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Abstract: In this paper certain inequalities are established for g-A-integrals by applying definitions of two types of convex functions.
The Hermite-Hadamard inequality in different variants for g-h-integrals is given by using (%i-m)- and (o-m)-convex functions. Some
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1 Introduction and Preliminaries

Inequalities have an important role in mathematical
modeling of almost all kinds of real world problems.
Differential equations along with initial and boundary
conditions, are vital tools in expressing various problems
of science and engineering. Then these problems are
solved by applying different integral transformations and
techniques. Nowadays, in place of usual derivatives and
integrals some new and generalized notions are utilized in
representing classical problems in general form. As a
result difference equations occur which are dealt with
new and generalized methods. In this context one can
consider fractional derivatives, g-derivatives, h-
derivatives and g-h-derivatives etc. For a detailed study
we refer the readers to [1,2,3].

New and generalize inequalities established in recent
years are due to fractional integrals, g-integrals and
(p,q)-integrals [4,5]. Various new classes of real valued
functions are also explored for the sake of generalizations,
refinements and extensions of classical results. For
example convex functions and related notions are very
frequently analyzed to get diverse variants of classical
inequalities for different kinds of integrals, see [6,7,8,9].

The aim of this paper is to utilize classes of (%i-m)- and
(a-m)-convex functions in deriving Hermite-Hadamard
type inequalities. By using a new and generalize
definition of derivatives and integrals on finite intervals
these inequalities are obtained. Results of some recent
articles are also reproduced from findings of this paper.
Let we start by defining convex function and stating the
Hermite-Hadamard inequality as follows:

Definition 1. A real valued function f is said to be
convex on an interval I, if the following inequality holds:

flta+(1=1)b) <tf(a)+(1-1)f (D),
fort€0,1], a,b el

Theorem 1. The following inequality holds:

f(“f’) < b—ia/abf(X)de M (1)

for a convex function f defined on an interval I C R and
a,b € I wherea <b.

The inequality (1) has been published in several
variants for different types of functions and new kinds of

* Corresponding author e-mail: ma.elhag@qu.edu.sa

© 2023 NSP
Natural Sciences Publishing Cor.


http://dx.doi.org/10.18576/amis/170623

1190

G. Farid et al.: Generalized g-integral Inequalities

integrals. For instance, it is studied for fractional order
derivatives/integrals in[6,10], for quantum derivatives /
integrals one can see [11,12]. Next, we define g-definite
integrals and state the Hadamard inequality for convex
functions.

Definition 2./13] Let f: I — R be a continuous function.
Then the q-definite integral on |a,b) is defined as

[ 70 = 1= )6 =) ¥ a1 o),

(2)
forx€la,b),a,bel,a<b.

In [10], by applying g-definite integrals the following
g-Hadamard inequality for convex functions is proved:

Theorem 2. Let f: [a,b] — R be a differentiable convex
function. Then for g-integrals the following inequality
qf(a)+ f(b)

holds.

Further, we give definition of g-h-integrals and the g-
h-Hadamard inequality for convex functions.

Definition 3./14] Let 0 < g < 1 and function
f:1=la,b] = R be a continuous function. Then the left
q h mtegral and the right g-h-integral on I denoted by

Iy hf and I hf are defined as follows:

1) = [ SOt = (1= a)(v— )+ g

S £(x)dgx
b—a

3)

X Zq"f(q”a—l—(] —q")x+nq"h), x> a, %)
n=0

b~ — b — _ _
@)= [ f @yt = (1-a) (b ) +ah)

< Y, q"fq"x+ (1= ¢")b+ng"h), x <b. (5)
n=0

Theorem 3./15] Let Y. kg** = S and g € (0,1). Also,

let f: I — R be a convex function, for a,b € I,a < b, the

following inequality holds for q-h-integrals:

f(‘ﬁqﬁ( a)h )+f(”"qb <—q>h5)

l—g¢
“(1—g)(x—a)+qghJa

l1-q

h dqx

In the following we define some extended definitions of
convex functions. These definitions will be applied for
establishing the results of this paper.

