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Abstract: In this article, the problem of comparing concomitants of generalized order statistics (GOSs) in terms of different types
of stochastic orders is considered. Some stochastic ordering results for compound random variables in the one-sample problems are
recalled and extended. Analogous results are obtained in the two-sample setup. The derived results are used to compare concomitants
of GOSs in both one-sample problems and two-sample problems. We also introduce some new joint stochastic orders (namely, the joint
reversed hazard order and the joint convex order) and compare concomitants in terms of these orders.
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1 Introduction

Kamps[1] developed the idea of generalized order statistics (GOSs) as a unified strategy for studying ordered random
variables like order statistics, records, and type II progressive censoring with two stages, which appear as submodels
of the GOSs. Let n € Njk > 0 and m; € R;1 <i < n— 1 be parameters such that ¥, = k+ (n—r) +Z?;r1 m; > 1 for
1 <r<n-—1andletm=(m,...,m,1)if n >2 (i arbitrary if n = 1). The random variables (RVs), W(,., 1,1 <r<n
are called GOSs based on an absolutely continuous distribution function (DF), F, with density (PDF), f, and survival
function, F, if the joint PDF is given by

n—1 n—1
fl,2,...,n:n,n”1,k(wla---awn) =k <III %) <111f(wi)(F(Wi))mi> f(W”)[F(W”)]kil, (1)

where F~1(0) < wy <wy <--- <w, < F~!(1). More specially if m; = --- = m,_; = m the GOSs are called the m-GOSs.
For more details on GOSs and its submodels see [1] and [2].

Let (W1, V1), (W2, V2),...,(Wy,V,) be n independent copies from continuous DF, F(w,v), with marginals Fy and Fy.
Suppose that the sample is arranged in accordance with the variable W such that W(,., 5 x) represents the rth GOS based
on Fyy. The corresponding variable V' is denoted by V/,, 4 and is called the concomitant of the rth GOS (see [2], p.224).
It is known in the literature (cf. [3],[4]) that

[V[r,n,rh,k] |W(r,n,r71,k) = W] =t [V|W = W]7 (2)

where =5 means that both random variables have the same PDF. See also [5] for the rigorous proof of (2) in the case of
order statistics, records, and m-GOSs, while [1] for the proof in the case of Pfeifer records. Using (2) the PDF of V., 4
is expressed as

feni 0= [ S 1) sy (), )

where fy|y (v|w) is the PDF of V given W = w and f{,.,, ;s )(w) is the density function of the rth GOS.
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Similarly, the joint PDF of the concomitants of the rth and the sth GOSs, 1 < r <s < n, indicated as f[, ., n | (vi,m), is
expressed by

oo oo

f[r,s:n,rh,k] (Vl ) Vz) = / ./‘f(vl |W1 )f(v2|wz)f(r,s:n,rh,k) (Wl 7W2)dW2dW1a (4)

—oo Wy

where (... m k) (W1, w2) is the joint PDF of the rth and the sth GOSs.

Concomitants are essential in selection problems, parameter estimation, ranked set sampling, characterization and
determination of the parent bivariate distributions. For a brief discussion of the applications of the concomitants of ordered
random variables, see[6] and the references therein.

Motivated by the role of concomitants in many applications, we consider in this paper the problem of comparing
concomitants of GOSs stochastically in terms of stochastic orders. Stochastic ordering is a method of comparing random
quantities in magnitude, variability, dependence, and skewness based on information gathered from the random quantities’
distributions. For a comprehensive treatise of the theory of stochastic orders and its application, see [7].

Many authors have drawn attention to the stochastic comparisons of ordered random variables and their concomitants
in both univariate and multivariate cases. For a detailed description of some stochastic ordering findings on order statistics
and spacing, see [7] and [8]. Stochastic ordering of GOSs was considered by many authors, see, for example, [9], [10],
and [11] and the references therein. The stochastic comparisons of order statistics’ concomitants were considered by
khaledie and Kochar[12], Blessinger[13],[14], Bairamov et al.[15], Amini-Seresht et al. [16] and Erylimaz [17]. Stochastic
comparisons of concomitants of type II progressive censored ordered statistics was considered by Izadi and Khaledi[4].

To the best of our knowledge, there are no previous results regarding the stochastic comparisons of concomitants of
GOSs except for a remark mentioned by Izadi and khaledie[4], who pointed out that most of their one-sample comparisons
in [4] can be valid for the concomitants of GOSs. Their remark is considered as a starting point in our one-sample
comparisons results. In fact, in this article, we are concerned with studying three different types of stochastic orderings.
Precisely, let (W;,V;) ,1 <i < n be n independent copies of (W, V) based on continuous bivariate DF. Let W, ;) and
Virnmk) be the rth GOS and the corresponding concomitant, respectively. The types of stochastic comparisons considered
are as follows:

1.The one-sample comparisons: We discuss the following scenarios.

(a)Comparison of the GOSs’ concomitants based on the same distribution with different parameters in terms of some
univariate stochastic orders.

(b)Comparison of the rth and sth GOSs’ concomitants with the same parameters n,/ and k based on the same
distribution in terms of some joint stochastic orders introduced by Shanthikumar and Yao[18]. Also, we introduce
some new definitions of joint stochastic orders, and perform comparison of GOSs’ concomitants in terms of these
definitions.

2.The two-sample comparisons: We compare, in terms of different stochastic orders, the concomitants of GOSs based
on the same parameters and different parent distributions.

The remaining sections of this article are structured as follows: The preliminaries used in deriving our results are
introduced in Section 2. Our main results are derived in sections 3, 4, and 5. In Section 6, some illustrative examples of
stochastic ordering of concomitants of GOSs, based on some specific bivariate distributions, are introduced.

We will assume in the following, for a continuous RV, Z, having DF, Fz, and PDF, f7, that the hazard, the reversed
hazard, and the mean residual life functions are respectively defined by hz(s) = fz(s)/Fz(s), rz(s) = fz(s)/Fz(s) and
mz(s) = ([ Fz(u)du)/Fz(s). We denote [V|W = w] to the conditional random variable V given W = w. We say that the
RV, Z, is increasing [decreasing] failure rate IFR[DFR] if /z(s) increases [decreases] in s. The increasing [decreasing]
reversed failure rate (IRFR [DRFR]) and the increasing [decreasing] mean residual life (IMRL [DMRL]) distributions are
defined analogously.

