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Abstract: The main goal of this work is to introduce a new double transform named the double ARA-Formable transform (DARA-
FT) we introduce the application of the new double transform to various fundamental functions and master properties. Additionally, we
state and prove the convolution and existence theorems. Subsequently, by utilizing these findings, different kinds of partial differential
equations (PDEs) are solved. We establish novel methods for resolving families of PDEs. With the latter, one can obtain precise answers
to some well-known PDEs, including the telegraph equation, the advection-diffusion equation, the Klein-Gordon equation, and others.
The results demonstrate the double ARA-Formable transform is effective and beneficial for handling these types of problems
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1 Introduction

One of the most significant techniques used to solve
PDEs is the use of integral transformations. As many
scientific processes may be formally described in terms of
PDEs [1,2,3,4,5], using integral transforms enables us to
modify these equations and find the precise solution of
PDEs][6,7,8,9,10]. Researchers and scientists have made
great efforts to develop these techniques, and they use
them to address contemporary scientific issues[11,12].
For instance, there are several transforms available,
including the Laplace transform [13], Fourier transform
[14], Sumudu transform [15], natural transform [16],
Elzaki transform [17], Novel transform [18], M-transform
[19], polynomial transform [20], Aboodh transform [21],
and ARA transform [22,23,24]. For solving PDEs with
unknown functions of two variables recently, the double
Laplace transform has been employed successfully and
often and has produced good results in comparison to
numerical approaches [25,26,27,28,29]. Other double
Laplace transform extensions include the double Shehu
transform [30], the double Sumudu transform [31,32,33,
34,35,36], the double Elzaki transform [37], and the
Laplace-Sumudu transform [38,39,40].

The main purpose of this article is to introduce a new
double integral transform, double ARA-Formable
transform. We describe some characteristics of the double
ARA-Formable transform and show how to calculate it
for various basic functions and operations.Some

properties are discussed along with proofs such as the
convolution theorem and the partial derivatives. In this
article, we consider an inhomogeneous linear PDE of the
form

2 2
A8 D (z,1) —|—Ba (z,t)

°: +C8®(z,t) +D8®(z,t)

ot? dz a (D)
+ES(z,t) = u(z,1),

with the initial conditions (ICs)

d9(z,0)

@(Z,O):fl(Z), ot :fZ(Z)7
and the boundary conditions (BCs)
02(0,¢
@(0,1) = hy (2), # = hy(t),

where @(z,t) is the unknown function, A,B,C,D and E
are constants and u(z,¢) is the source term.

A simple formula for the solution of the above equation is
established and employed to solve some applications.
This article presents the single ARA integral transform
and some applications in Section 2, and we present the
single Formable integral transform and some applications
in Section 3. In Section 4 and 5 we find general formulas
to solve a family of partial differential equations and
integral equations. Finally, we utilize them to solve some
equations such as heat equation and Laplace equation and
others.
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2 Single ARA integral transform

In this section, we highlight to the definition and
properties of a type of integral transform called ARA
integral transform.

Definition 1. The ARA integral transform (AIT) of order n
of a continuous function &(z) defined on the interval [0, )
is given by

G2 [0(2)] =P(n,v) = v /0 e o (2)dz,
v>0,n=1,2,-.

2

Definition 2. The single AIT of a function &(z,t) of two
variables with respect to z is given by

e D(z,t)dz,

Gclocn] =0 =v [ 2!
v>0,n=12,---.

3)

Now, we are going to state some basic properties of the
AIT.

Property 1.
functions on [0,

Y.z [a2(z) +By(z)] = A%y, [2(2)] + B, W(2)], 4)

where o and 3 are nonzero constants.

Let &(z) and w(z) be two continuous
o) in which the AIT exists. Then,

4,[0'(2)] =v4.[2(2)] - v 2(0), 5)
g1 =10 ©)
G [2(z+1)] =" 4 [a(2)], v> 0. (7

3 Single Formable integral transform

In this section, we highlight to the definition and
properties of a type of integral transform called Formable
integral transform.

Definition 3. The Formable integral transform (FIT) of a
Sfunction &(t) of exponential order is defined as:

R[2(1)] = 0 (s,u) = 2 /Ome%" a(t)dt,

u
u>0,s>0.

