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1 Introduction

In connection with the development of quantum
information and quantum calculations, interest in the
research of correlation matrices and their properties has
risen

For detailed research of its properties, it is necessary
to determine their explicit form at first. For this, it is
needed to solve equations, describing the behavior of a
quantum system of many interaction particles both in
equilibrium and in non-equilibrium states. The fact that
real physical quantum systems of interactive particles are
in motion attracts interest in determining quantum
correlation matrices, and solving Kkinetic equations
describing the investigated system. As it is known from
quantum physics, the dynamics of such a system is
described by the equation of Liouville [1]. Unfortunately,
the solution of equation of Liouville does not give
information about the real physical process, which is
described in Boltzmann and Vlasov equations. The most
reasonable tool connecting the Liouville equation with
Boltzmann and Vlasov equations is a chain of kinetic
equations of Bogoliubov-Born-Green-Kirkwood-Yvon
(BBGKY) [2].

Quantum analog of classical BBGKY, describing
dynamics of a quantum system of particles is a chain of
quantum kinetic equations of BBGKY [3], [4]. It is a
complicated system of interconnected integral-differential

equations of density matrices of particles, that depends on
interaction type of interaction potential between particles.

The present paper solves the Cauchy problem for the
BBGKY chain for quantum kinetic equations, describing
the dynamics of the quantum system of particles
interacting with each other by the delta function potential.
A chain of quantum Kkinetic equations for correlation
matrices is defined based on the BBGKY chain for
density matrices. Solution of the chain of equations for
correlation matrices is defined using solutions of the
Cauchy problem for the chain of quantum kinetic
equations BBGKY for density matrices [5], [6], [7], [8],
[9].

2 Formulation of the Problem

We consider the hierarchy
Bogolubov-Born-Green-Kirkwood-Yvon (BBGKY) of
quantum kinetic equations, which describes the evolution
of a system of identical particles with mass m and charge
g interacting via delta function potential &(|x; —x;|) [10],
which depends on the distance between particles |x; — x|
in the length L for a one-dimensional case. We assume
that the charge ¢ is a real constant. In the present paper,
the Cauchy problem is formulated for a quantum system
of a finite number of particles contained in the length L.
For this case, BBGKY has form [3], [4]:
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In the problem given by equation (1) and (2) x; gives the
position of ith particle in the 1-dimensional space R. In (1)
h =1 is the Planck constant and [,] denotes the Poisson
bracket.
The reduced statistical operator of s particles is
pE(xy,..,xsx],..,x}) related to the positive symmetric
density matrix D of N particles by
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where s € N, N is the number of particles, and L the length
of the system of particles. The trace is defined in terms of
the kernel p%(x,x") by the formula

TrxpL:/pL(x,x)dx
L

The Hamiltonian of system is defined as

= T () +

+ Y ¢ii(ki—x),

1<i<j<s

L
HS. (xl,...,xs

where A\; is the Laplacian

8(|x; — x;|) and u"(x) is an external field
OifxeL
+oo if x ¢ L. Here ¢ ;(|x; —x;|) is symmetric.

9i,j(1xi —xj|) =
which keeps the system in the region L: u’(x) =
and ul(x) =

3 Solution of the Cauchy Problem for the
BBGKY Hierarchy of Quantum Kinetic
Equations with delta function potential

To obtain the solution of the Cauchy problem defined by
(1) and (2) we use a semigroup method [5], [6], [7].

Let L5(L) be the Hilbert space of functions
wE(xy,...,x;), % € R(L), and Bt be the Banach space

of positive-definite, self-adjoint nuclear operators

L .
Py (X1, x5 Xy, ., x,) on LS (L)
L
(ps IIIS )C], /ps X1y xhxla (3} s)x
L./ / / /
XY (X oy ) d] dx,
with norm

where the upper bound is taken over all orthonormal
systems of finite, twice differentiable functions with
compact support {y?} in L (L), s > 1. We’ll suppose that
the operators pL and H act in the space L5(L) with zero
boundary conditions.

Let B be the Banach space of sequences of nuclear
operators

L L ../ L o /
= {p07p1 ('xl’xl)’7pY ('xl7"')'xs9x17"'5'xS)7"'}’
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where py are complex numbers, , = |py| and
L~ pL
pS CBS7
L L / -0 h
05 (X1, ey Xg3 X7, oy xy) = 0, when s> 50,

where s is finite and the norm is

Z'psh

According [10] Bethe ansatz

Y(x,...,x Za )Pexp <iikpix,~>
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satisfies

ZA + Z O(lxi —xj))w(xi,....x) =

1<i<j<s
Ey(xy,... x5) 3)
in
O<x1,x2,... x§-<L. 4)

In (3) eigenvalue E =Y}, 2 where the summation is
performed over all permutatlons P of the numbers {k} =
ki,...,ks and a(P) is a certain coefficient depending on P:

a(Q) = —a(P)exp(ib; j),

where 6; j = 0(k; — kj), 6(r) = —2arctan(r/c) and when
r is a real value and —7 < 0(r) < 7. Here all the ks are
real, distinct. Next, we adhere to the condition (4).

