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Abstract: In this article, the domain of attractions (DAs) of the central order statistics under linear normalization is compared with the
DAs under exponential normalization. Moreover, The work of Barakat and Omar [1] for the intermediate order statistics under power
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1 Introduction

Let 71,75, ..., T, be independent random variables (RVs) with the same distribution function (DF) F(¢). The associated
order statistics (OSs) are indicated by 77., < 15, < ... < T),;,. Numerous researchers examined the OS T .,, when
min(k,,n — k,) — oo, as n — oo, including [1] [11] [3] [4] [5] [6] [7]. The term Tj., is called a right intermediate (or
left intermediate) OS, if its rank sequence {k} = {k,} is like that k,, — oo, and % — 1, as n — oo or (k, — o0 and %" —0,
as n — oo,) . Applications are numerous for intermediate OSs. for instance, In insurance and finance, intermediate quantile
numbers are helpful when studying low-frequency, high-severity losses. On the other hand, tail quantiles can be estimated
using intermediate OSs. Numerous authors, have also created estimators based on intermediate OSs e.g. [20] [24]. For
more details about central and intermediate OSs we refer the reader to [8] [9] [10] [14] [15] [17] [19].

The nonlinear normalization was initially utilized by Weinstein [25] and Pantcheva [22], to obtain a larger class of
limit laws of extremes. It can be used to resolve difficulties involving approximation. The work of Pancheva [22] was
extended by the authors in [11] for the OSs under nonlinear normalization, where their work was mostly focused on the
power normalization

Gu(t) :=Dby | 1| L(t), an,by >0,

where . (t) = —1,0, and +1, according to t < 0,7 = 0, and ¢ > 0, respectively. The authors in [11] revealed that the
possible non-degenerate weak limits, that have more than two growth points, of any central OS with regular rank r, (i.e.,
V(= —2) — 0,4 € (0,1), as n — o) under Both traditionally linear and power normalisations are the same. Namely,
these limit laws are

V(1) = &(c,1*)0,

o2 (t)= @(—02 |t |a)1t§0 + Lo,
and
B (1) = B(—c, | 1|“)li<o+ P(c,1%);0,
where I, is the usual indicator function. In this case, when the DF of a central OS 7,,.,, based on a DF F and with

the regular rank r,, weakly converges to one of the above three limit laws CD((xj ) (), j€{1,2,3}, under linear or power

normalization we claim that the DF is a member of the domin normal A —attraction of @é’ )() under linear or power
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normalization, respectively. Moreover, the authors in [11] derived the limit types of the intermediate OSs under power
normalization (see Mohan and Ravi [21] for extreme case) and got the following 6 types for the lower intermediate OSs:

Lig(t)=@(BInlnr), t > 1; L g(t) = P(—PIn(—1Inz)), 0 <1 < 1;
Lyg(t) = @(BIn(—Inlt])), —1<1<0; Lyg(t) = P(—BInlnft|), r < —1;
Ls(t) = ®(Int), t > 0; Lg(t) = @(—Inlt), t <O0.

Once more, to expand the class of the limit laws in the extreme value theorem (see Galambos [17] for linear
normalization), the authors in [23] introduced exponential normalization, that has the forme

Gn(t) = Guyy, (1) = {exp(un ([ Infe[[)™ 7 (In [¢])) }.5 (2); tn, vn > 0.

which yields the following definition:

Definition 1.1. The two DFs J# and .74 are of the same exponential type (denoted by e-type) if
(1) = A ({exp(u(|Infe]])". (In[e])) }.5(1)) = Az 0 Guy (1) = H2(Gun (1)),

for certain constants # > 0, v > 0. Moreover, we say that a DF F is belonging to the e-max-DAs of the non-degenerate
DF ¢ under e-normalization, denoted by F' € D, (.5¢), if

N
PG, (Tun)} <1) = P ({exp [(w) ﬂ<1n|(Tm>|>] }y(nm) < r)

Un

= P(Tn:n < Guy v, (t)) = Fn:n(Gun,vn (t)) %%(t) (]-1)

Authors in [11] studied the asymptotic DFs for OSs with variable ranks under the exponential transformation. They
showed that under this normalization, both log-normal and negative log-normal DFs are possible limits of the central OSs
with regular ranks, Despite the fact that the normal distribution is not. The limit laws that have more growth points than
two of the central OSs under exponential normalization are

§W (1) = @(c(nt)P)ly,

§@ (1) = @(—c/nr]/P 7 (Int])Ty<oy + Lm0y,
and
5(3) (t) - (D(ic/l|lnt|ﬁ)1{0<l§l} + ¢(C£ (1nt)ﬁ)1{l>l}7 C,C/l 7C£7ﬁ > 0.

