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Abstract: The fractional extended nonlinear Schrödinger equation is investigated in this study. We effectively convert the governing
model into a nonlinear ordinary differential equation using a sophisticated traveling wave transformation. By employing the Ansatz

approach, we generate and study traveling wave solutions, specifically bright and kink wave solutions that satisfy certain parameter

requirements. To gain deeper insights into the physical properties of the resulting traveling wave solutions, we employ 3D and 2D

graphs at specific parameter values. This visualization provides valuable information about the characteristics and behavior of the

solutions. Furthermore, we explore the influence of the fractional derivative on the obtained solution characteristics. Our research

findings contribute to the understanding of nonlinear dynamics and demonstrate the existence and characteristics of bright and kink wave
solutions in the fractional extended nonlinear Schrödinger equation. Moreover, we enhance our understanding of fractional derivatives

and their effects on wave propagation in nonlinear media.
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1 Introduction

A fundamental equation that appears in many areas of physics, including condensed matter physics, plasma physics,
and nonlinear optics, is the nonlinear Schrödinger equation (NLSE). Its capacity to explain a variety of nonlinear wave
phenomena and soliton dynamics has led to substantial study. The NLSE is a complex partial differential equation (PDE)
that takes into consideration how nonlinearity and dispersion interact. It controls how an envelope of a wave packet that is
traveling in a nonlinear medium change over time. Since the NLSE considers both linear and nonlinear effects, it makes
it possible to study complex wave dynamics, such as soliton generation, self-focusing, and wave propagation in nonlinear
media [1-5]. Researchers have expanded the NLSE to accommodate more realistic settings and new effects. The extended
nonlinear Schrödinger equation is the result of this. Numerous aspects, including higher-order dispersion, higher-order
nonlinearity, and external perturbations, are frequently considered in these expansions [1,2]. Wave propagation in intricate
physical systems is more thoroughly and precisely described by the extended nonlinear Schrödinger equation (NLSE). By
accounting for additional effects and disturbances, the extended NLSE allows a better understanding of phenomena that
cannot be fully captured by the basic NLSE. Researchers can investigate and characterize unique wave dynamics, such as
rogue waves, nonlocal interactions, and the impact of external fields, using the extended version of the equation [6,7].

Understanding the behavior and characteristics of quantum systems, as represented by equations like the Schrödinger
equation, depends critically on traveling wave solutions [8,9]. These insights into the dynamics of quantum processes
enable us to investigate and explain the behavior of quantum particles and wave packets. The Schrödinger equation is
a fundamental concept in quantum physics, illustrating how quantum states evolve over time. It is a partial differential
equation (PDE) that takes into account the wave-like behavior of particles and provides a method for calculating the
probabilities of various outcomes in quantum systems [10,11]. The wave function, which describes the quantum state and
encodes data about the particle’s position, momentum, and energy, can be found by solving the Schrödinger equation.
Existence of traveling wave solutions is one of the fundamental ideas in the study of the Schrödinger equation and other
quantum physics equations [12,13]. These solutions depict wave packets that maintain their shape and properties as they
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move through space and time. It is possible to think of them as confined particles or quasi-particles with clearly defined
characteristics like energy, momentum, and position [14,15]. Quantum physics traveling wave solutions offer several
significant benefits and discoveries. First of all, they give us the ability to examine how quantum systems behave in
diverse situations and potential fields. We can comprehend quantum physics concepts like interference, diffraction, and
scattering by looking at how wave packets move across space and time. We are able to predict the behavior of quantum
particles and the results of measurements thanks to these solutions. The genesis and behavior of quantum phenomena like
solitons can also be understood using traveling wave solutions. Solitons are self-reinforcing wave packets that keep their
form and speed while they travel through space. They can occur in nonlinear quantum systems and have significant effects
on fields including field theory, nonlinear optics, and condensed matter physics [16,17]. Solitons’ dynamics and physical
characteristics can be studied to learn more about the stability and nonlinearity of quantum systems. In quantum systems,
it is also possible to observe the quantization of energy and momentum through traveling wave solutions [?,?,?]. By
imposing boundary conditions and limits on the wave functions, discrete energy levels can be generated and the quantized
nature of physical observables can be established [?]. Consequently, energy states become quantized and discrete spectra
are predicted, both of which have been empirically verified in various quantum systems. The goal of this paper is to
investigate the fractional extended nonlinear Schrödinger equation (FENSE) as follows [?]:
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where φ ≡ φ(t,x) is the envelope of the electric field and D

η, α
M is the truncated M-fractional derivative of order α . The

parameters a1, a2 and a3 represents the inverse of the group velocity, the second and third order dispersion parameters,
respectively. The parameter b1 is the coefficient of the derivative cubic term, while b2 symbolize the soliton self-frequency
shift. Finally, µ represents the effective nonlinear coefficient.