®)

Definition 4. The single FIT of a function &(z,t) of two
variables 7 and t with respect to t is given by

R(0G0) =) == [t oz,

u>0,s>0.

(C))

Property2.  Let @(f) and w(¢) be two continuous
functions on [0,0) in which the FIT exists. Then

Ri[oa(t) + By (t)] = aRr [2(t)]+ BR: [w(1)], (10)

where a and § are nonzero constants.

R|2 0] =206 -220), (b
R[] = ”};n”!. (12)

4 Double ARA-Formable Transform

In this part of the study we build the double
ARA-Formable definition and some fundamental
characteristics of it.

Definition 5. The double ARA-Formable Transform (DA-
FT) of a continuous function &(z,t) of two variables 7 > 0
andt >0, is given by

G R [@ (

//

v>0,u>0,5s>0.

v,s,u)

e TN B (z,t)dzdt,  (13)

Whenever the integral exists forn =1,2,3,.. ..
The inverse DA-FT of a function &, (v,s,u) is given by

G, R [Du(v,5,0)] = B(z,1). (14)
The DA-FT is a linear operator, because

gn,th [(X @(Z, t) + B W(th)]
= (X%nyth [@(Z,t)] + B gn,th [W(th)] )

where o and f8 are real numbers.

5)

4.1 DA-FT to some fundamental functions.

i. Let@(z,t) =1,

_yr_ St
sv/ / e dzdr
I vz o
<—> ,,dzf/ e hdr
v 0 vF ) uJo

Re(v) > 0.

z>0, t>0.Then

g”l ZR[

vnl’

ii. Let@(z t)=2z%P, z>0, t> 0. Then,

/ /Ztﬁnl o ”ddt
:v/ Z‘H”*le*”dz—/ yPe i dr
0 u Jo

n Mﬁ n
g o] - L) T
_uPr(B+n)r(a+n)
B sB yatn—1 )

%n ZRI Z tB

Re(v) >0,
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where oo > —1 and § > —1 are constants.
iii. Let &(z,¢) = e**P! Then

[ az+ﬁt}
/ / n—1 az+ﬁt —vz— 7dzdt
7\)/ 7 1 %o Vidz 2 / ﬁte “dl‘
0

:—st(n) v>o E>B
) 5u *

(v—a)"(s —up)

iv. Let @(z,t) = sin(az+ ft). Then, using linearity, we

get
—i(oz+Pt) ‘|
-9,

G g

Y, R; [sin( oz + Bt)]

(ocz+[3t

_ vl(n) s vl (n) s
C 2i(v—ai)" (s—iBu)  2i(v+ o) (s+iBu)
_ svI(n) svI(n)
C2i(v—oi)(s—iuB)  2i(v+ai)i(s+iBu)’
Using the facts
) eiz _ e*iz eiz + e*iz
sinz = ——-——, cosz=——>—,
. eZ _ e*z eZ + e*z
sinhz = 7 coshz = 5

And using linearity we can get DA-FT of the functions,

G, R; [cos(oz+ Br)]

_ svI(n) n svI(n)
20v—oi)"(s—iuB)  2(v+ai)*(s+ifu)’
G, R, [cosh(az+ PBr)]
_ svI(n) n svI(n)
A= ay(s—uB) 2T @y (st Bu)
4, R, [sinh(otz + Br)]
_ svI(n) 7 svI(n)
20— ap(s—uB) 2t ay(stpa)

v. Let @(z,1) = @(z)w(r). Then

%sz[ z,1)] %sz[ ()V’(l)]
/ | 7t @ydzar
_ (V/o e )dz) (5 /0 we%y/(t)dt)
—q,

D@ R [y ()]

vi. Let @(z,t)

= Jo (ay/zt).Then
gn,th [-’0 (OC\/_ )}
=2 [0 [ e E(aymda
=2 [Cetar /0 e~ o (a/2t)dz

=R % [Jo(ava)]] =R [eﬁ_ﬂ

_ 4vu
" dvs+a2u’

Here Jy denotes the modified order zero Bessel

function.