Moreover, authors in [11] derived all limit types of the intermediate term under exponential normalization, and got the
following types for the lower intermediate

Lig(t)=2(B ln(lnlnt))I{,>e}; Lyp(t)=2(—B ln(—lnlnt))I{K,SE} + L eys
Ly p(6) = ®(BIn(~In(~Ine))) L1y, + T
Lyp(t) = @(—B1In(In(—1Int

)))I{0<l§;1,} +I{[>%};
Ly p(6) = B(BIn(in(— In(~));1_, ) + o)
Lop(t) = ®(—Bin(~In(~In(~))L_ o 1)+ 1)

Ly g(t) = @(BIn(—InIn(—1)))I{ o<1y + L 13
Lgp(t) = @(—BIn(Inln(—1)))j<_oy + s ey Lop(t) = P(Inln(r)) g1y
Lygp(t) = @(—In(—Int)lioci<1y + Lyn1ys L g () = @(In(=In(—1))_1 <0y + Lm0
and
L1z p(6) = S(—In(~In(— )Ty

For more details about the asymptotic distribution of OSs under exponential normalization and some of their applications
see Barakat et al. [13] [12] and Khaled et al. [18].

In Section 2, we compare the DAs for central OSs under linear and exponential normalization. In Section 3, we obtain
the DAs for the limit types of intermediate OS under exponential normalization.
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2 A comparison between DAs for limit laws of central OSs under linear and exponential
normalization

The following theorem reveals an interesting fact: if a DF belongs to the central DAs of CDS)(t), under a linear
normalization, then this DF can not belong to any DAs with growth points more than two under exponential
normalization.

Theorem 2.1. Let a DF F belongs to the domain of normal A —attraction of @S)(Z‘) type, like that F~!(1) # 0, Under
linear normalization. Then, the domains of normal A —attraction of &) (), E?)(¢), and EG)(r) types do not attract the
DF F under the exponential normalization.

Proof.For a DF F and the real constants 3

no

uy,V, > 0and o, € R we have

F(Bt+a,)—A _ [ F(Bt+a,)—2A ]
A(1—2) F(exp [(un(|Int][)Y).7 (Int])] (1)) — A

F(exp[(un(llnItll)v”)y(lnltl)]y(t))l] _

Vvn

NG

Ty (2.1)

Let B, > 0, o, be suitable linear normalizing constants where the DF of ﬁin(Tm, — a,) weakly converges to @&3) (7).

Consequently, by Theorem 8c in [5], 3 a point of continuity, t = #y, of the DF F like that F(ty) = A, where F~'(1) = 1,

now, we can take o, =fp and B, = F~' (A + ﬁ) — 19, which implies 8, — 0, (as n — o). Assuming that exponential

1/vy
normalizing constants u,, V,, > 0 can be found such that the DF of <{exp [(M) < (In| T}y |)} } Y(Tr;n)) weakly

Un
converges to 5(3) (¢). Distinctly, we can suppose that the exponential normalizing constants can be chosen such that
@(—c |Int [F), 0 <1 <1,
gV =3 o(c,(nr)P), >1,
0, <0,
In view of (2.1), we get V¢ > 0,
F (exp(un|In |t (In2]))- () — A
F(B}lt + a)l) - A’
as n — oo. This implies that F(exp(uy,|In|f||""”(In|t])).-(t)) — A — 0 as n — oo. Thus, exp(uy|In|t||*».7 (Int]) —
F~'(A) =1o. By putting = e we get u, — Inzy. On the other hand, using (2.1) we get
F(exp(uy|In [t | (In|t])) -7 (1)) — A
F(Bt+a,)—2
as n — oo, for all ¢+ < 0. Which leads u, — —Infy, when t = —e. which contradicts that u, does not depend on 7.
Consequently, the assumption 3 exponential normalizing constants u,,V, > 0 where the DF of

1/vp
({exp [(mu#) < (In |T,:,,|)] }y(Tm)) weekly convergent to &)(¢) is not true. Then the assumption that, the

— 1,

¢
— Lo,
e

[Ty ) /" 1 2 .
DF of exp (T”’) (I |Tpp)| ¢ (Trn) | weekly converges to E((r) or E?)(r) for some suitable

exponential normalizing constants u,,V, > 0 leads to a contradiction and merely has the evident differences. The
evidence is now complete.