We intend to develop traveling wave solutions for the FENSE (1) using a complex traveling wave transformation
and the Ansatz approach. The creation of bright and kink wave solutions, which are significant wave occurrences in
nonlinear systems, will be the subject of our particular attention. Under specific parameter conditions, we will examine the
characteristics and behaviors of these solutions. This study was inspired by an interest in investigating the consequences
of the fractional extension of the NLSE in wave propagation processes. For the analysis of complex nonlinear systems,
the fractional calculus technique offers a potent mathematical tool for capturing memory and long-range interactions. The
investigation of the fractional extended NLSE and the suggested methods are what make this study new. The research
successfully applies a complex traveling wave transformation to transform the governing model into a nonlinear ordinary
differential equation (ODE). This transformation makes it possible to analyze the system more easily and makes it easier
to look at traveling wave solutions.

The paper organized to be introduction as first section. A brief review for the truncated M-fractional derivative and its
properties introduced in Section 2. We utilized a suggested traveling wave transformation that reduced the model (1) into
nonlinear ODE in Section 3. Section 4 devoted to obtaining the desired wave solutions using the Ansatz method. Some
conclusions and discussions have presented in the last section.

2 Preliminaries

Since the advent of the concept of fractional calculus, there are several definitions for fractional operators, differential
or integral, have been introduced in the literature, in particular, Riemann-Liouville [22], Caputo [23], Hadamard [24],
Caputo-Hadamard [25], Riesz [26], conformable [27], local M-derivative and others [28-29]. With the existence of these
various definitions, we wonder about the gauges that these operators must achieve, whether differential or integrative, so
that we can call them fractional operators. Machado and Ortigueira [30] debated the concepts implicit for those definitions
and indicated common attributes that should be achieved by those operators to be consider fractional. Katugampola, in
turn, criticized the criteria discussed because there were operators that one could consider fractional even though they did
not meet those criteria [31]. In this work, we consider the derivative in a truncated M-fractional sense. In 2018, Sousa
and Oliveira introduced a truncated M-fractional derivative definition involving a truncated Mittag-Leffler function with
one parameter [32,33]. This definition has unified four extant fractional derivatives from the above mentioned, as well
as it satisfies some classical properties like linearity, composition, chain rule and others. In this section, we present the
definition of the truncated M-fractional derivative and its essential properties that will be utilized to gain our goal in this
work. Firstly, we present the definition of the truncated Mittag-Leffer function.

Definition 1 [33]. The truncated Mittag-Leffer function having one parameter is stated as

E i
η(z) =

i

∑
n=0

zn

Γ (ηn+ 1)
, (2)
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where η > 0 and z∈ C.
Definition 2 [33]. Let u : [0, ∞)→ R. Then, the truncated M-fractional derivative of the function u of order α is

acquainted as follows:

iD
η, α
M (u(ζ )) = lim

ε→0

u
(

ζE i
η

(

εζ 1−η
))

− u(ζ )

ε
, ∀ζ > 0 (3)

where 0 < α < 1 and η > 0. If the truncated M-fractional derivative of the function u of order α exists, then the
function u is said to be α-differentiable.

Theorem 1 [33]. Let 0 < α ≤ 1,η > 0, a, b∈R and let the functions u and v be α-differentiable at a point ζ > 0.
Then, the following are satisfied:
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5.If the function u is differentiable, then we have: iD
η, α
M (u(ζ )) = ζ 1−α

Γ (η+1)
du(ζ )

dζ
.

The properties in Theorem 1 play an important role in this work as they will be pivotal, with the aid of a suitable
traveling wave transformation, in reducing the governing model (1) into integer-order ordinary differential equation, from
which the desired traveling wave solutions can be derived [34-36].