2 Preliminaries

The following definitions and theorems are used to derive our major findings. Most of the preliminaries presented in this
section can be found in [7].

Definition 1.Assume that W and V are two RVs with DFs Fy and Fy, respectively. W is called less than 'V in the

Lusual stochastic order, symbolized as W < V, if Fy (s) < Fy (s) Vs € R (or alternatively, if for all increasing functions
ViR =R wehave E(y(W)) <E(y(V))), .

2.hazard rate order, symbolized as W <y, V, if Fy (s)/Fw (s) increases in s € R (or alternatively, if hy (s) > hy (s) for all
seR),
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3.reversed hazard order, symbolized as W <,;, V, if Fy(s)/Fw (s) is increasing in s € R (or if rw (s) < ry(s) Vs € R) (or
alternatively, if fw (v)Fy (w) < fy (v)Fw (w) for allw <v), )

4.mean residual life order, symbolized as W <,y V, if [ Fy(v)dv/[;” Fy(w)dw is increasing in s (or alternatively, if
my (s) < my (s), Vs), ]

5.harmonic mean residual life order, symbolized as W <p1 V, if I8 Igvv(glv))dw < f dw forall s >0,

6.likelihood ratio order, symbolized as W <, V, if fy (s)/fw (s) increases for all s G R
7.dispersive order; symbolized as W <gis, V., if F; ' (w) —_FW71 (w) is increasing in w € (0, 1),
8.excess wealth order, symbolized as W <., V, iff;,l(q) Fy(w)dw < f;il(q) Fy(w)dw forall g € (0,1),
w Vv
9.convex [concave] [increasing convex] [increasing concave] order, (symbolized as W <. VIW <., V][W <ix V]

W <iow V]), if Ely(W)] < E[w(V)], for all convex [concave][increasing convex] [increasing concave] functions
v:R—R

The following set of implications are well known (see[7]).

w Slr V=W Shr V[W Srh V] =W Smrl V=W Ssl V[W Shmrl V] =W Sicx Vv (5)
w Sdisp V=W <,V (6)

Theorem 1(see [7] (p. 156)). Assume that W and V are two nonnegative RVs. If W <;, V and either W or V are DFR,
then W Sdisp V.

Theorem 2(see[7] (p. 168)). Assume that W and V are two RVs with E(W) < o0, E(V) < oo and —eo < lyy <ly < 0. If
W <,.n V, and if either W orV is IMRL, then W <,,, V.

Some stochastic orderings of compound random variables are stated in the next theorem.

Theorem 3(cf. [7]). Consider a family of distributions {Fy, ¢ € Z"}. Let W (@) indicates a RV with DF Fy(g)- Let @1 and
D, be two RVs with support in & and DFs G and G», respectively. Let the PDF of the compound RVW (&;),i = 1,2 is
given as

w) = [ fwipdGi(p). weR ™)
where fy o) is the corresponding PDF of Fy ). Then, for 1 < ¢,
W(1) <1 W(@2) and @ <jp & = W(Py) < W(D,),
((p]) <nr ( )and Dy <y (PzéW(@[) <nr W(@Q)
W(o1) <t W(2) and @y <pp Oy = W(Py) <,y W(D2),
W(@1) <pmrt W(@2) and @y <jp @2 = W(P1) <pyunt W(D2),
W(@1) < W(@) and @y <,y @ = W (D)) <, W(D2),

6W((p,) <a W(g) and & <g ®r = W(P1) <4 W(D,).

The stochastic orderings mentioned in Definition 1 are concerned with comparing the marginals of Fy and Fy
without considering the dependence between W and V. To take the dependence into consideration, a bivariate criterion
was proposed by [18], known as the joint stochastic ordering, which is outlined below.

Definition 2.Consider the following classes of functions
%lf = {g(w,v) : Rz - R;Ag(W,V) - g(W,V) *g(V,W) >0 7VW 2 V},
G = {g(w,v) : R2 — R; Ag(w,v) increases inw ,\Yw > v},
and Gy == {g(w,v) : R> — R; Ag(w,v) is increasing in w ,¥v}.
We say that

1.W is greater than V with respect to the joint likelihood ratio order, denoted as W >,.; V, if Eg(W,V) > Eg(V,W), ¥
8EGy,

2.W is greater than V with respect to the joint hazard rate order, symbolized as W >p,.; V, if Eg(W,V) > Eg(V,W), V¥
g e ghrr

3.W is greater than V in the joint stochastic order, denoted as W >g.; V, if Eg(W,V) > Eg(V.W), V g € 9.

Necessary and sufficient conditions for orderings <;,.; and <j,.; are given below (see [18]).

Theorem 4.Suppose that W and V are two RVs with joint PDF fyy (w,v) and joint survival function Eyy (w,v). Then,
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Lv < W e fWV(va) €Y,

2V <y W %va (wyv) < %va(v, w) Vw >
Closely related to the definitions of stochastic orders is the concept of sign regular of order 2, SR,, functions defined as
follows (see [19]).

Definition 3.A function f(w,v) is said to be SRy if € f(w,v) > 0 and

alf(wi,vi)f(wz,v2) — f(wi,v2) f(w2,v1)] >0 (®)

Jorwy <wy,vy <y, and g € {—1,1} fori=1,2.

If the relation in (8) holds with €, = 41 and € = +1 then f is claimed to be totally positive of order 2 (TP,), while if
the relation holds with €, = +1 and & = —1then f is said to be reverse regular of order 2 (RR»).

Theorem 5(see [19], p.99). Assume that <7, B, and € are subsets of R, Q(u,w) is SR, for u € of ,w € 2 and R(w,v) is
SRy forw € B,v € €. Then P(u,v) = [ Q(u,w)R(w,v)d(w) is SRy foru € o7 ,v € € and €(P) = &(Q) x &(R),Vi= 1,2,
where [L is a O-finite measure.

Clearly, from Definition 3 and Theorem 5, we see that the composition of two TP, functions or two RR» functions is TP,
and the composition of a TP, function and a RR; function is RR5.

Two RVs, W and V, with a joint PDF f are said to be TP, [RR;] dependent (see[20]) if the function f(w,v) is TP,
[RR;] in u and v; that is if

Swi,vi) f(wa,va) > [<]f(wi,v2) f(wa,vy) forall wy < wp, vy < vy, )
To end this part, we present some key results that establish the stochastic ordering of GOSs.