4.2 Existence conditions of DA-FT.

Let @(z,t) be a function that satisfies the following
condition. If there exists a positive constant K such that
Vz>Zandt > T, we have

‘Zrzfl Q(ZJ)| < KeavaﬁI,

Vo > 0and B > 0 as z — o and r — . Hence we say

Z”ilg(z,l) -0 (eaz+ﬁt) , (16)

as
z—>o0 and t — oo,

s
v>a and — > B.
u

Theorem 1. Let &(z,t) be a continuous function in a
region (0,Z) and (0,T) that satisfies the condition in
equation (16). Then DA-FT of @(z,t) exists for all v and
£ provided Re[v] > o and Re[2] > P.

Proof of Theorem 1. From the definition of DA-FT , we

have
uJo Jo
sV bal e .
u Jo Jo

< K sv mef(vfa)zdz/‘mef(%fﬁ)[dt
0 0

|¢n(V,S,M)| = ]efvz’%g(z,y)dz dt

I 7'B(z,y)|dzdt

u
Ksvy

(v—a)(s—up)’

where Re[v] > o and Re [£] > B.
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4.3 Basic Properties of DA-FT

In this section, we highlight to the Properties of
derivatives, Periodicity Function and Convolution
Theorem of DA-FT.

i. Shifting property
G, R, [ea”ﬁ’@(z,t)}

S T e

where ¥, ;R; [&(z,1)] = Pu(v,5,u).
Proof. From the definition of DA-FT, we get

G Ry {eo‘”ﬁ’@(z,t)}

// PR (_E)lg(z,t)dzdt

(v—a)(s—up)
T - )(sum( u )
/ / (‘Sjlﬁ)[ & (z,t)dzdt

- (e )

ii. Properties of derivatives
Let ®,(v,s,u) = 9, R [2(z,1)]. Then, we have the
following properties:

09(z,t)
o [2212)
| dnfl
=(-1)" v (v (v,s,u) — vR, (2(0,1))),
(13)
0 (z,1)
ger | 2520
S S
- ;¢”(V,S,M) - ;gn,z(g(zvo))v
(19)
920(z,1) L an!
G, R {Tz} =(-1) IW <V2‘Pl (v,s,u)
- PR (@0 -k (2520 )
dz
(20)
’a(z,1)]  s? 5
ek | 551 = S )~ 3, (0(.0)
s 02(z,0)
B Eg"’z< ot )’

2y

G, R, [m] :(fl)n*lﬂ (EQ%(V,S,M)

dz0t dvi=1\ u
_ Ezﬂ@(&t))) - 92%; (2(2,0))
u u
2
+=(2(0,0).

(22)

Here, we state the proof of equations (18), (20) and
(22). We get the proof of (19) and (21) in a same
manner to (18) and (20), respectively.

Proof of (18). The definition of DA-FT implies

29(z, t)]

/ / n—1 eV Y’ 8@(1 t)
9z
- 5/ e <v/ooz" le*L@(Z Dy > dt.
u Jo 0 0z

But the integral inside the bracket is equal to
G2 [a@a(zzz)} and

G0 R, {

(z,1)
4, vy 4 7:[ %]
e 0z dv—1 v ’

(23)

e |22 =i teten) - vioten).

so equation (23) becomes

d9(z,t)
w2
=y B (@) v (@),

By taking FIT with respect to ¢ for equation (23), we
get DA-FT in the form of

8@8(?0}

gn,th [

dnfl
_ -1
~ (1

Proof of (20). The definition of DA-FT implies

9’3 (z,t)
Gn R [TZZ]

en 99(51)
nl vz—
// T
oo B 32 ( )
_° u nl vzi
_u/o e (v/o Z 82 dz)dl.

(v (v,s,u) —vR, (2(0,1))].
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But the integral inside the bracket is equal to
92@(zt)
Y.z ,and

072
23 (z,1)
w225
2
e B[] e
- dvr—! v
But
*3(z,t)
o[22
=40l -? (o0 v (22520,
so equation (24) becomes
9*9(z,1) R
Gz o2 =(=1) i1 V'Y . (2(z1))

v’ (2(0,1)) —v (%ﬁ’”) ) :

By taking FIT with respect to t for equation (24), we
get DA-FT in the form of

B drzf]

_ 1
=0T g

9°3(z,t)
072

gn,th |:

(ﬁguze, (©(2y)) = PR (2(0,7))

R (3@(9(2,t))>

—1
= (—1)"! dn <v2¢1 (v,s,u)
dviT o

— VR (2(0,¢)) =V R, (%S’”) )

Proof of (22). The definition of DA-FT implies

9’3 (z,1)
G, R {W}

s 92(21)
nl vz
// 0z T et

_ ”]*VZ E * stag(ZI)
—v/Oz dz (M/Oe 201 ——dt|.