3 Traveling wave transformation

In this section, we utilize a suitable complex traveling wave transformation to reduce the governing model into a nonlinear
integer-order ODE. Consider the following complex traveling wave transformation:

φ(t,x) = Φ(χ)×Exp [iΣ(x, t)] , (4)

where Φ(χ) gives the structure of the wave profile, χ = Γ (η+1)
α xα − v

Γ (η+1)
α tα while

Σ(x, t) = ρ
Γ (η+1)

α xα +σ
Γ (η+1)

α tα + δ symbolize the phase factor of the soliton. The parameters, ρ , σ , δ and v refers
to the wave frequency, wave number, phase constant, and velocity of the wave, respectively. Using the proposed
transformation with the aid of the properties of the truncated M-fractional derivative reduces the governing model into
complex nonlinear -integer-order ODE, its real part obtained as:

(

a3σν − a2ν2

2

)

d2Φ

dχ2
+(µ −σ)Φ3 +

(

a2σ2

2
− a3σ3

6
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)

Φ = 0, (5)

while the imaginary part is given as:
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6
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−ν (3b1 + 2b2)Φ2 dΦ
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+

(

1− a1ν − a3σ2ν

2
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)

dΦ
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= 0. (6)

Integrate (6) with respect to χ , we get:

a3ν3

6

d2Φ

dχ2
− ν

3
(3b1 + 2b2)Φ3 +

(

1− a1ν − a3σ2ν

2
+ a2σν

)

Φ = 0. (7)

Applying the homogeneous balance between (5) and (7), we obtain the following results for the effective nonlinear
coefficient µ and the wave frequency ρ , respectively:

µ =
νσa3 + 3νa2b1 − 3σa3b1 + 2νa2b2 − 2σa3b2

νa3
, (8)

ρ =−−18ν2σa2
2 +σa3

(

18+ 6(−3+ν)νa1+(−9+ν)νσ2a3

)

+ 6νa2

(

−3+ 3νa1+(3+ν)σ2a3

)

6ν2a3
. (9)

We will use the nonlinear ODE (7) to establish traveling wave solutions for the FENSE (1).
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4 Traveling wave solutions

In this section, we try to construct traveling wave solutions for the governing model (1). We seek to obtain bright wave
solutions using two formulas. In addition, we will establish kink wave solutions. Both types of the desired solutions will
be obtained by utilizing the Ansatz method, which approach assumes the solution of the ODE (7) can be written in specific
formulas involving hyperbolic functions. Then these assumed expressions for the solution will be substituted in the ODE
(7) to get an algebraic system, in which its solutions determined the undetermined parameters.

4.1. Bright wave solution I
To obtain bright wave solutions for the FENSE (1), we assume that the nonlinear ODE (7) has a solution in the form:

Φ(χ) = Π1sech(Π2χ) , (10)

where Π1 and Π2 are constants to be determined. Substitute (10) into the ODE (7) and collect the coefficients of the
linearly independent terms, we get an algebraic system has the following solutions:
Case 1:

b1 =−2b2

3
,σ =

νa2 +
√

ν2a2
2 + 2νa3 − 2ν2a1a3

νa3
, νa3 6= 0, (11)

Case 2:

b1 =−2b2

3
,σ =

νa2 −
√

ν2a2
2 + 2νa3 − 2ν2a1a3

νa3
, νa3 6= 0, (12)

where Π1 and Π2 are arbitrary constants. Using the obtained results (11) and (12) into (8) and (9), we obtain the
following results for the effective nonlinear coefficient µ and the wave frequency ρ , respectively:

µ1,2 =
νa2 ±

√

ν2a2
2 + 2νa3− 2ν2a1a3

νa3
, (13)
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(

νa2
2 − (1+ 2νa1)a3

)

√

ν2a2
2 + 2νa3 − 2ν2a1a3

3ν2a2
3

. (14)

Consequently, with the aid of the complex traveling wave transformation (4), we get the following bright wave
solutions for the FENSE (1):

φ1(t,x) = Π1sech

(
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(15)

φ2(t,x) = Π1sech
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 .