Theorem 6(Esna-Ashari et al. [9]). Assume that Wi, jn 1), 1 < r < nand W1y 3y, 1 < ¥ < n' are GOSs based on
absolutely continuous DF. Then, Wi, i 1y <ir Wy jiv gy whenever v’ > r,my—; >my, i€ {1,2,....,r—1} and ¥, > ..

The following theorem uses the concept of ”p-larger than”(see [21]). We say that the vector u € R is p larger than
the vector v € R"" (written u =" v) if Hle ug) < Hle v(i), 1 < j < n, where {7(1) < --- < z(,)} denotes the increasing
components arrangement of any vector z = {zy,...,2,}.

Theorem 7(Khaledi [22]). For r <7/, Wirn i)y <ir Wit wt i i) whenever

(%l,...,%r) =P (n,..., V) for some set {Iy,...,[,} C{1,...,r'} (10)

3 One-Sample Comparisons

In this section, we are concerned with the comparison of the GOSs’ concomitants, V., s« and Vi v i 1), assuming the
same parent bivariate DF and different GOSs’ parameters. Comparing Equations (3) and (7), one can see that Vi, 5 is a
compound random variable of [V|W = w| and W(,.,, ;5 1. So, initially, we extend several stochastic comparison findings for
compound random variables, given in Theorem 3, considering alternative assumptions on the stochastic increase of the
RV W () in ¢, and on the stochastic ordering of ®; and ®,, and then we use these results in comparing the concomitants.

3.1 One-Sample comparison of compound random variables

Now we seek the conditions under which the stochastic orderings of W (&) and W (®; ), stated in Theorem 3, are inverted.
We can easily see, in all parts of Theorem 3, that whenever the ordering of @, and @ is inverted, keeping the ordering of
W (¢;) and W (¢>) unchanged, the ordering of W (®;) and W (P, ) will be inverted. However, another case to be considered
in each order is stated below. Through Lemmas 1, 2, and 3, we assume that W (@), &; and W(®;), i = 1,2, are defined as
in Theorem 3.

Lemma 1.For ¢; < @5, we have

LW (1) >, W(@2) and Oy <jp §y = W (D)) > W(D,).
Z.W((pl) > W(gl)z) and P <y &) = W(@l) > W(Cbz)
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Proof. 1IEW (@) >, W(¢,) for @; < @, then the function fw(o) (w)is RRy inw and i € {1,2}.If & <, s, then the
function g;(¢) is TP, in @ and i. Therefore, from Theorem 5, the function A;(w) = [, f(¢)(W)gi(@)d¢ is RR; in w
and i. Thus W(®;) >, W(Ps).

2.If &) <y P, then, by Definition 1, [*_k(@)gi(@)de < [*_k(p)g2(@)de for any increasing function k. Setting
k(@) = —y(@) for any decreasing function y(¢) we have

/:, v(9)gi(@)de > /:, v(9)g2(9)do. 0

Additionally, if W (@) > W () for @1 < @s, then Fyy (¢, () > Fyy (g, (w); that is the function Fyy ) (w) is decreasing
function in @. If we choose (@) = Fy(y)(w), it follows from (11) that

M) = [ Fuigai(0)de > [ Fypwea(p)de = Ha(w).
Thus, W(@l) >t W(sz)

For similar results for the orders <, <,;,, and <,,,,;, we introduce the following lemma, which is an extension of Theorem
2.11in [23].
Lemma 2.Let Gi(¢), i = 1,2 be two DFs. Let fy4)(w) be any function of w and . Suppose that the integral
JZw fw(s)(W)dGi(9) exists and is finite. Then the function hi(w) = [~ fw(s)(w)dGi(9) is TPy [RR2] in i and w if one of
the following cases occurs.

1.The function G(@) is TP2 in ¢ and i, and the function fy 4)(w) is TPy [RR>] in ¢ and w and increasing in @.

2.The function Gi(¢) is RRy in ¢ and i, and the function fyy)(w) is RRy [TP2] in ¢ and w and increasing in ¢.

3.The function G(¢9) is TP, in i and @, and the function fy 4)(w) is TPy [RR,] in ¢ and w and decreasing in ¢.

4.The function G;(¢) is RRy in i and ¢, and the function Jw( )(w) is RR, [TP,] in ¢ and w and decreasing in ¢ .

Proof.The function h;(w) is TP2[RR;,] whenever, for w; < wy,

D= /j;fW((Dz) (w2)82(¢2)d 92 /j;fW(m)(Wl)gl(‘Pl )d ¢y */j:ofwwz)(W])gz((Pz)d(Pg /:fW(m(W)gl(d’l)dd’l > [<]0.

Using the basic composition theorem in [19] (p.16) and by means of integration by parts with respect to ¢, one can have
(see theorem 2.1 in [23])

// (fW(m)(Wl)%fW((pz)(WﬁfW((pl)(WZ)%fW((pz)(Wl)) (81(91)G2(92) — 82(01)G1($2)) ddrdy.  (12)
$r>0

By a similar argument, if we integrate by parts with respect to ¢, one can have

// (fw (62)(W1) 70 fw (o) (w2) — fW((pz)(WZ)ai(me((pl)(Wl)) (82(42)G1(91) — 81(92)Ga2(91))dprd . (13)
02>0;

Now, it can be seen that each of the conditions in part 1 and part 2 ensures the positivity [negativity] of D in (12), whereas
each of the conditions in part 3 and part 4 ensures the positivity [negativity] of D in (13).

Lemma 3.For ¢; < ¢ we have

]W((pl) >hr W((pz) and ®; <,, &, = W(le) >hr W(sz)
ZW((P]) Zrh W((Pz) and &) <, (PzéW(@[) Zrh W(@Q)

3. W((pl) Zmrl W((pZ) and Py <rh D) = W(¢1) Zmrl W(¢2)
AW (@1) Zpmrt W(@2) and @y <,y @ = W(D1) >pmn W(D2).

Proof.1. First, we observe that W (®,) >, W(®,) <= H;(w)/H,(w) is an increasing function in w, which is the case if
the function H;(w) = [7 Fiy(p)(w)gi(®)d @ is RRy in i and w. If, for @1 < @5, W(@1) >p- W(@2), then Fyy (g, (w) is RRy
ini € {1,2} and ¢. Moreover, it follows that W (@) >y W (¢2). Thus Fy ) (w) decreases in ¢. On the other hand, if
@, <,;, P,, then the function G;(¢) is TP, in i and ¢. It follows now from Lemma 2 (part 3) that H;(w) is RR; function
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inwandie {1,2}.