Definition 4./716] Let J C R be an interval containing
(0,1) and let h : J — R be a non negative function. We
say f:]0,b] = R is a (h-m)-convex function, if f is
non-negative and for all x,y € [0,b], m € [0,1] and
t € (0,1) one has

flex+m(1—1)y) <h(t)f(x) +mh(1 —1)f(y).

_If we choose m = 1, then we have h-convex function.
If h(t) = t, we obtain non-negative m-convex function. If
m=1and h(t) =t, we get convex function.

Definition 5./17] For some fixed s € (0,1] and m € [0,1] a
mappmg f:=10,00) — R is said to be (s —m)- convex on

Iif
Jlex+m(1=1)y) <£f(x) +m(1—1)°f(y)
holds for all x,y € I and t € [0, 1].
Definition 6./18] Let oc,m € [0, 1]. The function f :=1 —
R is said to be (ot,m)-convex if
flex+m(1—1)y) <t f(x)+m(1—1%)f(y)
holds for all x,y € I and t € [0, 1].

Definition 7./19] Let h: (0,1) C J — R be a non-negative
and non-zero function and I be interval in R. We say that
f:=I—Risa (p,h)-convex function or f belongs to the
class ghx(h,p,I), if f is non-negative and

F(lo? + (1= @)y?] ) < R f(x) + (1 -
forallx,y €I and o € (0,1).

@)

®)

a)f(y), )

In the forthcoming section we prove g-h-integral
inequalities for monotone convex functions. The
q-h-Hermite-Hadamard type inequalities for generalized
convex functions are established. Several variants of
g-Hermite-Hadamard inequalities are deducible in from
main results.

2 Generalized q-h-Hermite Hadamard
inequalities

Theorem 4.Let g : [ — R be a real valued q-h-integrable
function, and h > 0.

(i) If g is decreasing and convex, then the q-h-integral
satisfies the following inequality:

(fla)+qf(D)(b—a)+(1+q)(f(a)(b—x)+ f(b)(x—a))
(1+¢)(b—a) (1f f(( et )qi h +( [)(57 )hz)qf h
2f(b) — f(a)) e "
+ S X hS(1 - q). - 8(a) +e(x) +q(g(x) +5(b )) (10)
¢ ©) - G
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where hy = (x—a)h and hy = (b —x)h, x € |a,b], a,b € ]
and a < b.

(ii) If g is increasing and concave function, then the
reverse of above inequality holds:

Proof.(i) Forh >0,k €N, g€ (0,1) and x € [a,b], we have
dfa+ (1 — ¢ x+kg*h > g*a+ (1 — ¢")x. (11)

By using monotonicity and convexity of g, one can have

q'g(q"a+(1—q")x+kd'n) < ¢ (¢“s(a) + (1 - g")s(x)).

From which one can get the following expression for
infinite sums:

Y d'g(d'a+ (1" )x+kq'h)
k=0

q“(qd"g(a)+ (1 - ¢")g(x)).

gk

<

k=0

Keeping in view Definition 4, for left hand side, while
calculating the sum of right hand side, the following
inequality is yielded:

(i —q)(xl—a)+qh1 /axg@f)hldqxs ﬂfjig«g@ (12)

Also, we have that

¢“x+ (1= gb+kg"n > ¢'x+ (1 — ¢*)b. (13)

By using monotonicity and convexity of g, one can have

7*g(q"x+ (1= ¢")b+ kq*h) < ¢*(q*g(x) + (1 — 4")g(D)).

From which one can get the following expression for
infinite sums:

Y d's(q"x+ (1 - g)b+kq'h)
k=0

<Y ¢ (d'e(x) + (1 —4")2(b)).
=0

Keeping in view Definition 5 for right hand side, while
calculating the sum of right hand side, the following
inequality yielded:

1
(1=q)(b—x)+qh
From (12) and (14), one can constitute the required

inequality.
(if) The proof is similar to the proof of (10).

g(x) +qg(b)
1—q?

b
[ gndyr < L (14)

Remark.Let h <0 in Theorem 4. (i) If g is increasing and
convex, then (10) also holds. (ii) Moreover, if g is
decreasing and concave, then (10) holds in reverse order.