By integration by parts, we get

*(z,t)
G, R {W}

o 29(z,0
= E anevzdz< (Za )
u Jo dz

2 e g 90(g,t
al e 7@’ )dt>

u? Jo Z

=—— z”fleﬂ'z@z(z,o)dz
u Jo

s2v [ -1, vz 0D (z,1)
_2/ /o dz Top dudt
iy, (2260 5y, g [2260)

0z 0z

Using the fact in equation (4) and equation (17), we
get

2
G, R, {78 Q(Z’I)}

dz0t
=~ (%:[2(:.0)] ~v(2(0,0)))
n—1
+ (=)t jvn*l (v, (v,s,u) —vR, ((0,1)))
n=l [ ys Vs
= (_1)”7] ;Vn71 <;¢H(Vasal") - ;Rt (Q(Oat))>

sv2 sv2

—— %:(2(2,0)) +— (2(0,0)).

Remark. Let @(v,s,u) =9, R, [@(z,t)]. Then DA-FT of
the n-th partial derivatives with respect to z and ¢
respectively, are

0" (z,t
gl,th [#]

n—1 ak 25)
:v”dJ(v,s,u)—Z nkelR, [8z (0, t)]
k=0
s\ 7"
= (;) ¢(V,S,M) (26)
Snil Ky n—k—1 ak
*;kg(;) n [ak (ZO)}

4.4 DA-FT of a Periodic Function

Theorem 2. If @(z,t) is a periodic function of periods a
and B, such that S(z+ a,t + B) = &(z,t) for all z and t.
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If DA-FT of &(z,t) exists, then
s -1
N=(1-ea %)

IV
- e
u.Jo Jo

gn’th [@ (Z, t

e g (z, t)dzdt> .

27
Proof of Theorem 2. From the definition of DA-FT, we
have
@n(V,S,I/I) gﬂ ZRT )] =

T u@(z,t)dzdt

il /
:—/ / z”*lei%ii@(z,t)dzdt—i—
uJo Jo

o oo o
g/ / e v g(2,0)dzdt.
uJa Jp

Letz= o+ p and t = B + g on the second double integral,
we get

N4 .ﬁ st
q’n(v,s,u):%/o /0 e B(z,0)dzdt
R
ulo Jo

@(p+a,q+P)dpdg.

Using the periodicity of the function @(z,t), equation (28)
becomes

a rB st
@n(v,s,u):g/ / e g(2,0)dzdt
u o Jo
o BV [T [T L —vp-Y
+e u;/o /0 p'le " 3 (p,q)dpdg.

From the definition of DA-FT, we get

a B st
cb,,(v,s,u):%/o /0 e “ &(z,t)dzdt

B
eV Dy (v, s,u).

(29)

Equation (29) can be simplified into

eV Iz, t)dzdt> .

4.5 Convolution theorem of DA-FT

Theorem 3.Let

D, (v,5,u) =9, R [D(z,1)].

Then
G R |D(z—8,t—€)y(z—0,t—¢)

7‘)6 u @ (V,S,M),

(30)

where W (z,t) is the Heaviside unit step function given by

l[l(z—5,t—8):{1’ Z>5,t?8

0, otherwise.
Proof of Theorem 3. The definition of DA-FT implies

—8,t—¢ )y/(sz t—¢)]

/ / Sut (@(z—8,1—¢)

V(z— 8,1 —¢))dzdt
s

u.Js Je
Letting z— 6 = p and r — € = ¢ in equation (31), we get

GnoRi[0(2— 8,1 —€)y(z— 8,1 —¢)]

n —(§ s(s+q)
/ / (8+p)y e B (p,g)dpdy.
(32)

Gn th[ (z

€2

T @z — 8,1 — €)dzd.

Equation (32) can be simplified into

G R [D(z— 8,1 —€)y(z— 0, t—8)]

e (SV/ / =i (p, q)dpdq)

=% D, (v,s,u).