2. For this part, it is sufficient to have the function H;(w)/H,(w) an increasing function in w; this means, to have
Hi(w) = [~ Fy(p)(w)gi(w)dw an RR; function in w and i, i = 1,2. In fact, for ¢; < @2, if W(¢1) >, W(¢2), then the
function Fyy(y)(w) is RRy in w and ¢. Moreover, for ¢; < ¢, we have W(¢@;) >y W(¢2). Therefore the function
Fyy(g)(w) is increasing in @. Since &y <, @, implies that the function G;(¢@) is TP, in ¢ and , it follows, from Lemma
2, Part 1, that H;(w) is RR, function in i and w.

3. For this part, W (®;) >,,; W(®,) whenever the function

[, A= ( | Aot W) si(9)dg

is RRy in w and i. In fact, if W(¢;) >,y W(¢2) then the function [ Fyy (g (f)dt is RR; in w and @. Moreover, we have,
for @ < @2, W(@1) >icx W(¢2), implying that the function [ Fy(y)(w)dw is a decreasing function in ¢ (see Equation
(4.A.5) in[7]). Since @ <;, D, ensures that the function G;(¢) is TP, in i and ¢. The required now is immediate using
Lemma 2 (part 1).

4. The proof of this part follows in the same manner as in Part 3, realizing that W (P, ) >p,,,; W(P,) is similar to
having

I~ (waW (s)ds) g1(@)d > = (3 Fw(g)(s)ds) gz(‘P)dq’, v > 0.
J7e (J" P (s)ds) g1(@)dp — [, (J5" Fi(g)(5)ds) g2(@)dep
Or equivalently that the function the h;; = [, (fj () (s )ds) i(@)deisRRyini € {1,2} and j € {0,w} for 0 < w.

3.2 One-Sample Comparisons of Concomitants

Now we turn our attention to stochastic orderings of concomitants of GOSs. It is worth noting that most of the results
obtained in this subsection are direct consequences of the one-sample comparisons of compound random variables,
replacing W (@) by [VIW = w]|, @ by W(,.,, jn1)> and @2 by W,y s 1)

Theorem 8.Assume that W,.,, i), 1 <r <nand W s r),1 < ¥ < n' are GOSs based on an absolutely continuous DF,
F.IfW andV are TPy [RRy] dependent, then Vi, juiq <ir [Z1:1Viy w siv ) whenever v’ > rym,_, <my_fori=1,2,...r—1,
and Y, > ), .

Proof.Since W and V are TP, [RR;] dependent, it follows from (9) that f(v|w)/f(v|w;) is an increasing [decreasing]
function in v Yw; < w,. Consequently, from Definition 1 (part 6), [V|W = w{] <, [>,][V|W = w]. Now, using Theorem
6, Theorem 3 (part 1) and Lemma 1 (part 1), we have Vi, i) <ir [Z0:]V) ot i i)

Theorem 9.Let (v ,....%,) =" (N,.... %) for some set {l1,....1;} C{l,....r'} forr' > r.

LIf hyyw (v|w) is decreasing [increasing] in w, then Vi, i) <nr [ZnlVi w it p1)-

2.0f ryyw (vIw) is decreasing in w, then Vi, s 1) = Vi w it 1)

3.If myw (v|w) is increasing [decreasing] in w, then Vi, i1y <mrt [Zmet ]V w i 1)

4.1f, for non negative RVs, W and V, [~ Fyw(vIw)dy is TPy [RRy ] in w and j € {0,1},0 <1, then Viy, i) <mrt [Zhmrt
Wi it -

Proof.Under the given condition, Theorem 7 implies that W(,., i.x) <nr Wi s i 47)- SO,

LIf hyw (v|w) decreases [increases] in w, then [V|W = wi] <p,, [>1,][V|W = w;] for all w; < w», and the result in part
1 follows from Theorem 3 (part 2) [Lemma 3 (part 1)].

2.If ryw (v|w) decreases in w, then [VIW = wy] >, [VIW = w;] for all w; < wy. Lemma 3 (part 2) leads now to the
conclusion in part 2.

3.If myy (v|w) increases [decreases] in w then [V W = wi] <1 [>01][VIW = wa] for all wy < wj. The result in part 3
is immediate now from Theorem 3 (part 3) [Lemma 3 (part 3)].
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AIf [T Fyy (vlw)dv is TP [RRy] in j € {0,¢} and w, then

| Fowtswids [ Fowlady < 2] [ Ry vwa)as | B (shoy
t t .
for all wp, > wy. Or equivalently we have

I Fyyw (viwr)dv
E(VIW =wy)

fleV‘W(V|W2)dV

<[>] E(VIW =w2)

, Vg <ws.
Or, [VIW =w1] <pmrt [Zhmrt] [VIW = wy] for all wi < w,. Theorem 3 (part 4) [Lemma 3 (part 4)] ensures the result in
part 4.

The following lemma is used in deriving the excess wealth ordering among concomitants. The lemma demonstrates
that the mixture of IMRL distributions is an IMRL distribution.

Lemma 4.1If Fy, is IMRL distribution for all 0 < o < oo, and G is a distribution function on (0,0), then F is IMRL, where
F(r) = [y Fa()dG(o).

Proof-First we note that if Fy, is IMRL Va then d /dw]( [, Fo(u)du)/Fy(w)] > 0 Va. Therefore

(Fu(w))? < folw) /:Fa(u)du, Yo, Yw. (14)

It follows that

:f(w)/wwl:"(u)du, (15)

where the first inequality is due to (14), and the second inequality results from Cauchy-Schwartz inequality (see e.g.[24]).
Equation (15) ensures that the function [ F'(u)du/F (u) increases in w. Consequently, F is IMRL.

Corollary 1.Let (ﬁl,...,ﬁr) =P (V... V) for some set {ly,....[,} C{1,....7} forr <r.