Theorem 5.Let g : I — R be (h-m)-convex function and g
be g-h-integrable, and h > 0.

(i) If g is decreasing and convex, then the g-h-integral
satisfies the following inequality:

Ja 8(X)n dgx Jy 8y dgx
(1-q)(x—a)+qhi ~ (1-q)(b—x)+qh

< (5(@) +2) Y aF (¢") +m ¥ dx  a9)
k=0 k=0

(-0 («(2) 2 (4)

where hy, hy are same as in Theorem 4, x € |a,b), a,b €
I, a>0andm#0.
(if) If g is increasing and concave function then the reverse
of above inequality holds.

Proof.(i) By using monotonicity and (h-m)-convexity of g,
one can have the following inequality from (11):

q'g <q"a +m(1— qk)% + kq"h>
<q" (ﬁ(qk)g(a) + mh(1 qk)g<%>).

From which one can get the following expression for
infinite sums: Y, ¢* (g (qka +m (1 — qk) ot quh)) <
Yo" (h(q)gla)+mh(1-q)g(5)).

Keeping in view Definition 4 for left hand side, while
calculating the sum of right hand side, the following
inequality is yielded:

1 x
(1—q)(x—a)+qh /a g(X)n dgx

oo oo

< Y d'h(d)g(a)+m Y dh(1 - qk)g(%) - 1e)

k=0 k=0

On the other hand by using monotonicity and (h-m)-
convexity of g, one can have the following inequality from
(13):

qd's (q"x +m(1— qk)% + quh)
<q (f_l(ﬁlk)g(x) +mh(1 —q")g (%) )

From which one can get the following expression for
infinite sums:
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Keeping in view Definition5 for right hand side, while
calculating the sum of right hand side, the following
inequality is yielded:

1 b
(1 _Q)(b—X)quhz/x g(X)nydgx

o o b

<Y ¢'n(d")e@)+mY dn(1-¢" g(—) (17)
Yd(d) Lan(1-d)e(s,
From(16) and(17) , one can constitute the required

inequality.
(ii) The proof is similar to the proof of(15).

Remark.Let h < 0 in Theorem 4. (i) If g is increasing and
convex, then(15) also holds. (ii)) Moreover, if g is
decreasing and concave, then (15) holds in reverse order.

Theorem 6.Let g : I — R be (o-m)-convex function and g
be q-h-integerable and h > 0.

(i) If g is decreasing and convex, then the q-h-integral
satisfies the following inequality :

Ja 800)n, dgx f 8(X)nydgx
(I-g)x—a)+qh  (1-q)(b—x)+qh

1-a)e(@)+ 59 a1~ (¢(2)+2(2))

- (I—g)(1—¢'"9)

(18)

where hy, hy are same as in Theorem 4, x € |a,b], a,b € I,
a>0andm#0.

(ii) If g is increasing and concave function then the reverse
of above inequality holds.

Proof.-We leave the proof for reader.

Remark.Let h < 0 in Theorem 4. (i) If g is increasing and
convex, then (18) also holds. (ii) Moreover, if g is
decreasing and concave, then (18) holds in reverse order.

Theorem 7.Let [ be an interval in R, g : I — R be ga < b.
(i) If g is symmetirc about %, z € (a,b), then left g-h-
integrals satisfy the following inequality:

1 g<a+z) - (1—=g)(1+m)
h<'> 2 )7 (I=q)(z—

2

“ () dut
a)+qh /a 8(tmdy

. g(z)/ol R(t)pdgt +m x g(%) ./0‘l R(1—1)pdgt. (19)

(ii) If g is symmetirc about P, z € (a,b), then right
q-h-integrals satisfy the following inequality:
1 z+b) (1-q)(1+m) /b
< ), dgt
h<1>g( 2 )7 (1=q)(b—2)+qh2 J: 8 nds

2

S| 1
<st) | h(t)hdqt"’mxé’(%) | #=0ndit, @0y

where hy and hy is same as in Theorem 4.