Theorem 4.(Convolution Theorem). If 4, .R; [ (z,t)] =
D, (v,s,u) and G, R, [y(z,t)] = (v, s,u), then

G (25 59) ()] = () Buls,u) (50, (33)
where
(@5 %W)(2,1) = /()Z/Ot@(k 5.1— )y (8,€)dSde.
Proof of Theorem 4. The definition of DA-FT implies

ggn,th [(@ * *W) (Z t)]

e
- ;/0 /0 Pl
</0 /0 D(z—08,1-€)y(3, s)d6d8> dzdt.

(34)

(@ x*xy)(z,t)dzdt
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From the definition of Heaviside function, equation (34)
becomes

gn,th [(@ * *W) (Zat)]

sy [ [ st o0 oo
:_/ / Zn7167VZ7l‘r / / @(Z_67t_8)
uJo Jo Jo JO

Y(z—0,t—€)k(6, e)d5de> dzdt

- v eanae (3 [ [
0 JO

F(z—8,t—€)W(z— b, — 8)dzdt>

- / ) / " k(5,€)d5de (e ¥ du(vs.u))
0 0
— @, (vy5,u) / / w(8,€) e % db de
0 0

= (%) Dy, (v, 8,u) (v, s,u).

Now, we summarize all the above results in Table 1.

Table 1: DA-FT to some functions.

D(z,1) Gy R [D(z,1)] = Pu(v,s,u).
1 i)
acR al(n)
Zotl‘ﬁ uﬁfigtzll;ffx+n)
p0z Bt svL(v)
oI )(V o) (s—upf) )
Sm(‘WFﬁI) 2A(v—ai)" ((v) wuP) (vt i) (s+ipu)
svl(n svl(n
os (az+ Br) z(vfaf);((s;iuﬁ) + 2(v+a;l’<l(3+zﬁu)
Slnh(o‘z+[3t) 2(v7a)"((s>7uﬁ) T 2ta) <(s+l3u)
svl(n svl
COSh(aZ+Bt) z(via),, sfuﬁ) + 2( ) (J+B“)
Jo ((X\/?l‘) 4vs4+wt';zu
D(z—8,t—¢€)
y(z—6,t—¢) eV @, (v,5,u)
@) et) () (s, ) (5,0

5 Applications on DA-FT

In this section, we apply DA-FT on a family of PDEs and
get a simple formula for the general solution. For
simplicity, we solve the applications on the DA-FT
considering n = 1 in single AIT.

5.1 DA-FT for Solving PDEs

Consider the nonhomogeneous PDE of the form

’a(z,t)  *D(z,t)  .0D(z,t) . 9D(z,1)
A 072 +B or? +c 2z D ot
+ES(z,t) = u(z,1),
(35)
with the initial conditions (ICs)
209(z,0
2(:0) = A, 220 o)
and the boundary conditions (BCs)
02(0,¢
20,0 = m(r), 220 g

Apply DA-FT on (35), we get

2 2
. [ 2220 g, [ 2251

272

00 12)%)
+C¥9 (R, [ a(?t)} + D% R, { a(f’t)]

+E%|’1Rt [@(Z,t)] =% ,th [”(th)] :

The single AIT is applied on the initial conditions, to get

G.01@)]=F0), %:1L0@)]=FR{), 36)

and the single FIT is applied on the boundary conditions,
to get

Ri [ (1)] = Hi(s,u), Ri[ha(1)]

From the properties of the derivatives in equations (18-22),
and the transformed ICs (36) and BCs (37) yield that

A <V2¢(V,s, u) — V2R, [@(0,1)] — vR; [398(2,0] )

52 s*
+B P@(V,s,u) — P%,Z[@(&O)]

~ig, [MD (38)

= Hy(s,u). (37)

ot
+C (v@(v,s,u) —vR[@(0,1)])
D (Z(ns) (2 (:.0)])
+E®P(v,s,u) =U(v,s,u)
Substitution (36), (37) in (38) we get.