Let BL be a dense set of “good” elements of BE of
type BE N D(HE) @ D(HE), where D(HL) is the domain

© 2024 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci. 18, No. 2, 217-221 (2024) / www.naturalspublishing.com/Journals.asp

of the operator HX [11] and ® denote the algebraic tensor
product.
We introduce the operators

(.QLpL)s(xl,..,xs;x'l,..,x;) =

N
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In (5) g} (xs41) is a complete orthonormal system of
vectors in the one-particle space Ly (L).
Let

L
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Theorem. If potential &(|x; — x;|) is delta function
potential, the operator UY(t) generates a strongly
continuous semigroup of bounded operators on BX, whose

.. . .l ~
generators coincide with the operator —i/" on BF
everywhere dense in BL.

Proof.According to the general theory of groups of
bounded strongly continuous operators, there always
exists an infinitesimal generator of the group U%(¢) given

L L AL
by the formula lim,ﬂow#
convergence in norm in the space B” for p’ that belong to

a certain set D(") everywhere dense in Bl [12].
Therefore, since UX(t) is a strongly continuous

in the sense of

semigroup on B" with generator —i7" on the right-hand
side of the BBGKY hierarchy of quantum kinetic
equations on BE which is dense in BE [5], [6] the abstract
Cauchy problem (1)-(2) has the unique solution

pE(t,xy, o xs X)X = (UR(0) pD)s(x1, oy x3 X, XL

(EQ(L)[;’HL;[Q(L) LeiHLt> ( /

/
p s (X1, ey XX, X)) (6)

for each pL(xy,...,x;;x],....x}) C BL. For the initial data
pL belonging to a certain subset of BL (to the domain of
definition of D( —iz#*)), which is everywhere dense in
BSL., (6) is strong solution of Cauchy problem (1)-(2).

This proves the Theorem.

4 Derivation of Hierarchy of Kinetic
Equations for Correlation Matrices with
delta function potential and its Solution

Introducing the notation

s
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we can cast (1) and (2) in the form
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For sequences (7) this problem can formulated as
. d
iS00 = (1) () + [ Tt 0dx ®)
p*(t)li=o = p"(0). Q)

Proposition For sequence of correlation matrices

!

O = {00, 01 (x15X]); o0y @5 (X1, oy X3 X5 oy X0), 0 ]

the hierarchy of kinetic equations has the form:
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In (8) relation between density matrices and
correlation matrices [13],[14] is:
t t 1)’
p(1)=Tp(t) =1+ (1) + 2 )2*,(”()+---(*"’S(,)) oo
where:
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————
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The prove of the proposition is analogically to [14],

[15], [16].
The problems (8), (9) for the system of s particles in
volume V have the form:

X)) = QF (1,1, o X3 X o X
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ok (t,x1, ..., x)|i=0 = @E(0,x1, ..., x5 X, . X0).

To determine the solution to equation (12) we use the
relation [17]:

+/L( XY+1(p *QJLCH(p) (£, X1, 0oy X3 X ons
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You can verify this by series expansion on the right
QF(x)™ (21) 22" and the left side of the relation (13)
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Qoxy)=y*xQo+o*xQy

in both parts (13).
Using (13), you can rewrite the formula (6) as:

L)k (0,x1, ..., x53x),0 X)) =

= Lexp(QLTexp(iH )T (exp(— QL)' x

x@s(0,x1, ..., x,))exp(—iH"1)].
Using (13)in (6) and ' ' T"o(t) =

L
X3 X7,
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pf‘(t,)C], xﬁ’xla X ) F(PS (t X1 xS;x,la"'vxg') =
= Lexp(QE) T exp(iH ) (exp(—Q5) ' x
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= Fexp(QUT[exp(iH 1) (exp(— QL) x
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Acting to (14) by I'~! we receive:
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=UT(1)k(0,x1, ..., x53x}, .., xX) =
= exp(QH T Yexp(iH )T (exp(—QF) x
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The generator of the semigroup U’ (¢) coincides with

dxg 1+

Xs+1 Xv+1

—i(A 4= 7/%/&%

+/‘Q{x+1 X+1dx5'+1)’

on the set.

So, (15) the unique solution of the Cauchy hierarchy
of kinetics equations for correlation matrices with delta
function potential (10),(11).
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