)

ProofHere we proof the inequality (19) for Ileft
g-h-integral and leave the proof of (20) for the reader.

(i) Tt is given that g is (h-m)-convex, hence the following
inequality holds:

;g<a+z
('
+mg<w>t €[0,1].

Applying g-h-integral on the above inequality one can get

(1-9)
q)+qh

) <g(ta+(1—1)z)

1

B(%)g@Z) (=
+mg(tz+(%t)a) hdqt),t € 10,1].

By using the condition g(““ ”) = f(u) for all u €

(/ g(ta+ (1 —1)z)dgt

ey

(a,z), one can have:

Eé)g(“;z) )

(I+m)(1—q)
(1—q)+qh

[ st -y

(22)

This further leads to the following inequality, for left g-h-
integrals:

(1 —g)+qh)
TG a g, €On
=((1—q)+qh) quqa+(1— )2+ kq*(z—a)h)
_/ a+ z—a )hdl (23)

Again using the (-m)-convexity on the last term of above
inequality the following inequality is yielded:

1 1
| sta+ a5 [ neyuds

+mg< >/ (1 —1)pdyt.

The inequality (23) leads to the upcoming inequality:

((1— ) +qh) / /
dgt < h Yndgt
(]_ +61/’l1 g hl g h

+mg< )/ hlfthdt

Inequalities (22), (23) and (24) constitute the required
inequality (19).

(24)
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Corollary 1.The upcoming inequalities hold for left and
right g-integrals, by setting h = 0, in (19) and (20)
respectively:

h(ll)g<a+z> 1+m/g (gt < (2 /h

2

+mg(%) X /0] h(1—1t)dgt,

1 Z+b)§ l+m

O
+mg( ) /hlfthdt

Theorem 8.From Theorem 4, the following inequality can
also be obtained:

b 1
eyt < 0) [ noyds

;,(] )g(a;b) < (1(1q_)(c§7)(1;)—f)qh3 /abg<t)h3dqt

/h hdt+mg< ) /hl—thdt (25)

where (b—a)h = hs.

=

ProofIf we put z = b in (19), we get the following
inequality:
((1—q)+qh)

;;(1>g<a;b>§( )(b— a+qh3/g th

<g /h hdt+mg( )/hlthdt (26)

If we put z = a in (20), we get the following inequality:

n(l%)g<a;b> = (F

<ot) ./0.1 h(;)hdqt+mg(%) X ./0'] (1 —1t)pdgt. (27)

o=

)(14+m) /
)(b—a)+qhs 8()nsdl

From (31) and (32), one can get the required inequality
(25).

Corollary 2.The upcoming inequality hold for qg-integrals,
by setting h =0, in (25):

il(l%)g <a;b> = bia/abg(t)d"t Sg(b)/olil(t)dqt
—I—mg(%) /Olf_t(l—t)dqt,

(28)

Theorem 9.Under the assumptions of Theorem 2 and let
h(t) = t* in (19) and (20) and using (a +b)* < a* +b°
where 0 < s < 1, we get the inequalities for (s — m)-convex
function:

h(ll)g(?) =1 (—17

)(14+m) /
a)+qh 8(0)nd

2

< ((1—q)+qh) ( (Zq x ( +1khqu)
() ()

1 (I1—=¢q)(14+m)

h(')gc;b) : (1 _Q)(b—z)Jrqhz/Zbg(t)hqut

2

(29)

<((1—q +qh( (qu +1kh2s)

q
1+ kh
o) ()
Theorem 10.Let g : I — R be (a-m)-convex function
differentiable on (a,b) and q € (a,b).

(i) If g is symmetric about “F%, z € (a,b), then left
q-h-integrals satisfy the following inequality:

(30)

a+tz (1-q¢)(1+m) [?
2g( 2 ) = (1-¢q)(z—a)+qh /a 8(t)mdyt

< (g(z) —mg(%)) (Kioqk x ((1=4%+ 1”;20;)

a
+1—g( ) €19

(if) If g is symmetric about #, z € (a,b), then right g-h-
integrals satisfy the following inequality:

2g<z+b>S (1—q)(1+m) /g i,
2 (1—=q)(b—2)+qhy

o) -7

()

where hy and hy is same as in Theorem 2.