AV D(v,s,u) AV’ H, (s,u) — AvH (s, u)
52 52 s
+B;¢(V,S,M) —B;F] (v) —B;FZ(V) (39)

+CvH (s, u) +D§F] (v) =U(v,s,u).
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Following some quick calculations, equation (39) can be
reduced to

H, (s,u)(AV? +Cv) + Ha(s,u) (Av)
A +B%5 +Cv+DE+E

D(v,s,u) = [
(40)

2
LAMBE+ 2+ R0 () +U s u)
A2+ B +Cv+DE+E '

To find the solution of equation (35) in the original space,
apply the inverse DA-FT to both sides of equation (40), to
get

Hy(s,u)(Av? +Cv) + Hy(s,u) (Av)
AV +BS +Cv+DE+E
2
Fi (V)(% + %) +F2(V)(%) +U(v,s,u)
A2 +BS +Cv+DE+E '

F(z,t) =9, R}

2

+

(41)

5.2 llustrative Examples

This section presents and resolves some problems using
DA-FT. By resolving these problems and obtaining the
exact results, the effectiveness and simplicity of the
suggested approach are shown.

Problem 1. Take the wave equation

’@(z,t)  9*@(z,1)

220, 120, (42)

a2 22’
with the ICs
09(z,0
2(z,0) = sinz, 920) _ 2, (43)
ot
and the BCs
00
@(0,1) = 2t, ;O’t) = cost. (44)
Z

Solution. Firstly, we have

fl (Z) :Sil’lZ, fZ(Z) :27
h(t) = 2t, hy(t) = cost.

Applying the single AIT to fi(z) and f>(z), to get

Fi(v) = —>

=—— F =2.
V21’ 2(v)

Applying the single FIT to A (¢) and hy(t), to get

2u 5
H =—, H =——.
1(S,M) s ) Z(S,M) M2+S2
Rewrite equation (42) in the form
?2(z,1) *@(z1) 0

072 ar?

By comparing with the general formula in equation (35),
we have

A=1, B=—-1, C=D=E =0andU(v,s,u) =0.

Substituting the values of the functions Fy, F>, H; and H;
and above in the general formula in equation (40), we get

2uv” NI Vs’ _ 25
s s2u? u2(V241) w
D(v,s,u) = R
L 45)
2u vs?

5 (V+1)(u2+s2)

Now, take DA-FT inverse to both sides of equation (45),
we get

2u vs?
@ t :g7]R7] JE— e ——
(z.1) 1,z % P + (2 4+ 1) (u? +52)

= 2t +sinzcost.

Fig. 1: 3D plot 1. The solution &(z,) of Problem 1.

Problem 2. Take the heat equation

99(z.t) _ 9’3 (z,1)

—39(z,t
21 o2 2PN g
720, 1>0,
with the IC
@(z,0) =1 +sing, 47
and the BCs
2d2(0
@(0,1) =1, ; 1) —e ¥, (48)
z

Solution. Firstly, we have

fiz) =1+sinz, fo(z2) =0, hi(t)=1, hy(t)=e*.
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Applying the single AIT to fi(z) and f>(z), to get

1%

F](V):1+m,

F2 (S) = 0

Applying the single FIT to & () and h(z), to get

H(s,u) =1, Hy(s,u)= ers4u'
Rewrite equation (46) in the form
’a(z,t)  9D(z,t)
L = —30(z,t) = 3.
022 o1 z1)

By comparing with the general formula in equation (35),
we have

A=1,D=-1,E=-3,C=B=E=0

and
U(v,s,u)=-3

Substituting the values of the functions F,F,,H; and H;
and above in the general formula in equation (40), we get

V2 + s+4u (1 + v2+1> (7%) -3

-3 (49)
vs

P (v,s5,u) =

Now, take DA-FT inverse to both sides of equation (49),
we get

o) =9 R 1+ —— 2 | —14e¥sing
(27) 1,z M +(v2+1)(s+4u) +e Tsing

3D plot Fog. 2, shows the answer of the heat equation (46)
with the IC (47) and the BCs (48).

Fig. 2: 3D plot 2. The solution &(z,t) of Problem 2.

Problem 3. Take the telegraph equation

2 2
d @(f,t) _ d @(zz,t) 09(z,t) _o(0),
dz ot ot (50)
7220, t>0,
with the ICs
P(z,0) = €, M = —26%, (618
ot
and the BCs
2(0,1) =%, 92(0.1) _ -, (52)
9z
Solution. Firstly, we have
fl (Z) = eZ’ fZ(Z) = _262, hl(t) =e t, hz(t) = 672t

Applying the single ARA-T on fi(z) and f>(z), we get

A0 = B(s) = —2

v—1

Applying the single FT on A (¢) and h;(z), we get

s
H - H = )
1(s,u) P 2(s,u) S+ 2u
Rewrite equation (50) in the form
0’3 (z,t)  9*°@(z,t) 9D(z,1)
9 . 9 . 9 o H=0
922 o o TPEN=0

A=E=1,B=-1,D=—1,¢=0 and U(v,s,u) =0.

