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Abstract: In this article, we consider a new extensions of Morgenstern family is Lai and Xie extensions and discuss their concomitants
for case-1I of generalized order statistics and case-II of dual generalized order statistics. Additionally, recurrence relation between
moments is found for the recommended models. We have also derived the expression for the joint distribution of concomitants for
case-1II of generalized order statistics and its dual. The residual and past entropies are shown last.
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1 Introduction

Kamps [1] provides generalized order statistics (GOS), which called as case-I of GOS. The second GOS model that Kamps
and Cramer [2] is developed, case-II of GOS, in which the parameters are pairwise different. However, the concept of
lower GOS was created by Pawlas and Szynal [3] and afterwards by Burkschat et al. [4]. Dual generalized order statistics
(DGOS) is how they referred to it.

Forf>1,geN,z1,..,.zg 1 €R 1<r<g—-1,Z, = ): zj, and let Z = (z1,...,24—1), their are the following cases:
Case-Il of GOS: If A; £ A;,i,j=1,2,...,gand i # j, the pdf of U4z Was introduced by [2] as follows:

8(rgzp) (1) = my_ IZaz (1= Gu ()" gu(u), (1)
where A, = f+qg—i+7;>0,
r 1
i = |I <i<r<
al(r) J ]Héjl A, 52’ %Alal l r q7

and m,_| = H;:1 Aj. The joint pdf of Uirgzp) and U 4 7 p) 1s given by:

1= Gy(up) \ ¥
8(rsgz ) (U1 u2) = my- l Y (m)

I=1+r

(2)
X [izlai(r)(lGU(“l))li‘| ( gU(ul)gU(uz)
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where u; <up, 1 <r<s<gq,1<i<g,

g 1

(o) —
al (S) - )Lj 7}/[)

Ai#A,r+1<1<s<gq,
j=l4nl#j

ai(s) = aEO)(s),l <r<g.

Case-11 of DGOS: When A; # 4;,1,j =1,2,...,q — 1, in this case, the pdf of Uy is defined by, see [5]:

14.%.f)
8d (rqu = my_1 Zat ]gU(u), (3)

where a;(r) =T/ ﬁ 1 <r<gand A= f+q—i+Z >0.Thejoint pdf of Uy, ) and Uy, ) is given by:

> Hzal (Gu(ur))™
(7

. 0
where u; <up, 1 <r<s<gq,1<i<q,a;’(s) :Hj-:rﬂ’#lﬁ and a;(s) :al( )(s).

gu(u1)gu (u2)
Gy (u1)Gy(uz)’ x

8d(rs.qzr) (W1, u2) = my_ [ Y 4 (

I=1+r

We have the probability density function (pdf) and cdf of the concomitant of case-Il GOS Pigzps 1 <r<gq, as:

g[rqu / 8 rqu)( )gP\U(p | u)du (5)

and
Grazn(P) = | _8trqzp G (p | u)du ©)

where the pdf of U(,.4z 1) iS §(rqzr) (4) described in (1).

We have pd f and cd f of the concomitant of case-Il DGOS Py z 5, 1 <7< g, as:
8dlrazf) (P / 8d(rgzr) ()P (p | u)du )
and .
Gd[r,q,Zf’] (P) = /; 8d(r,q.%.f) (u)GP\U(p | u)du, (8)

where the pdf of Uy (.47 ) 1S 84(rgz) (1) described in (3).

Numerous works on the concomitants of the GOS and DGOS models may be found in the literature. Researchers like
[6, 7, 8, 9, 10] are included in this group. On the other hand, Mohie El-Din et al. [11] who have researched the GOS
concomitants from the Farlie- Gumbel-Morgenstern family (FGM) distributions where y; # v;,i # j,i,j=1,2,...,n—1.

Ebrahimi [12] defined the uncertainty of residual lifetime distributions as follows:
— 1 el
§(Pit) =Gp(r) ~ = [ go(p)Ingn(p)dp. ©)
Gp(t) t

Di Crescenzo and Longobardi [13] introduced past entropy over (0,7), where P denotes the lifetime of an item, defined
as:

— 1 t
¢(Pst) =InGp(t) — —— / gr(p)Ingp(p)dp, (10)
Gp(t) 0
where £2(2) i the reversed hazard rate of P.
Gp(p)
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A parameter 1, and the marginal distribution functions Gy (#) and Gp(p) is described by FGM. By adding further
parameters, Lai and Xie [14] examined the bivariate FGM distribution as broader. They suggested pdf as

g(u,p) = gu(u)gp(p) (1 +[b— (b+a)Gu(w)][b — (b+a)Gp(p)|Gy ()"~ 'Gr(p)" 'Gu () 'Gp(p)*~"), (1D
forO< u < 1,and a,b > 1. The cdf is given as
G(u, p) = Gu(u)Gp(p) + LGy ()" Gp(p) Gy () ‘G (p)“. (12)
According to [15], u satisfying a wider range where