(16)

Gordon demonstrates that the term b2 is equivalent to the retarded Raman effect [?], whereby the higher-frequency
soliton spectrum components transfer energy to the lower-frequency components. As a result, this term causes a nonlinear
dissipation, which, as seen in [?], causes a downshift in the soliton’s carrier frequency. The existence of this phenomenon
was not taken into consideration in prior hypotheses [?]. We depicted the obtained results in Figures 1–3, considering
special values for the parameters Π1 = Π2 = 1, the group velocity, and the second and third-order dispersion parameters
a1 = 0.008, a2 = 0.005, a3 = 0.025, respectively, phase constant δ = 1 and Mittag-Leffer function parameter η = 1. In
Figure 1, we show the bright wave solution φ1(t,x) for the FENSE (1) in 3D and 2D plots where the fractional derivative
α considered in two cases: α = 1 and α = 0.95. This is important to show the variety in the the behavior of the inferred
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Fig. 1: The bright wave solutions |φ1(t,x)| in (15) for the FENSE (1) at Π1 = Π2 = 1, ν = 1, a1 = 0.008, a2 = 0.005, a3 = 0.025, δ =
1, η = 1 such that (a) 3D plot at α = 1; (b) 2D plot at α = 1; (c) 3D plot at α = 0.95; (d) 2D plot at α = 0.95.

bright wave. This appears in that the wave in the classical case, α = 1, looks symmetrical, which changes when the order
of the derivative varies to become fractional, α = 0.95.

In Figure 2, we introduce the impact of the fractional derivative on the effective electric field amplitude E2 = |φ1(t,x)|2
where we consider different fractional derivative orders, α = 0.99, 0.95, 0.93 and 0.92. In Figure 2(a), the velocity of
the wave ν considered to be 1, while it be ν = 1.2 in Figure 2(b). We notice that both the amplitude and the length of
the obtained wave become smaller as the wave velocity increases. Moreover, the crest of the wave shifts to the left as the
order of the fractional derivative decreases.

We depicted in Figure 3 the |φ1(t,x)|, Re(φ(t,0) and Im(φ(t,0)) against the time t of the bright wave solutions φ1(t,x)
in (15) for the FENSE (1) at different values for the wave velocity ν and fractional derivative order α .

4.2. Bright wave solution II
We can establish bright wave solutions for the FENSE (1) using another assumption of the solution for the nonlinear

ODE (7), which reads:

Φ(χ) =
Π1

√

1+ cosh(Π2χ)
, (17)

where Π1 and Π2 are parameters. We substitute the solution (17) into the ODE (7) and after some simplifications, with
aid of Mathematica software packages, we collect the coefficients of the linearly independent terms and set it to be zero,
which give us an algebraic system has the following solutions:

Π±
1 =±Π2ν

√ −a3

2(3b1 + 2b2)
, (18)

σ1,2 =
a2

a3
±

√

576ν2a2
2 + 48νa3 (24− 24νa1+B2ν3a3)

24νa3
, (19)
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Fig. 2: The effective electric field amplitude E2 = |φ1(0,x)|2 for the FENSE (1) at Π1 = Π2 = 1, a1 = 0.008, a2 = 0.005, a3 =
0.025, δ = 1, η = 1 and at different fractional derivative orders α = 0.99, 0.95, 0.93, 0.92 such that (a) ν = 1; (b) ν = 1.2.

Fig. 3: 2D plots for the |φ1(t,x)|, Re(φ(t,0) and Im(φ(t,0)) of the bright wave solutions φ1(t,x) in (15) for the FENSE (1) at Π1 =
Π2 = 1, ν = 1, a1 = 0.008, a2 = 0.005, a3 = 0.025, δ = 1, η = 1 such that (a) α = 0.99 and ν = 1.2; (b) α = 0.99 and ν = 2; (c)

α = 0.9 and ν = 1.2; (d) α = 0.9 and ν = 2.
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provided that 3b1 + 2b2 6= 0 and νa3 6= 0. Using the obtained results (18-19) into (8) and (9), we obtain the following
results for the effective nonlinear coefficient µ and the wave frequency ρ , respectively:

µ1,2 =
a2 (ν + 3(−1+ν)b1+ 2(−1+ν)b2)

νa3
±

(ν − 3b1− 2b2)
√

ν
(

12νa2
2 + a3 (24− 24νa1+B2ν3a3)

)

2
√

3ν2a3

, (20)

ρ1,2 =
a2

(

8a2
2 − 3a3

(

8a1 +B2(−1+ν)νa3

))

24a2
3

+

(

±24νa2
2 − a3

(

24+ 48νa1+B2(−9+ν)ν2a3

))

√

ν
(

12νa2
2 + a3 (24− 24νa1+B2ν3a3)

)

144
√

3ν2a2
3

.