LIf hyyw (v|w) decreases in both w and v, then Vi, i 11 Zdisp Vi’ wt i -
2.If my)w (v|w) increases in both w and v, then Vi,.,, s 10 <ew Vi w st k)-

Proof. 1.The assumption that hyy (v|w) decreases in w along with the given condition imply that V|,.,, 7 5] <nr Vi s it #'
by Theorem 9 (part 1). Moreover, if hV‘W(v|w) is decreasing in v, then the distribution of Vi, 5, 18 a mixture of
DFR distribution and hence it is a DFR distribution (see Ross[24], Proposition 9.1.5). Now the result is immediate by
Theorem 1.

2.The given conditions in part 2imply V.., s 4 <msi Vi w v k) by Theorem 9 (part 2). Moreover, if my (v|]w) increases
in v, then V[,’”’,ﬂ’k] has a DF that is a mixture of IMRL distribution functions, and hence, by using Lemma 4, it is an
IMRL distribution. Now, Theorem 2 ensures our conclusion.

4 The Joint Stochastic Ordering

In this section, we identify the conditions for constructing joint stochastic orders of concomitants of GOSs in terms of the
joint stochastic orders introduced in [18]. Namely, we investigate the orders <;,.; ,<j,.; and <y.;. Furthermore, based on
some bivariate characterization for the orders <, and <., we introduce a ”joint reversed hazard ordering,” denoted by
</#:j» and a "joint convex [concave] ordering,” denoted by <,; [gcv:j], and compare the concomitants of GOSs using
these new orders.

Theorem 10.Assume that W and V are two RVs with joint PDF fyy (w,v). If W and V are RR, [T P, dependent, then
V[r:n,rh,k] er:j [Slr:j]v[s:n,rh,k] forr <s.
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ProofIf W and V are RR, [TP,] dependent, then, from (9), we have f(vi|w;)f(valwa) — f(va|lwi) X f(vi|wa) > 0 for
wi < wjp and vy < [>]v;. Consequently, for r < s,

f[r,s:n,rh,k] (Vl,Vz) - f[r,s:n,mk vZavl // V1|W1 V2|W2 - f(Vlel)f(Vl|W2)]fs,r,n,m’k(W2,W1)szdWl > 0,
Wy >wq

for all vy < [>]vy. Thus, for r <'s, fi.cnnng(V1:v2) € Gr [fisrnmi(V2,v1) € 9], where the class 4, is given as in
Definition 2. Using Theorem 4, Part 1, results directly that Vj,.,, nx >1rj [<ir:)]Visinmua) forr <s.

Theorem 11.Let W and V be two RVs with conditional hazard function hy)y (v|w). If hyw (v|w) increases [decreases] in
w, then V[r:n,rh,k] Zhrij [Shr:j]v[s:n,nﬁ,k] fors=>r.

Proof If hyy (v|w) increases in w, then hyy (v|w2) > hypw (v|wy) for all wp > wy. Consequently, using Definition 1, Part
3, we get f(va|wa)F (vi|wi) > F(vi|wp) f(va|wy) for all vi > vy and wy > wy. It follows that, for r <'s,

J - 0
a_sz[r,s:n,rh,k](vlaVZ) s F[rsnmk v2,V1) // Fvilwi)f(valwa) + falwi)F (vi|w2)] frsenimi (W2, wi ) dwidwy

w2>w1

is <0 for v > v;. Thus, using Theorem 4, Part 2, it follows that V.., si.x) Znr:j Vis:nmx) for s > r. We can prove in the
same manner that the ordering is reversed if &y (v|w) is decreasing in w.

Theorem 12.Consider two RVs, W and V, with joint DE, F(w,v). If [VIW = w] >4 [<«][VIW = wy] for wi < w», then
V[r,n,ih,k] st [Sst:j]v[s,n,nﬁ,k] forr<s.

ProofiLet g € 9y, where ¥, is defined in Definition 2. Since, for r <'s,
E(g(v[r,n,ih,k] s V[S,f’l,ﬁ’l,k] )) - E(g(v[s,n,rh,k] > V[r,n,ih,k] ))

— // (/ZAg(vl,VQ)dF(vl|w1)dF(v2|w2)) Frsmai(wi,w2)dwidw,

Wy Z>wi
1 rl
= // (/O A Ag(FVéle(ul)aFv‘%VWz(uz))dulduz) fr,s:n,rh,k(Wl,Wz)dw]dwz
Wy >w
B // (// (B, (1), Fy iy, (12)) =
up=uy
Wy >wq

Ag(Fx;\;V:wz(ul)vFﬂJV:wl (Mz))dmduz) Frsmmik(Wi,w2)dwidwy > [<]0,

where, by setting v; = Fvi\él/:w] (u1)
fact that if V decreases stochastically [increases] in W, then, using Definition 1 part (1), we have

F\/i\vlv (uy) > [<]FV"l (u1) and FV‘W (up) < [>]FV"l (u2). Further, if g € 9, then Ag(u,v) decreases in v Vu and increases

in u Vv. Thus, Ag( V‘W( 1), V‘Wz( 2)) > [<]Ag( V‘Wz( ),FV*‘JVI (u2)). Now the result follows using Definition 2, Part 3.

and vy = Fﬂvlvzwz (u2) the second equality results. The inequality follows from the

A bivariate characterization for the order <,;, is given in the next theorem (cf. Theorem 3.2 in [25]).

Theorem 13.For two independent RVs, W and V, W >,V < E(g(W,V)) > E(g(V,W)), Vg € %y, where
Gp=1{g:R* 5 R;Ag(w,v) = g(w,v) — g(v,w) is decrasing in v ¥w > v}. (16)

Based on this characterization, we introduce the definition of the order <,;.; as follows.

Definition 4.Let W and V be two RVs, we say that W is greater than 'V in the joint reversed hazard order, symbolized as
W >V IfE((W,V) > E(g(V,W)), Vg € G, where Gy, is defined in (16).

Next, we introduce a sufficient and necessary condition for the joint reversed hazard ordering.

Lemma 5.Let W and V be two RV having joint DF Fyy (w,v). W >,,.; V if and only if%va (w,v) > %va (v,w),Vw >
V.

© 2023 NSP
Natural Sciences Publishing Cor.



J. Stat. Appl. Pro. 12, No. 3, 1287-1300 (2023) / www.naturalspublishing.com/Journals.asp N S 1295

Proof.Define the class ¢ of bivariate functions as
= {g:R* = R: g(w,v) decreases in v, Yw > v, and increases in w, ¥v > w}.