1 L sy 1
[C @b [C (@b’ == CHab)C (ab)’

min{

where C™ and C™ are functions of @ and b.
Furthermore, the conditional pd f and cd f are:

gpiy(p | ) = gp(p)(1+ u[b — (b +a)Gu(u)][b— (b+a)Gp(p)|Gu ()*~ ' Gp(p)" ' Gu(u)* 'Gp(p)* 1), (13)

Gp(p | u) = Gp(p) + uGu (u)*'Gp(p)’Gu (u)*Gp(p)“. (14)

2 Concomitants of case-II GOS and its dual

The pdf and cdf for Lai and Xie extension of concomitants in case-II GOS and its dual are presented in the following
theorems:

2.1 Case-1I GOS:

of r-th case-II GOS

Theorem 2.1. Utilizing (1), (13), (14) in (5) and (6), the pdf and cd f of the concomitant P, = #,
from Lai and Xie extension are given as:
8lrqzf)(P) = gr(p )[1 T zpgh (b= (b+a)GP(p))Ep(p)“’le(p)”*‘}, (15)
Girgzn)(P) = Ge(p) |1+, jGr(p)" ' Grlp)") (16)
where
bl(b+a) b—1)b
.Q —-2)! —
rgz.f) = M= 1Za, JAi+a=2) [(b—l—li-i-a—l)! (b+Ai+a—2)!
and
- (hita—-1ib-1)!
Trazs) = M- 'Za’ (Ai+a+b—1)!
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Proof. From g, = 1) (u) the pd f of case-Il GOS U gz defined in (1) and (13), the pd f of the concomitant of r-th case-II
GOS, P[r,q,g,f], 1s:

8lrqzf) () = gp(p) + 1 (b— (b+a)Gp(p)) Gp(p) ' gp(p)Gp(p)~'Ha
[ _8qzn {6 )" = (b+a)Gy()"}Gy ()~ “du

= gr(p) + 1 b~ (0 A)Gr(p)) Golp) gr(p)Grlp) 1 Y i)

x /7 o;{bGU(u)b" —(b+a)Gy(u)?YGy (u) gy (u)du

let x=Gy(u), then we have

— ep(p) + 1 (b~ (b+@)Gr(p)) Gr(p)" g ()T (p) sy 2ai(r>

1
X / {(b+ a) a2 (—x+1)P — o724 (—x + 1) ).
0

We can prove cdf of case-II GOS in the same way.

2.2 Case-11 DGOS:

Theorem 2.2. Utilizing (3), (13),(14) in (7) and (8), the pdf and cdf of the concomitant P[
for Lai and Xie extension are given as:

rqzf)» of r-th case-Il DGOS

Sdirgzs(P) = gpr(P) [1 + Q1 gz (b= (b+a)Gp(p)) Gr(p)* ' Gr(p)” "} , (17)
Gajrgzs(P) = Gp(p) {1 + gz f]uGP(p)”’lﬁp(p)“} : (18)
where
—1
r a—1 (71)8 (Cgl > (19)
Qo5 = —am,_ i B
d[rq.Z.f] am li;a (r)g; (Ai+e+b—1)
and
a
rais] = ) Y (1)8<8) (20
Ylrgz.1] _m“li:]a’ d = (hitetb—1)
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3 Moment of Concomitants for case-II GOS and its dual

3.1 Case-1I GOS:

From the results of the last part, we can write the pd f of Case-1I GOS, P,z s as follows

8lrazs)(P) = gp(P) [1 +Qp = (b= (b+a)Gp(p)) Gp<p)”*le(p>“*‘]

a—1

14+Qf = qu(b—(b+a)Gp(p)) ;) (“}') (—1 )"Gp(p)jGP(p)b']

=gr(p)

a—1
=gp(p)+bQ}, = f]uj;opl(j +b)Gp(p) " ' gp(p) 1)

a—1

— (@) 2k Y. P2(j+b+1)Gr(p)  gp(p)
=0
a—1 a—1
=gr(P)+ Q) =0l [b Y pigvi(p)—(a+b) Y, Pzgvz(p)] ,

j=0 =0
where
_1\j [ —1+a _1\j [ —1+a
plz; V() —) pzzi( V() (22)
b+j ’ b+1+j
gv,(p) = (j+b)gp(p)Gp(p)* ™" gy, (p) = (b+ 1+ j)gp(p)Gp(p)t, (23)
Vi~ Gp(p) ™71 Vs ~ Gp(p) ), (24)

Hence, the moment generating function (mgf) of P, = s is

a—1 a—1
Mg z)(t) = Mp(t) + Qpy = g1t [b Y oMy, (1) = (a+b) Y p2My, (t)] : (25)
j=0 j=0

Theorem 3.1. For 2 < r < ¢, the recurrence relation for two moments from Lai and Xie extension of concomitants of
case-II GOS given as:

a—1 a—1
Mg z0(1) = M1 g 7.0 (1) = meolt [b Y oMy, (t) = (a+b) Y paMy, (t)l
j=0 J=0
, (a+b) (b—1)th .
b!(a-+ —1)!
x L.Z())L"“"(rm"+“2)’{(x,~+a— 45 hta—2+b)

Proof. Using the following sentence m,_ = m)’L:' s (A= Ai)ai(r) = ai(r—1).