(21)

Using (17), we get the following wave profiles:

Φ1,2(χ) =
±Π2ν

√

−a3
2(3b1+2b2)

√

1+ cosh(Π2χ)
. (22)

Consequently, with aid of the complex traveling wave transformation (4), we get the following bright wave solutions
for the FENSE (1):

φ1,2(t,x) =
±Π2ν

√

−a3
2(3b1+2b2)

√

1+ cosh
(

Π2

(

Γ (η+1)
α xα − v

Γ (η+1)
α tα

))

×Exp

[

i

(

ρ1,2
Γ (η + 1)

α
xα +σ1,2

Γ (η + 1)

α
tα + δ

)]

, (23)

where σ1,2 and ρ1,2 as in (19) and (21), respectively. These results illustrated throughout Figures 4-8. We demonstrate
the impact of the self-frequency shift parameter b2 on the obtained wave profile (22) in Figure 4. We notice that the height
of the wave is less as the value of the self-frequency shift parameter b2 increases, while the wave maintains its shape and
symmetry. Figure 4 also shows the effect of parameter b2 at two different values of the third-order dispersion parameter
a3, Figure 4(a) at a3 = 0.025 and Figure 4(b) at a3 = 0.1, as we note that the crest of the wave is larger at the lower value
of the third-order dispersion parameter a3. In Figure 5, we depicted bright wave solutions |φ1(t,x)| in (23) for the FENSE
(1) in 3D and 2D plots when the derivative order α has consider in classical case α1 and fractional case α = 0.97. In the
classical case α = 1 the bright wave is symmetric about the |φ1(t,x)|-axis when the time t = 0, see Figure 5(b), while
the wave symmetry is affected when the fractional derivative α = 0.97, see Figure 5(d) noting that the effect was on the
negative x-axis.

The effective electric field amplitude E2 = |φ1(0,x)|2 for the FENSE (1) has illustrated throughout Figures 6 and 7.
We Showed the impact of the varity of the fractional derivative order α on the behavior of the obtained electric field
amplitude. Figure 6 has depicted at different wave velocity ν = 2 and ν = 3, while Figure 7 considers various values for
the self-frequency shift parameter b2 = 0.1 and b2 = 1.

We depicted in Figure 8 the |φ1(0,x)|, Re(φ(t,0) and Im(φ(t,0)) against the time t of the bright wave solutions φ1(t,x)
in (23) for the FENSE (1) at different values for the wave velocity ν and fractional derivative order α .

4.3. Kink wave solution

We will construct kink wave solutions for the FENSE (1) by assuming the nonlinear ODE (7) has a solution in the
form:

Φ(χ) = Π1 tanh(Π2χ) , (24)

where Π1 and Π2 are constants to be determined. Inserting (24) into the ODE (7), then collect the coefficients of the
independent terms in the obtained expression, after some simplifications, to get an algebraic system has the following
solutions:

Case 1:

Π±
1 =± 1

a2

√

3
(

2a2
2 −νa2

1a3

)

2ν (3b1 + 2b2)
,Π±

2 =± 1

ν
3
2 a2

√

3
(

2a2
2 −νa2

1a3

)

2a3
, σ =

a1

a2
, (25)

Case 2:

Π±
1 =±Π2ν

√

a3

3b1 + 2b2
, σ± =±

√

2
(

3−Π 2
2 ν3a3

)

3νa3
,a1 = a2 = 0, Π2 arbitrary. (26)
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Fig. 4: The wave profile Φ(χ) in (22) at Π2 = 1, ν = 1 and different values for the self-frequency shift parameter b2 = 0, 0.2, 0.4, 0.6

such that (a) a3 = 0.025; (b) a3 = 0.1.

Fig. 5: The bright wave solutions |φ1(t,x)| in (23) for the FENSE (1) at Π2 = 1, ν = 1, a1 = 0.008, a2 = 0.005, a3 = 0.025, b1 =
0.8, b2 = 0.5, δ = 1, η = 1 such that (a) 3D plot at α = 1; (b) 2D plot at α = 1; (c) 3D plot at α = 0.97; (d) 2D plot at α = 0.97.
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Fig. 6: The effective electric field amplitude E2 = |φ1(0,x)|2 for the FENSE (1) at Π2 = 1, a1 = 0.008, a2 = 0.005, a3 = 0.025, b1 =
0.8, b2 = 0.5, δ = 1, η = 1 and at different fractional derivative orders α = 0.99, 0.97, 0.95, 0.93 such that (a) ν = 2; (b) ν = 3.