Clearly, 47, € 4y, It W >,5,.; V, then, from Definition 4, for all g € ¢4},

[ st fuvt.s)dras > [[” e(o.0) v ) -

Let, forw>vand A >0, g(z,s) = Iy A>1>ws<v)» Where I, symbolizes the indicator function on a set <7 It is clear that
g(t,s) is decreasing in s and g(z,s) = O for s > . Therefore g(t,s) € 4. It follows from (17) that

F(W+A,V)*F(W,V)ZF(V,W%’A)*F(V,W), (13)

for w > v. Dividing the two sides of (18) by A and applying limit as A — 0, we have %va(w, v) > %va(v, w),
Yw > .

Conversely, let %va (w,v) > %va(v, w),Vw > v, and let g € %,;,. Then

E(sW.V) = E(e(V.W)) = [[ ~ Aglwv)fvv (w.)dwdv

— //WAMAg(W, W [fiwy (w,v) — fwy (v, w)]dwdy

where integrating by parts with respect to v results in the final equality. The inequality is due to the fact that g € ¥,
implies that — %A g(w,v) > 0. Using Definition 4, and the above inequality we see that W >,.; V.

Theorem 14.Assume that W and V are two RVs with joint DF, Fyy (w,v). If ryw (v|w) decreases [increases] in w, then,
fors=>r, V[r,n,rh,k] 2 rhij [Srhij]v[s,n,rh,k]'

ProofIf ry|y (v|w) decreases in w, then ry|y (v|w1) > rypy (v|w2) for all wy > wy. Consequently, using Definition 1, Part
3, we get F(va|wa) f(vi|wi) > F(va|wi)f(vi|wy) for all vi > v, and wy > wy. Tt follows that, for r <'s,

0 2]
a_vlF[r,s:n,rh,k] (vi,v2) — a—vlF[r,s:n,m,k] (v2,v1) = // [f1lw)F (vaw2) = F(va|wi) f(vi[w2)] frsinm i (w1, w2 )dwidwa > 0,

wy=>wj
for vy > v,. Thus, using Lemma 5, it follows that V},., 4] =h:j Vis:nm4) for s > r. We can prove in the same manner that
if r(v|w) increases in w, then Vi, ) <r:j Vigin ) fors >r.
In order to define the joint convex [increasing convex][concave][increasing concave] orders, we recall the next bivariate
characterizations for the orders <y [<iex][<ev][<icev]- Consider first the next classes of functions.
YexlYov)|Giex| [Gier] = {g (R R:Ag(w,v) = g(w,v) — g(v,w)

is convex [increasing and convex] [concave][increasing and concave] in w Vv}

Theorem 15(see [7]. P. 115, 185). Let W and V be two independent RVs. Then W >y [> 0] [Zicx] [Ziev]V < Eg(W,V) >
Eg(V,W), Vg € Yex[YGes|[Giex|[Gicv)-

Based on the characterization in Theorem 15 we introduce the ”joint convex order” below. The joint orders, <.y.;, <jcx:;
and <;,.; can be defined analogously.

Definition 5.Let W and V be two RVs, we claim that W is greater than V in the joint convex order, symbolized as W >..; V,
ifEg(W,V) = Eg(V,W), Vg € Y.
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Theorem 16.Assume that W and V are two RVs. If [VIW = wi] > [Sa] [VIW = wa], wi < wa, then Vieninh Zexj [<ex)
]V[S,f’l,ﬁ’l,k] fors>r.

Proof If [VIW = wi]| > [Sa] [VIW = wy] for wi < wp, then

oo

./;Z¢(V1)fv\w(v1|W1)dv1 > [<] / m¢(v2)fV\W(V2|W2)dV2, (19)

for all w; < wy and for any convex functions ¢. Define ¢(v;) = Ag(vi,v2) to be a convex function in v;, we have
Eg(v[r,n,rh,k] ; V[s,n,rh,k] ) - Eg(v[s,n,rh,k] ) V[r,n,rh,k])

= // i (//O;Ag(vl,vz)f(vz|W2)f(V1|W1)dV1dV2) Srsning (Wi, w2)dwidwy

I (] ownseibmian] szl ) fosmni o wa)aman
> S]//mzw] <£o [/Z¢(V2)f(v2|w2)dv2} f(V2|W2)dV2) Srs o) Wi, w2)dwidws =0

where the inequality follows from (19), and the final equality is obtained by recognizing that ¢ (vo) = Ag(v2,v2) = 0. The
result now follows from Definition 5.

5 Two-Sample Comparisons

Let (W;,Vi),1 <i < n be n independent copies of (W,V). Let these tuples be arranged according to the W variate so that
Wirnmk) and Vi, i are the rth GOS and the corresponding concomitant, respectively. Let (Si,T;), 1 <i < nbe another
bivariate sample of size n from another bivariate variables (S,7). Assume further that these tuples are arranged
according to their § variable, so that S, 5 and 7|, 5, are the rth GOS and the corresponding concomitant,
respectively. Here we are interested to compare V}., 4 and 7., 5, in different types of stochastic orders. Such
comparisons are called two-sample comparisons.

The next lemma is used to drive the fundamental results of the concomitants’ two-sample comparisons.

Lemma 6.Let W(¢) be a RV with DFE, Fy4)(.) ,¢ € 2" C R. Let @ be a RV having support 2" and DF, G (.). Let the
compound random variable W (®) have a PDF, hy(e) given as

) = /yfw<¢)(u)8¢>(¢)d¢- (20)

Let V(@) have a distribution function, Fy(4)(.) , @ € 2" CR. Let Q be a RV having support 2" and having a DF; Gq(.).
Let the compound RV, V() have a PDF hy q)(.) given as

hy () (u) = /XfV(w)(M)gQ(w)dw- (1)