. . B r bl(a+b) (b—1)b
Qrgzf) — Lir—1.927 —’”H;a"(r)()“"ﬂ_z)!{(wkﬁm 0 Grara—2
T b!(a+b) (b—1)!b
_ (— . _ | _
=2 ; a1+ n) it a =) G T T b Ata—2)
bl(a+b) (b—1)1b

:mr—lar(”)()’r"_a_2)!{(b+lr+a7 - (b+lr+a72)!}

+mr72ril/1ia,’(r71)(,’{i+a,2)!{ b!(a+D) B b-1)'b .
i=1

b+Ai+a-1)! (b+Ai+a—2)!
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3.2 Case-11 DGOS:

From case-Il DGOS and Lai and Xie extension ,we can write the pdf of P, ;= 1) as

a—1 a—1
8dirqzf)(P) = 8P(P) + g1z 1 lb Y pigv,(p) —(a+b) Y pogv, (P)] : (27)
j=0 J=0

where py,p2,8v,(P).&v, (p),Vi and V; are defined in (22),(23) and (24)
Moreover, we get mgf of P, = 1) as

a—1 a—1
M[,ﬁq’g’f] (t) = MP(Z‘) + ‘Q;[r,q,Z,f]u [b Z leV1 (t) — (a +b) Z PZMVZ (l)] . (28)
=0

J=0

Theorem 3.2. For 2 < r < ¢, and recurrence relation for two moments from Lai and Xie extension of concomitants of
case-II DGOS given as:

a—1 a—1
Mgz (1) = Mjp_y g2.0(8) = mropt [b _ZOPIMVI (1) —(a+b) ZOPZMVZ (t)]
=l j=

a—1 a—1 r 7Lal
XZ( > Z)L+e+b—1

e=0

(29)

4 Joint Distribution of Two Concomitants

4.1 Case-1I GOS:

We can write the joint pdf of P,z sy and Py, 4, r <, as:

b 2
g(r,s,q,z,f)(l’l,pz):l 1 8rqzp) (1, u2)gpiy (p1lur)gpw (palua)duidus

=8P(P1)8P(Pz)/:/:i{1 + 1”Dp, Dp, [192(GU(M1)GU(MZ))I’7'(EU(M)EU(MZ))‘Fl

—bla+b)Gy(u1)" Gy (u2)"~" (Gu (m )E( 2))*”

—b(a+b)Gy(u)"™' Gy (u2)" (Gy (ur) Gy ( )) (30)
(a+b) GU(u1) GU(MZ)b(GU( 6 ( 1]

1
+uDp, [bGy (u1)" ' Gy (ur)*™' = (a+b)G (ul)bGU(ul)H]
+MDP2[bGU(M2)b "Gy (uz)* " = (a+b)Gu ()" Gy (uz)* ']}
Z Zaz )G () 7 Gy (u2) gy (ur) gu (u2)dur dus
[=1+r

where

(€29

Hence, we have
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Ji =X 1+r“1 ()X yai(r / / (G (u1)Gu (u2))” " (G (u1) Gy (u2))* ™!

% (1= Gy ()41 (1= Gy (u2) ™" gu (1) gu (u2)duy dus

s (r) r Aita—2—-% 34—24-1-61—2) (_])j]
=X Xiqai(r)X;/ . —
Erwd) ) 5an )y (M)

x / Gu ()21 (1 = Gy ()2 gy (1)

L _ 1)/
]ai(}")za'ijaizih <xl kl+a 2) ( 1) IB(k[+af 1,2b+j]),

:Elszur“z(r)(s)z'r: j1=0 J1 b+ ji

1

=50 (5)E air) /:, /Z Gy (1)’ Gy (u2)" " (Gy (1) Gy (u2))* ™"
x (1= Gy ()47 (1= Gy ()™ gu (1) gu (u2)dusdus

| v (Mi—Ata—2\ (—1)
=55 (r) Zr 22_,,+a 2—X [ M [ =)
=ty () Zan) 2 Ji b+ ji+1

BA+a—1,2b+j1+1),
Iy =2t G2 [ [ o) Gy ) Gy )Gy ()"
x (1= Gy un) 1 (1= Gu(ua))* ™ gu (u1)gu (un)durdua