Fig. 7: The effective electric field amplitude E2 = |φ1(0,x)|2 for the FENSE (1) at Π2 = 1, ν = 2, a1 = 0.008, a2 = 0.005, a3 =
0.025, b1 = 0.8, δ = 1, η = 1 and at different fractional derivative orders α = 0.99, 0.97, 0.95, 0.93 such that (a) b2 = 0.1; (b)

b2 = 1.

provided that a3 6= 0, ν 6= 0 and 3b1 + 2b2 6= 0. Depending on these results, the effective nonlinear coefficient µ and
the wave frequency ρ can obtained as:
Case 1:

µ =
a1

a2
− 3a1b1

νa2
+

3a2b1

a3
− 2a1b2

νa2
+

2a2b2

a3
, (27)

ρ =− 3a1

ν2a2
− 2a2

1

a2
+

3a2

νa3
− a3

1a3

6a3
2

+
3a3

1a3

2νa3
2

. (28)

Case 2:

µ± =±(ν − 3b1− 2b2)

√

2(3−B2ν3a3)

3ν3a3
, (29)

ρ± =
±
(

3−Π 2
2 (ν − 9)ν2a3

)

27

√

18− 6B2ν3a3

ν3a3
. (30)
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Fig. 8: 2D plots for the |φ1(t,x)|, Re(φ(t,0) and Im(φ(t,0)) of the bright wave solutions φ1(t,x) in (23) for the FENSE (1) at Π2 =
1, a1 = 0.008, a2 = 0.005, a3 = 0.025, b1 = 0.8, b2 = 0.5, δ = 1, η = 1 such that (a) α = 0.99 and ν = 2; (b) α = 0.99 and ν = 4;

(c) α = 0.92 and ν = 2; (d) α = 0.92 and ν = 4.

The wave profile Φ(χ) can be given as:

Φ±
1 (χ) =± 1

a2

√

3
(

2a2
2 −νa2

1a3

)

2ν (3b1 + 2b2)
tanh







± 1

ν
3
2 a2

√

3
(

2a2
2 −νa2

1a3

)

2a3



χ



 , (31)

Φ±
2 (χ) =±Π2ν

√

a3

3b1 + 2b2
tanh(Π2χ) , (32)

where Φ±
1 (χ) have obtained according to the Case 1, while Φ±

1 (χ) constructed using Case 2. Consequently, with aid
of the complex traveling wave transformation (9), we get the following kink wave solutions for the FENSE (1):

φ1(t,x) =
1

a2

√

3
(

2a2
2 −νa2

1a3

)

2ν (3b1 + 2b2)
× tanh









1

ν
3
2 a2

√

3
(

2a2
2 −νa2

1a3

)

2a3





(

Γ (η + 1)

α
xα − v

Γ (η + 1)

α
tα

)





×Exp

[

i

((

− 3a1

ν2a2
− 2a2

1

a2
+

3a2

νa3
− a3

1a3

6a3
2

+
3a3

1a3

2νa3
2

)

Γ (η + 1)

α
xα +

(

a1

a2

)

Γ (η + 1)

α
tα + δ

)]

,

(33)
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Fig. 9: The wave profile Φ+
1 (χ) in (31) at a1 = 0.008, a2 = 0.005, a3 = 0.025, b1 = 0.8 and different values for the self-frequency

shift parameter b2 = 0, 0.2, 0.4, 0.6 such that (a) ν = 1; (b) ν = 3.

φ2(t,x) =
−1

a2

√

3
(

2a2
2 −νa2

1a3

)

2ν (3b1 + 2b2)
× tanh
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1
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+
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+
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)
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α
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α
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,

(34)

φ3(t,x) =−Π2ν

√

a3

3b1 + 2b2
× tanh

(

Π2

(

Γ (η + 1)

α
xα − v

Γ (η + 1)

α
tα

))

×Exp



i
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α
xα +





√

2
(

3−Π 2
2 ν3a3

)
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Γ (η + 1)

α
tα + δ







 ,

(35)

φ4(t,x) = Π2ν

√

a3

3b1 + 2b2
× tanh

(

Π2

(

Γ (η + 1)

α
xα − v

Γ (η + 1)

α
tα

))

×Exp



i



ρ−Γ (η + 1)

α
xα +



−

√

2
(

3−Π 2
2 ν3a3

)

3νa3





Γ (η + 1)

α
tα + δ







 .