Substituting the values of the functions F,F,,H; and H;
and above in the general formula in equation (40), we get

AV +B +Cv+D —l—EcD(

512 1 _ 2vs
s+2u s+2u u? u(v—1)

vs

(v—1)(s+2u)

(53)

Now, take DA-FT inverse to both sides of equation (53),
we get

D(z,t) = gljletq Vs ] — 2

[m

3D plot Fig. 3, shows the answer of the telegraph equation
(50) with the ICs (51) and the BCs (52).
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Substituting the values of the functions Fi, F,,H, and H;
and above in the general formula in equation (40), we get

2,2 2 2
57V v =5
s2+u? + (v2+l> ( u? )

D(v,s,u) =
v2— ‘j—i +1
V2S2
FED (57)
v:— Ii—i +1
Vv2s?
TP D)
Now, take DA-FT inverse to both sides of equation (57),
we get
Fig. 3: 3D plot 3. The solution & f Problem 3 —1p-1 vs?
ig. 3: 3D plot 3. The solution &(z,) of Problem 3. D(z,t) :gl,z R, {m} = cos(z)cos(t).
' ) 3D plot Fig. 4, shows the answer of the Klein-Gordon
Problem 4. Take the Klein-Gordon equation equation (54) with the ICs (55) and the BCs (56).
> (z,t 9’ (z,t
T(ZZ’) —9(z,t) = % —cos(z)cos(t), (54)
with the ICs
d9(z,0
o:0)=coss), 222D o o)
and the BCs
29(0,¢
2(0,1) = cos(t), 8( 1) =0. (56)
b4

Solution. Firstly, we have

fiR) =€, f(z) =0, hi(t)=e*, hyt)=0.

Applying the single ARA-T on fi(z) and f>(z), we get

Fig. 4: 3D plot 4. The solution &(z,) of Problem 4.

2
v
F](V) = 1)2—4-17 FZ(V) =0.
Problem 5. Take the Homo-Laplace equation
Applying the single FT on £ (¢) and hy(t), we get Po(sr) B 923(z,1) 5
§2 07> N 0z’
Hi(su)= 55 Hals,u) =0. with the ICs
Rewrite equation (54) in the form &(z,0) =0, 8@5,0) = cos(z), (59)
’a(z,t) 0%(z.t dthe B
25 - T2 o) = costa cost) and the B ;
be (0,1
@(0,y) = sinh(z), (; 1) =0. (60)
A=E=1,B=-1,D=C=0, N
Solution. Firstly, we have
and
V252 fi(z) =0, f2(z) = cos(z),
U,s,u) = —5——5——. .
(V+1)(s2+1) hi(r) =sinh(z), hy(r) =0.
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Applying the single ARA-T on fi(z) and f>(z), we get

2
F =0, F = .
I(V) ) Z(V) V1
Applying the single FT on A (¢) and h;(z), we get
su
H =————  H =0.
](sﬂu) 22 Z(Sﬂu)

Rewrite equation (58) in the form

9*a(z,1) N 9*a(z,1)
022 or?

A=B=1,D=C=E= 0and U(v,s,u) =0,

:O’

Substituting the values of the functions F,F,,H; and H;
and above in the general formula in equation (40), we get
SMV2 SVZ
22 Tz
D(v,s,u) = - "(ZV +1)
V245

e (e1)

V2SM

Now, take DA-FT inverse to both sides of equation (61),
we get

2

F(z,t) =9, 'R [( r

z m} :COSZSinht.

3D plot Fig 5, shows the answer of the Homo-Laplace
equation (58) with the ICs (59) and the BCs (60).

Fig. 5: 3D plot 5. The solution &(z,) of Problem 5.

6 Conclusion

In this research, a new approach in transform called
DARA-FT was presented. Basic properties of the

proposed double transform were introduced and
implemented to get solutions of families of PDEs. The
usage of the new double transform was illustrated in
solving some interesting examples and getting the exact
solution of them. New results of DA-FT will be discussed
in the future and implemented for solving fractional PDEs
and nonlinear PDEs [38- 45].
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