I hita—2-n (Mi—A+a— 2) (=1)7
=X . a Xi_qai(r Z . -
I=1ray (8)Zai(r)Z 2 ( i b+,

BA+a—1,2b+ji1+1),
J= 2 al OELalr) [ [ Guln) Gyl Gy )Gy ()

x (1= Gy ()71 (1= Gy ()™ gu (1) gu (u2)durdus

Aita—2-2 (/li —M+a— 2> (—1))

=5 d"$)E ai(r)x]
I=14,4; (8)Zizyai(r) i bt —1

j1=0 B(A’l+07172b+11+2)7

v (r) r <[ =175 a1
Js=X_1.a ()X ai(r) i Gy (u1)”” " Gy(ur)
x (1= Gy(u)" 471 (1= Gy ()" ™" gu (wr)gu (ua)duydus
s (")) \vr Mra—2—2 (Ai— M +a—2\ (—1)7
=X 2 i X =, . )
Eral Oz (M) S b+,
¥y (r) r . ~ 2 b~ a—1
Jo=Zi_ipa ()Ziai(r) [ | Gu(u) Gu(u)
x (1= Gy (u) 471 (1= Gy ()" gu (wr)gu (ua)durdus

s - v a2 Ai—Mta—2 —1)/ .
:El:l+ra§)(S)Eizlai(r)z%lio ? AI( : ) =) B(A,b+ ji+1),

I Ji b+ j1+1
e " Nyr = b—17 a—1
J1 =X (s)Z_ai(r) | Gy(u2)”” "Gy (uz)
x (1= Gy(un)" 71 (1 - Gy ()" ™" gu(ur)gu (u2)duydus
B r I
= S ()21 ai(r) 3 (B = 1+ a,b) = B = 1+ a.b),
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oo

—o /:z GU(”Z)bEU(uz)aﬂ
x (1= Gy ()41 (1= Gy (u2) ™" gu (w1 gu (w2)duy dus

1
=5 ,,a" ()5 ai(r )m(ﬁ(&-—1+a,1+b)—[3(7qfl+a,1+b)).

Js =10 () Eailr) |

From the previous results, we have pdf as:
8rsqzs) (P1,P2) = gp(p1)gp(p2){1+ 1> Dp, Dp, [bJy — b(b +a)Jo — b(b+a)Js+ (b+a)*Ju]
+ uDp, [bJs — (b+a)Je| + nDp,[bJ7 — (b +a)Js]}

= gp(p1)gp(p2) + mmatt? (b1 — b(b+a)(Ja+J3) + (b +a)*J]
+umegr(p2)[bJs — (b+a)Je] + unagr(p1)bJ7 — (b+a)Jg|,

where
M =bZ¢Z0prgv, (p1) — (a+Db)Z{=3pagvy (p1), M = bESZ) prgv, (p2) — (a+ D) ZS=3 pagv, (p2),

P1,P2,8v,(P),8v,(p), V1 and V; are defined in (22),(23) and (24).

Let concomitants V[,,q’z 1 and V[s,q,z 1T <s, then we can write cd f as:

oo uy
G(r,s,q,zf>(p1,P2):1 1 8rsgzr) (U1,u2)Gpy (p1|ur)Gpjy (p2|uz)dur duy

= GP(Pl)GP(Pz)/:O /:j{] + D}, Dp, (Gy (u1)Gu (u2))" ' (Gu (u1) G (u2))*
+ uDp, GU(Ml)”*'@U(m )"+ uDp, Gy (u2)" "Gy (1)}

S r
Z Z )Gy (u)" 1 Gy ()" gy (ur) gu (u2)durdus,
I=1+r i=1

where
Dj, = Gp(p1)""Gp(p1)",
Djp, = Gp(p2)"~'Gr(p2)“.

Hence, we have
Ji=Z_ 1+r01 ()X ai(r / / (Gu(u1)Gy (u2))" " (Gu (u1)Gu (u2) )
X (1= Gy ()71 (1= Gy ()" gu (1) (w2)durdu

s (r) r Aita—1-2 Ai=M+a— 1) (_])j]
-5 I ai(r)Et . :
L Ozaziy (MR B

B(vi+ab+ji+1),

=% ]Jr,al ()X ai(r / / Gy( ulb 'GU(ul)

x (1= Gy ()71 (1= Gy(u2)"™" gu (ur)gu (u2)duydus

Aita—1-24 (lil[ﬁLa 1> (— 1)j

= o ()5 ai() Z ) B i),

) r r “ 1 -1~ a
= a 0L [ [ Gulm) o)

x (1= Gy ()47 (1= Gy ()™ gu (1) gu (u2)durdus

= Sty )2 () Bk a.b) — B+ aub)

(32)

(33)

(34)

