do

step 3: Show the inverse.
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4 Illustrative Numerical Examples

Some numerical examples for illustration are given in this

section.

Example 1 Calculate the inverse of the 10x10
following pentadiagonal matrix

o

1 (22) _

o W O O o o

|
© =

OO O r O ONO Ol O
N

O O O N O N O N O O
O W O O WO PoODN
P O 01l Ok O W O N O
O N O N O 01 O W o o
0 O Fr O N O N O O O

=
o
|
O O O O O Fr O 0 o -
O O O o N o

o

By applying the proposed algorithm, we get
2,2)\ -
(Tl(g )) =

00046 0 01289 0 -003%6 0 -01048 0 0.0005
0 03323 0 0215 0 03160 0 -00339 0
02102 0 -00%5 0 0088 0 -00707 0 -0.0790
0 0513 0 -03575 0 -03002 0 000% 0
00217 0 00268 0 0186 0 022091 0 01972
0 04548 0 05705 0 02764 0 00274 0
01155 0 -00217 0 02891 0 00212 0 -02115
0 00652 0 01095 0 0043 0 -00674 0
00785 0 -00092 0 00046 0 -0.1824 0 02079
0 0193 0 02894 0 -01250 0 01023 0

Example 2 To solve the following system

Oor O © O W O O © o o

0
-0.1256
0
0.1632
0
-0.2151
0
0.0951
0
0.0908

2X1+2X5+Xg =1

2X 9 +2Xg+X10 =1
2X3+2X7+X11=0

2X 4 +2Xg+Xq19 =2
—X1+2X5+2Xg+X13=-1
—Xo+2Xg+2X10+X14 =5
—X3+2X7+2Xq1 =3

—X 4 +2Xg+2Xqp =1
3X1—Xg5+2Xg +2X13 =2
3X9—Xg+2X19+2X14 =1
3X3—X7+2X11 =1
3Xyg4—Xg+2X1p=-1
3X5—Xg+2X13=0
3Xg—X10+2X14 =2

This system can be expressed in matrix form as:

2000200010000 0)xg
0200020001000 0 | xso
0020002000100 0 | x3
00020002000100 | x4
-100 02000200010 | xsg
0-1000200020001| xg
00-100020002000 | x7|_
000-10002000200 1| xg|
3000-10002000 20 | Xg
03000-10002000 2 | X9
003000-10002000 |xq7
0003000-1000200 ||xq12
00003000-1000 20 ||x13
000003000-1000 2 )(x14

The coefficient matrix is 14x14 pentadigonal matr
with k =4 .

iX

Firstly, finding the inverse of the coefficient matrix using

our proposed algorithm, we have
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-1
(T1(44'4)) =
02473 0 0 0 -02151 O 0 0 00%8 0 0 0 00108 0
0 02473 0 0 0 -02151 O 0 0 0098 0 0 0 0.0108
0 0 02609 O 0 0 02174 0 0 0 00870 O 0 0
0 0 0 02609 O 0 0 -02174 0 0 0 00870 O 0
02258 0 0 0 00645 O 0 0 -01290 © 0 0 00%8 0
0 02258 0 0 0 00645 O 0 0 -01290 O 0 0  0.0968
0 0 03478 0 0 0 00435 0 0 0 -02174 O 0 0
0 0 0 03478 0 0 0 00435 0 0 0 -02174 0O 0
0.0538 0 0 0 03011 O 0 0 00645 O 0 0 -02151 O
0 00538 0 0 0 03011 O 0 0 00645 0 0 0 -0.2151
0 0 00538 0 0 0 03011 O 0 0 02609 O 0 0
0 0 0 -02174 0 0 0 03478 0 0 0 02609 0 0
-03118 0 0 0 00538 0 0 0 02258 0 0 0 02473 0
0 -03118 0 0 0 00538 0 0 0 0228 0 0 0 02473
References

and finally the solution of the system can be easily

calculated as

X = (T1(44’4)) ' B
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X1 0.6559
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X5 —0.0968
Xg 0.6129
X7 —0.0870
xg | | 0.9565
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