(32)

Proof.Here we proof the inequality (31) for Ileft
g-h-integral and leave the proof of (32) for the reader.

(i) It is given that g is (a-m)-convex, hence the following
inequality holds:

2g<a+z> gg(ta+(1t)z)+mg<tz+(+t)a),t € 10,1].
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Applying g-h-integral on the above inequality one can get

2g<a;z> < i (—161)j-)qh<./(;]g(ta+(] —1)2)pdgt +m
g(@) hdqt),te [0,1] (33)

By using the condition f<%> = f(u) forallu € (a,z),
one can have

atz\ _(1+m)(1—q) [!
2(43) < v | g(““z“‘)”hdq(;)

Again by using the (o-m)-convexity on the last term of
(23) the following inequality yielded:

(1 —q)+qh) 'z
(1—q)(z—a)+qh /a g(t)n dgt

-1 1
Sf(z)/o t,f‘dqz+mf(%)/o (1—1%)udgt  (35)

Hence from (23), (34) and (35), we get the following
inequality:

a+x (I+m)(1—gq) X
26(*3) < g ), Smt

1 1
Sg(x)/o t,f‘dqt+mg<%>/o (1—t%)dgt.  (36)

From definition, we have that

[ g = (1) + ) ¥ (1~ )+ ke

k=0

by using (a+b)* < a® + b* where 0 < o < 1 we have

/0 = (1 q) +90) Y (0 ) +kg'h)

k=0
kh
< ((1-q)+qh) (Zq 1q2a). 37)

Using (37) in (36), constitute the required inequalities.

Corollary 3.The upcoming inequalities hold for left and
right g-integrals, by setting h = 0, in (31) and (32)
respectively:

a-+x 1+m *
2 < t)d,t
8< 2 >_x—a ag()q

<(o-m(2) Es0-o

m a
()
1—¢g”\m

(38)

2f<”b > < ’ o)yt
< (ro-me(3)) Leta-aris (3)

(39)

Theorem 11.From Theorem 10, the following inequality
can also be obtained:

a+b (1—q)(1+m) b
26(“3) < gt tam |, “Om
_ a ST kh
(e () (E0-0 )
+%g(a> (40)
ProofIf we put x = b in (31), we get the following

inequality:
a+b (I1—=¢q)(14+m) /b
2 < padgt
g( 2 >_ (1-q)(b—a)+qhi Ja 8ty

< (s)-mg( L)) [ L o x (1 -
(e0r-me () (X,

kh m a
) () )

If we put x = a in (32), we get the following inequality:

) gt
< (60 -ms(2)) (B o (0= s 20 )

+ %g(“) “2)
From (41) and (42), one can get the required inequality
(40).

Corollary 4.If h = 0 in (40) we have

) a+b <l—i—m b
g 2 “b—a g,

c(sorm(2)) -0z,

Theorem 12. Let h: (0,1) CJ — R be a non-negative
and non-zero function and let g := 1 — Ris a (p,h)-convex
function then,

(i) If g is symmetric about #, x € (a,b), then for left
q-h-integrals the following inequality holds:

1
_ /1 al +xP\r
nl =

2(1—gq) P 1_1)
< T e e FOR

/ D)pdyt + g(a?) / h(1—t)pdyt,  (43)

g(t)dgt

© 2023 NSP
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where (xP — aP)h = hy. Again by using the (p,h)-convexity on the last term of
(ii) If g is symmetric about Xp?p , x € (a,b), then we have above inequality the following inequality yielded:
the following inequality for right q-h-integrals.

( : , /()‘]g(a”—l—(x”—a”)t);?dqt

(1N [xP 4 bP 2(1—g v : _

! (5)g( 2 ) T atr e a fy SR ) [ RO+ g(a) [ 00y 9
1 1 .