(35)
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Then we have cdf as:
Grsqizp) (P1.12) = Gp(p1)Gp(p2) {1 + W*Dp, Dy, J{ + uDp J5 + 1Dp, I3 }. (36)
The product moment of P, = ¢, Pis gz 1] @S Mir5.4% 1] (t1,12) is simply acquired from (32) as:

My oz (t1,12) = Mp (t1)Mp, (22) + 1?0 15 [bJ1 — b(a + b) (2 + J3) + (a+ b)*J4])

* * (37
+uniMp,(12)[bJs — (a+b)Js| + un; Mp, (t)[bJ7 — (a+b)Js],

where

nfsz ]() leVlPl(tl) (bJra)E ]() pZMVzm(tl) 772*1172 l0 leVlﬂz(t2) (bJra)E ]() p2MV2P2(t2) (38)

where p1,p2, V) and V; are defined in (22) and (24).

4.2 Case-1l of DGOS:

We can write the joint pd f of P, 1 and P, r <s,as:

rq,%.f 5.4.%,f]°

gd(r,s,q,Zf)(p17p2):1 /7 Gd(rsqzp) w1,u2)gpw (p1ur)gpiy (p2|uz)duydus

=sr(p)er(p2) [ [ {1+ 020 D p? (Gu<u1>Gu<uz>>b*'<6U<u1>éu<uz>>“*‘
= bla-+ b)Gu()"Gu (u2)"~! o) Go (1))
Gul

—b(a+b)Gy(u1)"™' Gy (u2)" Gy (ur) Gy (u2))* (39)

(a+b)2(GU(M1)GU(M2))b(_ (u1)Gu (u2))* "]
+uDp, [bGy (u1)"™ Gy (ur)* " = (a+b)Gy (1) Gy ()]
+MDPz[bGU(M2)b "Gy (uz)* " = (a+b)Gu(u) Gy (uz)* ']}

Z Zaz VG (uy) ;L ~“A-lg, (u ) 71gU(u1)gU(u2)du1du2,

I=1+4r

where Dp andDp, are defined in (31).
Hence, we have

Ja, = Eior O ELar) [ [ (Gulan)Gu ) (G ()G ()
Gy (uy )4~ ]GU(Mz)AI Yeu (u1)gu (uz)durdus

s r r a -1 1)
:El:1+ra§)(s)2i:lal( )2 5 < i > D

b+j1+)~i—2,l—]

B(a,2b+ ji+ v —2),

r r i ‘uz — — - a—
T, =5 ()5 ai(r) / / Gu (1) Gy (12)" " (G (1) G (1))
x Gy (ul)l"illilGU (uz)llilgy (ul)gU (uz)dulduz

K (r) r 1+a -1 (71)].1 .
=X X a; 2 —_— 2b+ j1+Ai— 1),
i1 () Zicyai(r)Z; 2 ( ji )b+j1+li—lzﬁ(a Ji )

; r r R _ = = a—
Jay = a6 Ealr) [ [ o) Gy wa) G 1) G ()"
X GU(m )}'iillilGU (uz)llilg(] (u] )gU (uz)dulduz

¥ (r) r . —1+a a—1 (_1)“ . .
=X 19 (S)Eizlal(r)2j|:0 ( i )bJrthxikl1ﬁ(aa2b+11+)~z—1),
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oy = Zrara” O Z1a) [ [ (Gul)Gu) G G )
x Gy ()" M7 1Gy ()M g (ur) gu (u2)durdus

s r r —1+a a—1 —17
:21:1+r‘11()(S)Zizlai(”)sz:J(r) < ) —

) B(a2b i+ ),
Ji b+j1+li—llﬁ(a it )

stZzzs:maf)(s)zizﬂi(r)/ / Gy ()" Gu (ur)* Gy ()"~ Gy ()™ gu () gu (uz)dur dusy

(=17
b+ji+Ai—-A—DAi+b+j—1)

r r N -
_ Elszl+ra§ )(S)Eilai(r)lelza( ji ) (

_ys ") roayr o <o b a1 Ai—Ay—1 A1
Jag = Zizia () Zai(r) | Gu(w) Gy (un)* Gy (m) Gy (u2)"™ gu (u1)gu (uz)durduy

_ 5 a(r)(s)E-r ai(r)z; 1t <a— 1) (—1)7
I=1+r9] EEREA=0 G S b+ i+ A= M)A+ b+ 1)

_ ¥ Nyr o = b1 a1 Ai—Ay—1 A1
Ja, = E 00 ()X ai(r) Gu(u2)” " Gy(u2)* "Gy (ur) Gy (u2)™™ gy (ur)gu (u2)durdus

=500 ()L ai(r) Bla,di+b—1),

b
i A

r r i ‘uz )~ —_ — —_ —
Jay = Zera OZLair) [ [ GG () G () G (1) g g ()

=54 () air) Bla,Ai+Db).