) <p, V(), then W(®D) <, V(Q).
) <pr V(®), then W(P) <, V(Q).
) <rh V( ) then W((D) >rh V('Q)
) <ur V(o ) then W(db) <t V(Q).
( Zhmrl V(
6.For non-negative RVs W(¢) and V (o), sz(¢) < V(®), and if either W(§) is DFRV¢$ € 2 or, V(w) is DFR
Vo € 2, then W(®@) <gisp V().
7L W(P) <pp V() and elther W(¢)is IMRLY¢ € 2 orV(®) is IMRLNV® € 2, then W (D) <., V().
8IW(P) <y V(w) and ® <y Q, then W(D) <, V(Q).
9IfW(9) <iex V(0), P <y Q and either [ Fyy)(u)du is increasing in @, or [” Fy () (u)du is increasing in @, then
W(é) <icx V(-Q)
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Proof. 1IfW(¢) <ir V(a)), then, by Definition 1, Part 6, fV(a)) (WZ)fW(¢) (W[ ) *fV(a)) (W[ )fW(¢) (Wz) >0 forw; <wp. It
follows, for wi < w, that

(Wz)hw(cp) (w1) — hv(g) (Wz)hw(cp) (w1)

hy(@)

= [ [ Uvtorw) i (1) = frio (01 o) (28 0(9) 0 (@)dddw = 0.
Therefore y(q)(w)/hw () (W) is an increasing function in w € R. Thus W(®) <;, V().

2.If W(¢) <nr V( ) then, by Definition 1, Part 2, FV(CO) (Wz)Fw(¢) (W[) — FV(CO) (WI)FW(¢)(W2) >0 for wy > wy. It
follows, for wy > wy, that

Hy o) (w )Hw<q>>(W1) Hya)(w2)Hy (g)(w1)

— [ [t 07200, 091) = Fyto) 091 Fiio) ()] g0 (@)g0(9)de0dd > 0.

Therefore, the function Hy (q)(w)/Hy )(w) is increasing in w € R. Thus, W(P) <, V().

3.The proof of this part is parallel to the proof of part 2, replacing every survival function by the corresponding
distribution function. The result follows using Definition 1, Part 3.

4T W(9) <pn V(@), we have [ Fy (o) (1)dt [ Fy (o) (t)dt— [ Fyo)(t)dt [ Fy(g)(t)dt > 0 for wy > wy. Then,

oo 1

I:IV(_Q)(Z‘)dt I‘_IW(q)) (l‘)dt — I‘_IV(Q)(I)dl‘ I:IW(q)) (l‘)dt
wp w1 w1 wy

= /Q/ /] (.[;jFV(w) (f)dt/;FW(@(t)df—/ijV(w) (l)dt/wo:ﬁww)(t)dt) ga(0)ga(9)dpdw > 0,

for wy > wy. Therefore, the function [, Hy ) (t)dt/( [,; Hy (a)(t)dt) is increasing in w. Thus, W (®) <,,; V().
5.For proving part 5, it suffices to demonstrate that

5= ([ Aviay o) 0w @) - ( [ Auie o) Ev(@)) 20

Since E(W(®P)) = [ (/71 fiw(o)(1)dt) 84(9)d ¢, therefore

5= [ 1([ Frooar) ([ esvoran) = ([ B ) ([ thwar)| sotorsa(@laodo.

Now, for W(¢) < V(@), it is clear to observe that the quantity between the square brackets is > 0, ensuring that
5>0.

6.If W(9) <jr V(m), then, by Part 2, W (P) <, V(). If W(¢) is DFR, V¢ € 2, it follows that the mixture W (D) is
DEFR (see [24] P. 408). Now, the result is immediate using Theorem 1 .

TIEW(9) < V(®), then, by Part 4, W(P) <,,.; V(). If W(¢) is IMRL, V¢ € 27, it follows by Lemma 4 that the
mixture W (®) is IMRL. Now, the result is immediate using Theorem 2.

8.The proof of this part depends on the multi-variable stochastic order concept (see [7]). since

(W(P)|P = 9] = W(9) <a V(0) =y [V(2)|Q = w], (22)

and if further @ <y Q, then it results from Theorem 6.B.3 in [7] that (&, W (D)) less than (2,V (L)) in multivariate
stochastic order. Since the joint stochastic order is closed under marginalization (Theorem 6.B.16 (Part ¢) in [7]). It
results that W(®) <, V(Q).

9.For proving part 9, we have to prove that [~ Hy () (t)dt < [° Hy(o)(t)dt,x € R. or equivalently to prove, ¥ x € R,

" /1 ( /:FWW)(I)dt) 0)do < / ( / Frto ) o(0)do. (23)

IfW(9) <iex V(®), therefore [~ Fy (g (t)dt < [ Fy()(t)dt, forallx € R, ¢ and @ € 2. In particular, for all x € R,

o [ ([ Fvwto)satwios [, ([ o) oo "
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Now, if @ < Q, therefore [, W (9)ga(9)dd < [, y(w)ga(®w)dw for all increasing functions y/(.). If further
v(9) = [ Fw(e)(r)dr is increasing function in ¢, therefore

/7 (/xw Fw(qa)(t)dt) go(9)do < /0] (/: Fy (o) (t)dt) go(w)do VxeR (25)

from (24) and(25) we get the required in (23).

Comparing (20) and (21) with (3), the results in 1 through 9 in the following theorem follow directly from their
counterparts in Lemma 6, replacing W (¢9) by [V|W = w], V(@) by [T|S = w], @ by W, jnx), and Q by S(,., 1), taking
into consideration that W <y § implies, from Corollary 3.2 in [26], that W{,.,, k) <st S(r.nik)-

Theorem 17.Let Vi, i i) and Tjy. i) be the concomitants of GOSs based on bivariate samples (Wi, Vi),1 <i<nand
(Si,T;), 1 <i<n, respectively.
LIF[VIW =w] <, [T|S = w], then Vi, iy <ir Tirn -
2[f[V|W = W] <hr [T|S = W]’ then V[r,n,rh,k] <hr T[r,n,iﬂ,k]'
3U[V|W = W] Srh [T|S = W]’ then V[r,n,rh,k] <rh T[r,n,rh,k]'
4If[V|W = W] <mrl [T|S = W]’ then V[r,n,rh,k] <mri T[r,n,rh,k]'
5If[V|W = W] <hmri [T|S = W]’ then V[r,n,ih,k] Zhmrl T[r,n,rh,k]-
6.For non-negative RVs [V|W = w| and [T|S = w), if [VIW =w] <, [T|S = w] and if either [V|W = w] is DFR Yw or
[T'|S = s] is DFR, Vs, then Vi, i) <disp Tjrn k-
7Af[VIW =w] <1 [T|S =w] and if either [V|W = w] is IMRL, ¥w, or [T|S = s] is IMRL, Vs, then V.., ji. ) <ew Tjpn -
SIf[VIW =w]| <u [T|S=w] and W <y S, then Vi, s 1 st Tir.n k-
9If [VIW = w] <iex [T|S = w], W <y S and if either Fyy_,(v|w) increases in w or Fris_(t|s) increases in s, then
V[r,n,rh,k] S<icx T[r,n,rh,k]~

6 Illustrative Examples

Some illustrative examples of stochastic ordering of GOSs’ concomitants are provided. These examples are based on
certain particular bivariate distributions, which can be found in [20].