3 Criteria for DFs to belong to the DAs of the lower intermediate exponential types

TO show that a DF F is a member in the DAs of the laws G, under power normalization (G, (t) = a,|t|’*.7(t)), and L,
under exponential normalization, respectively we will write F' € D,(G) and F € D,(L). In addition, the left and right end
points of F, are denoted by ¢ = inf{t : F(¢) > 0} and rr = sup{¢ : F(r) < 1} respectively. Also,for any nondecreasing
function F define F~(y) = inf{z : F(r) > y}. Finally, the normalizing constants are given at the end of each theorem.

Theorem 3.1. ADF F € D, (L, g) if and only if (iff)
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1.31, like that F(e“°) = 0, and F(e*° +€) > 0, Ve > 0 and

2571 >0,
F —F =
i F(exp(exp(t, +17))) (exp(zelp(to ) _ e g,
Ho [F(exp(exp(t, +1)))] 272«
If so, we could decide to set u, = ¢ and v, = In(F~ (X)) —1.
Proof.Suppose that 1 and 2 hold. Define the DF
_ 07 y < lo,
G(y) {F(e>’), y > 1o. (3.1)
Clearly, /¢ = to. The relation 2 implies
— =
lim G(exp(to + 1)) G(G)ZEE[O +1)) — (" Bnc.
0 [G(exp(tg +1))] 72

Hence, from Theorem 3.1 in [1], will get G € Dp(ilﬁ), with @, = €™ and 8, +1) = In G’(%)7 ie.,

nG(oth) — k {—oo, 1 <1,
Vk

Blnlnz, r > 1,

as n — oo.Therefore, we get
nF(e0™) —
Vk

as n — oo ,where u, = ,, P, = Vv,. Thus, putting t = Iny, we get

— Blnlnz, Vr > 1, (3.2)

nF (e ()™ ) _ g

— Blnlnlny, Yy > e. 3.3
7 B ¥, Yy (33)

Now, forany 0 <t <1, (i.e 1 <y<e) we get

nF (et ()™ _k

vk

— —oo, VIl <y <e. (3.4)

Fort <0, (i.e.y < 1), we get
F up(Iny)¥ny _ k
P ) 7k <1, (3.5)
Vk
Combining (3.3), (3.4), and (3.5) we get

nF (exp(up(Iny)* 7 (Iny)) #(v)) —k [ —oo, y<e,
Vk Blninlny, y > e,

which implies F' € D,(L; g)-

Conversely, let F € D.(L, g), with normalizing constants u, = B >0 and v, = In(F~ (%)) — B > 0. First, we note
that ¢r > 0 . Indeed, put r = 0 in the relation

nF (exp(un(Ing)".#(Int)).7(t)) —k
Vi
)

we get ”F—\/{k — —oo. The last relation yields F(0) < % — 0, which implies F(0) =0, and consequently ¢z >0. On

— —oo, V1 <1,

the other hand, if u, = B> 0, we get w\/?*k — —oo, which implies that F (¢8) = 0, and consequently £ > ¢? > 0. This
proves the relation 1. Now, the modified Khinchin’s types theorem permits us to take u, = F = €' (where 1y = Infp). If
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we again adopt the definition (3.1), we get nGloP)k _ —k —oo, Vt <0, where 3, = G’(%) —ty= lnF’(ﬁ) —1tp = Vy.

vk vk
On the other hand, since F' € Do(L; g), then V¢ > 0, let # = Iny we get

nF (exp(u,(Iny)¥n) —
vk

— Blnlnlny, Vy > e.

Hence,
nG (04 (t)P) — k

NG
Thus, G € D, (Zlﬁﬁ), with a;, and f3,, which in view of Theorem 3.1 in [1] yields

— Blnlnz, Ve > 1.