(36)

We show the obtained results in Figures 9-13. In Figure 9 we present the kink wave profile Φ+
1 (χ) in (31) at selected

parameters, while the kink wave profile Φ+
2 (χ) in (32) has depicted in Figure 10.

Figure 11 shows the effective electric field amplitude E2 = |φ1(1,x)|2 for the FENSE (1) at different orders for the
fractional derivative α such that the wave velocity has considered at ν = 0.2 and ν = 0.1. The effective electric field

amplitude E2 = |φ3(3,x)|2 for the FENSE (1) presented in Figure 12.
It is clear from Figures 11 and 12 that the change in the order of the fractional derivative α changes the behavior of

the inferred kink wave. Moreover, this change in behavior is also affected by the velocity of the wave ν by comparing
Figures (a) and (b) in each of 11 and 12.

Figures 13 and 14 presented the real and imaginary parts of the kink wave solutions φ1(t,x) and φ3(t,x), respectively.

5 Conclusion

The fractional extended nonlinear Schrödinger equation has been examined in this study by considering the truncated
M-fractional derivative meaning. We have reduced the governing model to a nonlinear ordinary differential equation by
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Fig. 10: The wave profile Φ+
2 (χ) in (32) at ν = 0.1, a3 = 0.025, b1 = 0.8 and different values for the self-frequency shift parameter

b2 = 0, 0.2, 0.4, 0.6 such that (a) Π2 = 2; (b) Π2 = 1.5.

Fig. 11: The effective electric field amplitude E2 = |φ1(1,x)|2 for the FENSE (1) at a1 = 0.008, a2 = 0.005, a3 = 0.025, b1 =
0.8, b2 = 0.5,δ = 1, η = 1 and at different fractional derivative orders α = 0.9, 0.8, 0.7, 0.6 such that (a) ν = 0.2; (b) ν = 0.1.

Fig. 12: The effective electric field amplitude E2 = |φ1(3,x)|2 for the FENSE (1) at Π2 = 3, a3 = 0.025, b1 = 0.8, b2 = 0.5,δ =
1, η = 1 and at different fractional derivative orders α = 0.9, 0.8, 0.7, 0.6 such that (a) ν = 0.2; (b) ν = 0.7.
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Fig. 13: 2D plots for the Re(φ1(t,5) and Im(φ1(t,5)) of the kink wave solutions φ1(t,x) for the FENSE (1) at ν = 0.1, a1 = 0.008, a2 =
0.005, a3 = 0.025, b1 = 0.8, b2 = 0.5,δ = 1, η = 1 such that (a) α = 1; (b) α = 0.9.

Fig. 14: 2D plots for the Re(φ3(t,0) and Im(φ3(t,0)) of the kink wave solutions φ3(t,x) for the FENSE (1) at ν = 1, Π2 = 3, a3 =
0.025, b1 = 0.8, b2 = 0.5,δ = 1, η = 1 such that (a) α = 1; (b) α = 0.9.

applying a complex traveling wave transformation. Traveling wave solutions for the model, specifically bright and kink
wave solutions, have been obtained using the Ansatz approach. The obtained solutions satisfy certain parameter
requirements. We have represented the established traveling wave solutions using 3D and 2D plots at particular
parameter values to provide insight into their physical nature. This visualization helps in better comprehending the
behavior and traits of the solutions. Additionally, we have investigated how the characteristics of the resulting solutions
are impacted by the fractional derivative. Overall, our results demonstrate the existence of bright and kink wave solutions
to the fractional extended nonlinear Schrödinger equation with certain properties. Exploring these solutions offers
important new perspectives on the dynamics of nonlinear systems. Our research advances the understanding of fractional
derivatives and their effects on wave propagation in nonlinear media. Further exploration of different types of solutions
and the behavior of the fractional extended nonlinear Schrödinger equation in various settings is possible.
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