1
Ai—A
Then we can write pd f as:

8d(rsqzp) (P1,p2) = 8p(p1)gp(p2){1 + W>Dp Dp,[bly, — b(b+a)Jg, — b(b+a)ly; + (b+a)*Jy,]
+ uDp, [b‘]ds — (b + a)Jdé] + uDp, [b.]d7 — (b + a)Jdg]}

(40)
= gp(p1)gr(p2) + MMt by, — b(b+a)(Ja, +Ja,) + (b+a)Jy,]
+umgp(p2)[blas — (b+a)Jag) + 1magp(p1)[bJa, — (b+a)Jay),
where 1,1, are defined in (33).
Let concomitants P, = s and Py, = ), r < s, then we can write cd f as:
1 uy
Ga(rsqzr)(P1,02) = [ /7 8d(rs.qzp) (U1,u2)Gpy (p1|ur)Gppy (p2|uz)duyduy
= Gp(p1)Ge(p) | [ {14 12D, D (Gu ()G (02))" (G (1) ur)*
e 41)

+ 1D}, Gy (1)" "Gy (u1)* + uDp, Gy (2)"~ ' Gy (u2) "}

X Z agr)(s)Zai(r)GU(u])li*ll*lGU(uz)lﬁlgU(ul)gU(uz)dulduz
I=1+r i=1

where Dj, andDj, are defined in (35). Hence, we have

JJ] - 2f;1+ra§r) ()X ai(r) /:, /Z(GU(M )GU(Mz))IF1 (G (u1)Gy (u2))*

x Gy (u1 ))L"illilGU (uz)llilg(](ul )gU (uz)dulduz

_ys (r) r . a—1 a—1 (_])J] . .
=X 149 (S)Eilaz(”)zj]o( i )bij]Jr)Li)Ll1ﬁ(“+1a2b+11+&—2),
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JZzZ:Ef:1+ra;()(s)2i:10i(r)/ / Gy ()"~ G (u1)* Gy (ur) "7 Gy (u2) M~ g (ur) gu (ua)durduy

s (")( )Er '(V)Ea a (_])j]
— R R AR E 0 G ) b i+ A= )it bt — 1)

r r i uz — 1  — — —
iy =T,..4) )(S)Zi:ﬂi(r)/ / G (12)" "Gy (u2)* Gy (ur )4 Gy ()M~ gy (un) gu () duy duy
. r 1
= Ef:lﬂ“f )(S)Eir:lai(r)ﬁﬁ(a‘f' LAi—1+D).
i — M
Then we can write cd f as:
Gd(r,s,q,Z,f) (pl 7p2) = GP(p] )GP(pz){l + ”2D;’1 D;’QJ;] + ”D;’IJ;Z + ”D;’z‘];3 } (42)
The product moment of P, = 11, P 4z 1) a8 M5 47 1] (t1,1) is simply acquired from (40) as:

My o= g (t1,12) = Mp (1) Mpy (1) + 12015 [Jg, — b(a+b)(Ja, +Ja;) + (a+b)*Ja,])
+uUniMp, (t2)[bJas — (a+b)Jys] + unyMp (t1)[als, — (a+b)J g,

where 11, n; are defined in (38).

5 Residual and past entropies

An explicit form of the residual and past entropies are get in the coming theorems.
Theorem 5.1. From (9) and (15), then an explicit form of the residual entropy of P, = ), is:

E(Prgzpst) =M Ggzp(t) - m[[@(t)(lnap(t) = C(P)] + €4z

[bV’gu (p) - (a+b)‘l’gz(P)] +Q(r7“acbzvf)]7

where the residual entropy for P is {(p;t)

(43)

E(pst) = nGplr) — 5:@

| er)msr(p)ap.

Vo ()= [ 2r(p)Ge(p)~ Gi(p)*" Inge(p)p.

and

Ve, (p) = /tmgP(p)GP(p)"@P(p)“’1 Ingp(p)dp,

Proof. From (9) and (15) then we get:
— 1

E(Pygzyit) =NGlpgzg () = =———— [ gp(p)(14+ 1= 1 (b— (b+a)G(p) Cr(p)*~ Gp(p)" ")
Glrgzy)(t) Ji

x In(gp(p) (14 1, = 5 (b— (b+a)Gp(p)) Gp(p)*~ ' Gp(p)*~"))dp].
where
0.7 f) = [ r(p)(1+ 1Dz (b= (b+a)Gr() Trlp)* ' Go(p))