_ =
li Z(EXPU +17)) = Glexplty £1) _ e gy o e
o [G(exp(t, +1))]> 72«

Therefore, since #g +¢,7) + Tt > ty, we get
1im F(exp(exp(t, +17))) — F(exp(exp(t, +1)))
110 [F (exp(exp(t, +1)))] 32

which proves the relation 2, as well as the theorem.
Theorem 3.2. ADF F € D (L, g) iff
1. =0,and
2Nt >0,
lim ey
e [F(exp(exp(t)))] 24

We may setu, =1 and v, = 71n(F*(§))_

Proof.Suppose that the relations 1 and 2 hold. Define G(y) = F(e”),Vy. Thus, from 2, we get

_ 1
lim GEP) ZGEXPW0) __ Fa gy o yr s,

T [Glexp(n))] P

1
=¢"*Blnt,V1 >0,

Fexp(exp(x) ~ F(exp(exp(r))) _ et g

Consequently, in light of Theorem 3.2, in [1], we have G € D,(L, g), with o, = 1 and B, = fln(F’(ﬁ)). Thus, we get

GautPrs(t)) —k s r<0,
M% —BlIn(—1Inzr), 0 <t <1,
vk oo, t>1.
Hence,
F (X,,tﬁ”s(t) —k —9, t < 07
"(e—)—> —BIn(=Inz), 0 <t <1,
vk oo, t>1.
On the other hand, by putting ¢’ =y > 0, with u, = o, v, = 3, we get
F 1y (Iny) " s(Iny) —k —, y<1,
nF (e )=k, —BIn(—Inlny), 1 <y<e,
vk oo, yze,

which proves F' € D¢(L, g(t)), with u, = o, and v, = B,
Conversely, let F € D.(L, (t)). Then,

nF (et () "5(1ny)) _ g

vk

— —oo, Vy < 1.
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Put y =0, i.e., nF(0) < k, then for large n, F(0) = 0, which implies ¢r = 0. This proves 1. Now, define again G(y) =
F(e”),Vy. Hence,
nG(oy,(Iny)Pr .7 (Iny)) — k nF(eun(lny)vny(lny)) iy

Jk B vk

—oo, y< ],

— < —BIn(—Inlny), I<y<e
oo, y>e.

Let Iny =t¢. Hence,
5 B —oo, t <0,
nGloaM* 7 M) =k ) gla—inn), 0<1<1
Vk oo t>1,

)

i.e, G € Dp(Ly (t)), then from [1] we get

G(exp(tt)) — G(exp(t))

=1
lim s = (""" Blnt.
T [Glexp(r))] 7
Hence the result.
Theorem 3.3. ADF F € D, (L3 g) iff
1.3, like that F(—e ") =0, and F(—e "0 4+€) > 0, Ve > 0, and
2.Vt >0,
_ _F(— =
i FCOPLEXD(, +10))) —F(—explexplty +0)) _ gy o
o [F(—exp(exp(t, +1)))] 722

We may take u, = e~ and v, = —(In(—F = (£)) +1o).

Proof-Suppose that 1 and 2 are true, we can define the DF G(y) = F(—e ™), Vy. Hence, 2 implies that

Iim G(—exp(t, +1t)) — G(—exp(to+1))
W [G(—explio + 1))

— (TaBInt,V1 > 0.

Thus, by using Theorem 3.3 in [1], we have G € D, (L3 g), with power constants o, = ¢’ and B, = —(ln(—F*(g)) +1).
This yields

—oo < —1
_ l‘ﬁ” 7]( ) t = 9
nGEo ™) =k ) g ), —1<1<0,
Vi oo, t>0.
This implies that
Bn Bn —oo < eil
nF(—e®"™) —k nF(—eo‘”(lny) )—k y y= ’
= — ﬁln(fln|lny|),e’1 <y<l,
vk vk oo, y>1,

which means that F € DE(L3,[3), with u,, and v,, as was indicated. This proves the sufficiency.
Conversely, assume that F' € D, (L3 g). Since, F’(%) — L, as n — oo, we should have ¢ < 0, otherwise Vv, is not
real. Also, if £p = —oo, we get v,, — —oo. This proves the necessity of 1. To prove 2, put G(y) = F(—e ), Vy. Thus,

nG (0 (Iny)Pr) —k nF(—e’“”('“y)ﬁ") —k nF(—e’“"H“y‘ﬁ"y(’1“3’) —k

vk B vk B Vi
-, ySeila
— < Bln(=In|Iny|) e ' <y <1,
oo, y>1.

© 2023 NSP
Natural Sciences Publishing Cor.



Inf. Sci. Lett. 12, No. 9, 2399-2409 (2023) / www.naturalspublishing.com/Journals.asp NS e 2405

Put Iny = ¢ then we get

Bny _ —%% tS_l’
nG(@ ) K ) pin(—l]) —1<1<0,
vk o t>0.

3

Hence, G € D,,(Zl’ﬁ). Then from [1] we get

i G501y + 1)) — G(expli +1)
W [Gl-explo+0)]

— (TaBInT, V7 > 0.