< g(b") /O R(O)adyt + g(x") /O R(1—1)dyt, @4)

the inequality (47) leads to the upcoming inequality:

P
where (bP — xP) = hs. ((1—g)+qh) /x g(Ondyt
(1= )2 —a?) + g Jur 8"
ProofHere we proof the inequality (43) for Ileft » 1 p I_
g-h-integral and leave the proof of (44) for the reader. < g(x") /0 h(t)ndqt + g(a”) /0 h(1 —1)pdgt. (49)
(i) It is given that g is (p,h)-convex, hence the following '
inequality holds: Hence from (46), (47) and (49), one can get the required
inequality (43).
. quality (43)
g<a T > ! Corollary 5.The upcoming inequalities hold for left and
2 right g-integrals, by setting h = 0, in (43) and (44)
1 1 1 respectively:
< h<§> <g(ta”+ (I—1)xP)? 4 g(rxP + (1 t)a”)l’)
1
-1 al +xP\r 2 a 1
t€|0,1]. hl = < / t)rdgt
0.1] <2)g( ' ) < 2 [ eia,
. . . . I 1
Applying g-h-integral on the above inequality, one can < ¢(x) / h(1) dyt + g(a”) / R(1—1) dyt,
get the 0 0
1 (af’erl’); b ) b
8 - X 1
- 2 h < / t)rdgt
i) (e(757) =52 s
1
1 p p 71
<t ( )+qh</ g(ia + (1 -yt < (b )/0 B()dyt + g (x )/0 A1 ).
1 Theorem 13.Under the assumptions of Theorem 8, we get
+g (tx” +(1- t)a”) nd t) ,t €10,1]. (45) the following inequality:
| | ~ (1 al +b?
}(3ypus;r)1g the condititon glaP +xP —z)r = g(z)» forall z € h 58 5
,xP), one can ge
ar, x g 2(1_q) /.bl’ (t)%dt
8
}_l( ) (ap+xp) (1=q)(bP —a?) +ghs Jar =71
1 1
< g(b") /0 R()adyt +5(a”) /0 W1 —t)dyt,  (50)
2(1— 1
aP »
(1 —q)+ qh/ g(a”+ (" —ah)t) dyt. (46) where (bP — al) = h,.
This further leads to the following inequality, for left g-h- Proof.(i) By setting x = b, in (43), we get the following
integrals: inequality:
1
1—q)+gh P -1 aP+bP\ 7
(L—q) *qh) / 8()n,dgt h<§>g< 2
(1—q)(x? —aP) +qhy Jar
S k k 2(1 —q) Y-
_ _ P _ p P _ P t); dgt
(=0 +h) X asld'a + (=g ka0 —ah) < (e [ ewid
1 1
:/ gla + (x”—a”)t);,’dqt. (47) / Dndgt +g(a”) / h (1 —1)pdyt, (1))
0
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(ii)By setting x = a, in (44), we get the following
inequality:

1
_(1 al +bP\»
al =

21— g) /” :
< 1)’ dt
S =)oy —ar) + e Jor 5%

g(b") /0] h(t)pdyt + g(a) ./0'l Al —t)pdgt.  (52)

From(51) and (52), one can get the required inequality
(50).

Corollary 6.By setting h = 0 in (50), we get the following
inequality:

1
1\ [aP+bP\?
nl =
(3):(*5%)
2 br
S br—ar /mz 8(t)7dyt
1 1
g(bp)/ h(;)dqt+g(a1’)/ M(l—)dgt,  (53)
0 0
Corollary 7. By setting h(t) =t* in (43) and (44) and using

(a+b)* <a®+b* where 0 < s < 1 we get the following
inequality:

Or)
< 2(
== @W—w+w

(G

”dt<((1—q)+61h)

(54)

=

(5

— bP 1
< o [ s < (-0 an

QT

3 Conclusion

We established inequalities for ¢- and h-integrals in
implicit forms. Inequalities for g-integrals were deduced
from composite results. All the inequalities were analyzed
for certain classes of functions closely related with
convexity. Moreover, some symmetry and symmetry like
conditions were required to impose for getting the
required results.

(Zq“— ) 1)

(ZCIkl— 1kh2X)+g(xp)).
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