In(1+ 12, = (b= (b+a)Gr(p) Gr(p)* ' Gr(p)*)dp,
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using part integration , we get
u= ln(l +l'LQ[rq zf] (b - (b+a)GP(p))6P(p)a7]GP(p)bil)a

then

=

du="Y, (~1)(1&} 4z ) (b= (b+a)Ge(p)) " Gr(p) " Gr(p)**~")
x=0

x gp(p)[(b—1)(b— (b+a)Gp(p))Gr(p)* ' Gp(p)" >
—(a—1)(b— (b+a)Gp(p))Gp(p)* *Gp(p)*~" — (b+a)Gp(p)’ " Gp(p)*~"dp,
let,

dv = /‘gP(P)(l + 1 (b~ (b+a)Gr(p))Gr(p)* ' Gr(p)" " )dp,

then

a—1 a—1 . bGP(p)“hLb (b+a)Gp(p)x+]+b
V*GP( )+:"L'Q[rqu] ZO< X >(1) [ x+b B x+1+b

Hence

oo a—1 a— bGP( )x+b (b+a)GP(t)x+l+b
~ _ vioo o du — — Q _
Q(rvanaZaf) uv|v7t /t vau ( +"L rqu);)< X ) x+b x+14+b

In(1+pQ7 = (—(b+a)Gp(t) +b)Gp(t)b Gr()™ 1)

oo a—1 _1
_dgo( ) (“Q[rqu] rqu Z x )
b b+a b+a

5 _
bhtx ! &) —(a— (b+x3 h+1+x

[(b=1)( b+1+x %)
b b+a

b))+ (b= D&~ (= D&~ (b)),

where

&1 = /, (=(a+b)Gr(p) +b)* ' Gp(p)*P 0= V2Gp(p) N gp(p)dp

d+1 “
-y ( ]) (@t BB [ (1= G(p)) G ()02 (p)ap
h=0 !

o (a=1)(d 1)
_y ‘(d+ )((a+b))hbdh+1/ liﬂ (1)k((a_])(d+])) Gp(p)? 20, (p)dp

h=0 h t k=0 k
drl d+ 1 (a4 b))+ (a*%(:dﬂ)(il)k (@a—1)(d+ 1)\ 1 — Gp(r)2b++b-1dthrk=1
h=0 §=0 k 2b+x+(b—1)d+h+k—1

&= /t (—(a+b)Gp(p) + b)Y Gp(p)? =+ O=Dd=1Gp (pyle= Dt Dgp(p)dp

d+1 <d+ 1) (afl)(dwtl)(il)k <(a —1)(d+ 1)> 1- GP(t)2b+x+(b71)d+h+k

— b hbd h+1
Z a+b)) k:ZO k txt (b-Ddthtk’

8 = / a+b GP )+b)d+1GP(p)2b+x+(b71)d716P(p))(a72)+(a71)dgp(p)dp

7di1 d+1 (a4 b)) h+1(a72)§a71)d(,1)k (a—2)+ (a—1)d\ 1 — Gp(t)2+x+b-Nd+h+k
k 2b+x+(b—1)d+h+k’

k=0
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8 = / (=(a+b)Gp(p)+b)" ' Gp(p) 0= Gp(p) D+ gp(p)dp

d+1 (d—|— 1) (a—2)+(a—1)d(_1)k ((a ~2)+(a— l)d) 1— Gp(t)2b+x+(b—l)d+h+k+l

— b hbd h+1
Z a+b)) k;) k 2b+x+(b—1)d+h+k+1

& = / (=(a+b)Gr(p) +b)!Gp(p)" T VE-UGp (p) @D gp(p)dp

(a—l)(d+l)(71)k ((a 1)(d+ 1)> 1— Gp(t)“”(d“)(b*1)”‘*"“

_y (d) (—(a+b)p Y
= \n = k btxt(d+D)b—D)+htkt1

8 Z/, (=(a+b)Gp(p) +b)!Gp(p)"+7HTHDE=VTIGp (p) D Dgp(p)dp

i (atb - h( ])ii“)(—l)k (@a—1)(d+1) 1_GP(t)bwLer(dJrl)(bfl)+h+k+2
(a = k b+x+(d+1)(b—1)+h+k+2’

8= [ (~(a+b)Ga(p) + b)Y Gplp) VG () gi(p)ap

A+l /g4 d h+](a71)(d+1)_ L[(la—1)(d+1) 1_GP(I)(d+I)(bfl)+h+k+l
L b e G

= k d+1)(b—1)+h+k+1’
8= [ (—(atD)Grlp) + by Gr(p) VG () g (p)ap
7di] d-+1 +b))hbd h+1(a72)+2(a7])d(71)k (a72)+(a7 1)d 17Gp(t)b+(b71)d+h+k+l
=0 k b+(b—1)d+h+k+1’

% = /.w(—(a +b)Gp(p) +b)Gp(p)? TG (p) D gp(p)dp

i ( ) (a+b))'bt h(dJr%a1)(_1)k((d+1)(a—1)) 1 —Gp(t)b+(b*1)d+h+k+l.