Thus, the necessity of 2, as well as the theorem is proved.

Theorem 3.4. ADF F € D (L4 g) iff

1.4 = —ocand
2.Vt >0,
1im F(=explexp(=11)) —F(—engzxp(—t))) _ %ﬁm
e [F(—exp(exp(—1)))] 72
Assuming this, we could set u, =1, v, = 1n(fF’(§)).
Proof.Assume that 1 and 2 are satisfied. Define
6t ={ 1050 56)
By using 2, we get
fim GESPCT) =G p(-0) e gy ye s

T [G(-exp(-n)T
Thus, from Theorem 3.4 in [1], we have G € D,,(Llﬁ), with o, = 1 and 3, = ln(fG’(f)). Therefore,

Gloy|t|Prs(t)) —k [ —Blnlnt], 1 < —1,
Vk T oo, t>—1.

Then,

nF(—e’“""‘ﬁ"y(l)) —k [ —Blnln], t < —1,
N oo, r>—1.

Put ¢t = Iny, then we get

F 701,,\ln)\5”¢/’ ln) y <0,
nF (- ﬁ1n1n|1ny| O<y<el,
vk y>el,
which implies F € D, (L4ﬁ) with u, = 1 and v,, = In(— %
Conversely, let F € D,(Ly ), with u, = 1 and v, = In(—F~ ( )). Now, by using the definition (3.6), we get

G(O‘"|y|ﬁ"5ﬁ()’)) —k _ nF(—e*“n\y\ﬁ"f’(y)) k
vk VK

By putting ¢ = Iny, then we get

1

— —BInln(—1Iny), 0 <y <e”

nG(oye'|Pr) —k
Vi

2k —5 oo, which implies that G € Dp(Ly ). Then,

=— —Blnlnff|, t < —1.

nG(owle'|Pr)—k _

Ifr>—1, ol

lim G(—exp(—1t) — G(—exp(—t)) _

ST [G(—exp(—1)))

Since F~1(%) — ¢p, then from [1], v, = In(—F ~' (X)) — In(—£p. Therefore, £z = —co. This completes the proof.

=
—¢"“BInt.
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Theorem 3.5. ADF F € D,(Ls g) iff

1.0g > 0 and
21 >0,
—exp(— ~F(—exp(— =
lim F(—exp(—exp(to+ 7)) — F(—exp( 2?);p(to+ft))) — Bl
e [F(—exp(—exp(to +71)))]72¢
k

We may set in this case u, = ¢/ and v, = In(F~! () —to.

Proof.Suppose 1 and 2are satisfied, define

_ 07 y S Io,
60)={ ey J 0
Therefore,
_ =1
i Zlexplio + 7)) Gz(f;p(toH)) ™ Blnt, Yo > 0.
T (Gt +1)]22a

Hence, G € Dy(L, ) with o, = € and 8, = In(F ! (%)) —1p.

nGouliPr s (1) —k _ oo, t<1,
Vk Blnlnz, > 1.
Therefore, ift < 1,
nF(iefu,,\t\V”y’(I)) —k

vk

— —oo.

By putting 7 = —In| —y|,
nF (—etnl=In[=y[I"7 (=In[=y])y _

vk

1

Ifr>1,iey>—e ', we get

nF (el =m(=)]"7 (= In(=y)) _

Vi

k
— Blnln(—1In(—y)), —e ' <y<0.

IFy >0,
nF (—e =M=yl (=In[=y)y _ g

vk

— 00,

Hence, F € D,(Ls (t)).

Conversely, let F € D,(Ls g(t)), with u, = —€* and v, = In(F~1(%)) —t, then
-1
F (e~ tnl=In(=y)]"" (=In[-y)y _ g —%, y<—e
e Lk Binin(-In(—y)), —¢ ' <y <0,
vk o y>0.
Puty =0, we get &\/%7" — —oo. For large n, F(0) < £ — 0. Hence, F(0) = 0 and ¢ > 0, this proves 1. Define
_ 07 y < fo,
00 ={ e Vo0
Hence, 7 7
nG(alt)Pr .7 (1) —k nF(—e~oall?” ") _ B nF (—e~tal=Inl =y 70120 _ g
vk vk Vi '
Then,
nG(og|t|Pn 7 (1)) —k [ —oo, t<1,
Vk ~ | Blnln(z), > 1,
@© 2023 NSP
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ie., GeDy(L;p(r)). Hence,

L Glexp(— +10) — Glexp(t +10))

1
= =—0""BlInr,
e (Gt +10)] 75

iim F(=exp(—exp(tr +10))) — F(—exp(—exp(t +1)))
im o

e [F(—exp(—exp(r +19)]>2¢
This completes the proof.
Theorem 3.6. A DF F € D, (Lg g ) iff

1.4 < —e~ " and
~1
2. fim FERERE)-Flepepn) _ _,&a gy, 7
== [F(exp(exp(r)))] 3-2¢

=
=—¢"*Bnt.

Assuming this, we could set u, = 1 and v, = —InF ! (£).

Proof.Assume that 1 and 2 are satisfied. Define,

GOy) = { %(,efy), i E Z’) (3.10)

From 2 we get

t) — t =
L Glexe(er) G(ff‘f( ) _ Bint.
T [Glexp(r))] e
Then from [1], I, B, like that
—oo, 1 <0,

Br ) —
nG(our|™ 1) —k —BlIn(=Int),0<t <1,
Vk oo t>1,

)

F(— —a, ()Pt —oo, <0,
nF(e ) k—> —BIn(—Int),0<t <1

vk 0o £>1.

3

Lett = —1In(—y), we get

— o= O(=In(=y))Pr.7 (= In(—y))y _ —oo, y<-—1,
uil )=k —<{ —BlIn(—=1Int), —1 <y < —e!
\/lz 0o y > _efl-

)

Hence, F € D,(Lg g(t)). For the necessity part we define G(y) as in (3.10), then G(yg) = 0 = F(—e™) for y < 9. Hence
1 is true. To prove 2, write

F(—e—0l—n(=y)[Fr.7(=In(=y)y _ —°o, y<-—1,
nf(e ) k—) —BIn(—In—In(-y)), —1 <y<—e!
\/lz oo, y Z 76‘71.
From (3.10) we get
nG(ot,| —In(—y)|Pr.#(—In(—y))) — k —oo, y < —1,
—{ —BIn(—=In—In(—y)), —1 <y < —e~!
\/I; oo, y Z *6‘7].
Letr = 7ln(—y). Then
nGlanfPrs (o)) —k [~ <0,
. —<{ —BIn(—Inr),0<r< 1
vk oo t>1.

)
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Then G € D (L p(1)), i,

G(exp(tt) — G(exp(1)) =%

lim =—¢ “Blnr.

T [Glexplt)))F P
F(—exp(—exp(tt)) — F(—exp(—exp(t))) e

lim o —¢ " *Blnt.
e [F(— exp(—exp(r)))] 22
the proof is followed.
The following theorems are followed in a similar way.
Theorem 3.7. ADF F € D,(L; g) iff
1.31, like that F(—e*) = 0, F(—e*® +£) > 0, V& > 0, and
2 lim F(fexp(fexp(rt+to))fF(fexpz(;exp(H»tg))) _ —Eﬁﬁln 1.
e [F (= exp(—exp(t)))] -2
Assuming this, we could set u, = exp(—1fy) and v, = fln(fF’l(é +1o).
Theorem 3.8. A DF F € D, (Lg g) iff
1.0 = —oo, and
2571 >0,
_ =l
im Flexplexp(tr))) — F (exg(fxp(t))) " Blnr,
e [F(exp(exp(r)))] 22

We may set u, = 1 and v, = —ln(F*(ﬁ))_

Theorem 3.9. ADF F € D, (Lo g) iff

1.4y >0, and
2.Define the sequence {d, }, as the smallest number for which

d;

Fe") < = <F(e" +0),

S |

dn+zn(V)—dn za(t)
4,

a
2

. .. . v
satisfies the condition r}gl}g & o)

Theorem 3.10. ADF F € D, (L, p) iff

1.lr <0, and
2.Define the sequence {d,}, as the smallest number for which

= ﬁ, V sequences {z,()},7 € R, satisfying —>t,asn — o,

F(f e*dn> S S F(iee*dn +O),

S|

satisfies the condition lim Zt2n(V)=dn

Y fofying 2nlt)
lim G =, = V sequences {z,()},t € R, satisfying "¢ — ¢, as n — oo.

a
n' "2

Conclusion:The exponential normalization widens the class of the limit laws in OSs compared with both linear and
power normalization. In this work, the DAs for the limit laws of intermediate-OSs under exponential normalization were
derived. Moreover, a useful criterion for the DAs of the central OSs was revealed.
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criticism, which helped the paper a great deal.
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