~ = k b+(b—1)d+h+k+1
Theorem 5.2. From (10) and (15), then an explicit form of the past entropy of P, = 4, is:
_ 1 _
C(Pyyzpst) =InGyz (1) — =——=[| Gp(t)(InGp(r) — {(p:t))] + 1},
(eazit) = 10Ginaz(t) = G—rrsl| GrO(InGr() =L (pit))] + B}z )

bW, (P) = (a+b) e, (p)] + O(r 1,42 )],

where .
the past entropy for P is {(p;1)

E(pit) = nGrlt) = g | er(p)mgr(p)d,
Ver(p) = [ &r(P)Ge(p)" ()" nge(p)ip,

Ver(p) = [ r(p)Gr(p) G(p)* ngr(p)dp,
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and
- o (a—1 o bGp(t)? (b+a)Gp(r) TP
O(r,u,q,%.f) = (G (>+u9[,qu]§< X )(1) [ ;+b B x—I—f—i—b ]
In(1+uQ, > 5 (—(a+b)Gp(t) +b) Ge(t)* ' Gp(t)* "))
*Z( 1) (“'Q[rqu]d lugrqzj‘ Z< >
d=0 =
b . a+b N b N b+a "
(b=~ 1)~ @ D% — 5 %)
b b
—(b+a)(x+b5s*—xiT+b5§)]+(b—1)5§‘—(a— 1)8s — (b+a)ds]
where

1 —_
& = /0 (—(a+b)Gp(p) +b) T Gp(p) T E=N4=2Gp (p) =D g (p)dp

d+1
_ i <d+1> (a+ b)) h+]/ gr(p)(1 = Gp(p)) (e~ DEAHD G (p)2bret(b-Dd+h=2g ,

h=0
d+1 d+1 B o (a=1)(d+1) a—1(d+1 B B

= ( >(—(a+b))hbd h+1/ Z <( )( )) (_])kGP(p)2b+x+(b 1)d+h+k ng(p)dp
o\ B CAUNN )} k

() o T (0D D) G v

= = k 2b+x+(b—1d+h+k—1

1

& = /0 (—(a+b)Gp(p) + b)Y Gp(p)? = DI1Gp(p) =@ gp(p)dp

7di1 d+1 (a4 b)) hH(afl)z(‘jm) (a—1)(d+1) (1 Gp(t)2xr(b=1)d+hrk
k 2b+x+(b—1)d+h+k’

k=0

1 J—
& = /0 (=(a+b)Gp(p)+b) ' Gp(p)? =Gy (p) 2D gp(p)dp

7dil d+1 er))hbd hH(a—z)ia—l)d (a72)+(a71)d (71)/( Gp(t)2b+x+(b—l)d+h+k
k 2b+x+(b—1)d+h+k’

k=0

! —
& = /0 (—(a+b)Gr(p) +b)" ' Gp(p)* 0" V4Gp(p) -2« Vigp(p)dp

_dil (d—i- 1) (—(a+b))hbd*”+' (a72)+z(afl)d ((Q—Z) +(a— l)d) (— 1)k Gp(1)2bxt(b=1)d+hker1

= k 2b+x+(b—1)d+h+k+1’

k=0

t —
8 = [ (~(a+b)Gr(p)+bPGr(p)* 1) Gp ()~ p)ap

Zd: atb )hbd h(a l)Z(dJrl) (a—1)(d+1) (_])k GP(t)b+x+(d+1)(b71)+h+k+1
h=0 “ k=0 k b+x+(d+1)(b—1)+h+k+1’

t —
O = /O (—(a+b)Gp(p) +b)!Gp(p)P T DE=DFIG, (p) =Dl gy (p)dp

Zd: i )hbd h(a l)Z(dJrl) (a—1)(d+1) (71)1( GP(t)b+x+(d+1)(b71)+h+k+2
o ‘ k=0 k btx+(d+1)(b—1)+h+k+2’
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1 —
& = | (~(a+b)Gr(p)+ b)Y Gp(p) dtV-NGp(p)dt e gy (p)dp

(a—1)(d+1) <(a 1)(d+ 1)) (71)/( Gp(t)(d+1)(b’1)+h+k+1

& d+1 -
hZO< i )((Hb))"bd ! X f A+ D) +h+k+1

1 —
6 = [ (~(a+b)Gr(p)+ )" 1Gr(p)* O~V Gp(p) e Vgp(p)dp

(a—2)+(a—1)d ((az)Jr(a 1)d) . Gp(t)bJr(b’l)dJrh*k“
(=1

:dil d+1 (—(a+b)pi-r1 Y
h = k bt(b—Ddthtktl

t —
8 = /0 (—(a+b)Gp(p)+b)Ge(p)" "= Gp(p) "V Vgp(p)dp

(d+1)(a—1) ((dﬁL (e 1)) (*1)" GP(t)b+(b71)d+h+k+1

f(")(( co)pih Y
i=o \I ‘ k=0 k b+(b—1)d+h+k+1
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