Example 1.Let V},., jn 1 and V]2, 4 4o be the concomitants corresponding to the GOSs W(. . jn 1) and Wi, v i 1), based on
the bivariate Lomax PDF (ab+ c(at 0v)(b-+ o) — 9]
clab+cla+@v)(b+ ow) —
f(W,V) = c+2
(1+aw+Dbv+ ¢wv)
where 0 < ¢ <ab(c+1),0<a,b,c. If0 < ¢ < ab, then:

l'V[r,n,rh,k] Slr V[r’,n’,rh’,k/] if r < rl,mrﬂ' > mlr/,,' fori= 1,...,r— 1 and Yr > ’)4,
2Venani) Zdisp Vie it g I (-5 %,) =0 (N5, %) forsome set {I1,..., L.} C{1,...,r'"} forr <7

) (26)

In fact, It follows, from (26), that % (40243} > 0 for wy < w, if
(L+aw; +bv+ owv) (L +awy, +bv+ dwarv) cd(ab— d)P(wr —w)
+(c+2)(c(b+owr)(a+ ¢v) +ab—9)(c(b+gwi)(a+ ¢v) +ab—¢)(wr—wi)(ba—¢) =0,

which is satisfied whenever 0 < ¢ < ab, for all w; < w», and for a,b,c > 0. Thus W and V are TP, dependent. The order
</, in Part 1 follows now using Theorem 8.

Moreover, since f(w,v) is TPy, it results that [V|W = w,] <;, [V|W = wy] for w; <wy. Thus, [V|W =w;] <, [VIW =
ws]. Hence, the function A(v|w) decreases in w. On the other hand, the conditional hazard of V given W = w, given by

_ clb+row)(atv)+ab—¢
hiviw) = (1+aw+bv+owv)(a+ ¢v)’

decreases in v whenever % [A(v|w)] < 0. Or equivalently if —[c(b+aw)*(a+ ¢v)* + (ab — ¢)[9(1 +aw + by + dwv) +
(b+ ¢w)(a+ ¢v)]] <0, which is the case whenever ab > ¢. Corollary 1, Part 1, now forms the basis for the dispersive
ordering in Part 2.
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An example of bivariate DF with negative dependence is given below.

Example 2.Let V},.,, 1 and Vs v v 1) be the concomitants corresponding to the GOSs W(,., jn k) and Wi,y s ) based on
the bivariate finite range survival function given by

F(w,v) = (1= 6w — 6 — O3wv)?, (27)

0 — 6w :
where 61,6, > 0, —1 < ?392 <p-1, 0<w< 9] ], 0<v< 9]2+61;‘2. If p > 2, then V[r,n,rh,k] > V[r’,n’,rh’,k’] if

v >rml,  <m_forl <I<r—1,andy, >7,.
In fact, the PDF corresponding to (27) is
Fw,v) = p(1 — O1w — 6y — B3wv)P2[p(6; + 63)v(6: + B3w) — 6,6, — 63)].
It follows that, for w; < wy,

2 [t
av | f(wy,v)

] = (6104 63)(wi —w2) [(p—2)(p(01 4 63v) (02 + B3w;) — 6,60, — 63)

X (p(@l + 931/)(92 + 63w ) — 6,6, — 93) +p932(1 — OGwy — By — 93W2V)(1 — 6w — By — 93W2V)} .

It can be seen that, if p > 2, then d/dv[f(wy,v)/f(w1,v)] <0,V w; < w,. Consequently W and V are RR; dependent.
Theorem 8 then dictates the result.

An example of the ordering <;, of concomitants in the two-sample setup is given by Example 3.

Example 3.Suppose that V|, 5 1 is the concomitant of the rth GOS based on the Marshal-Olkin bivariate exponential
distribution (MOBVE) with parameters (11,42, 412) (see [20] p.413) with conditional pdf given by

M (M+An) o= tav—An(v—w).

fV\W(V|W) = { Ai+A >

Le 2V forv<w

forv>w

Suppose that 7j,.,, 4 is the concomitant of the rth GOS of the MOBVE with parameters (A, A3,A(5). If A2 > 25 and
M2 > Afy, then Vi i ig <ir Tirn i

This follows from the fact that, for w > ¢, we have

fris(tlw) _ &/87(12/712)1

fow(tlw) 2 ’
which increases in 7 if A < A,.
For w <'t, we have
fris(tlw) ((M +A2) (4 +M2)M> oA (=) (1-w). (28)
Fvw (t[w) (A +A)A (A2 + Ar2)

It is clear that the ratio in (28) increases in 7, for w <1, if A, > A} and Ay, > A{,. Therefore [V|W = w] <, [T|S = w]
whenever A, > A} and A, > A{,. Theorem 17(part 1) leads to the conclusion.

7 Concluding Remarks

—In the one sample problem, we have noticed that the stochastic comparisons of the GOSs’ concomitants, based on
a continuous bivariate DF Fyy (w,v), depend on the stochastic ordering of GOSs and on how V is stochastically
monotone in W (dependence between W and V).

—It has been proven that if V increases stochastically in W with regard to the orders <., <,;, <p,, and <;,, then, for
r=1,...,n the concomitants Virnm are stochastically increasing in r in sense of the orders <c..;, <,p.j, <pj, and
<ir.j» respectively.

—In the two-sample setup, based on any two continuous bivariate distribution Fyy (w,v) and Fsr(s,t), the stochastic
ordering of concomitants have been seen to be dependent on the stochastic ordering of[V|W = w| and [T|S = w] in
various senses.

—For some specific bivariate distributions, some illustrative examples have been provided for the concomitants’
comparisons with regard to the orders <;, and <y;,,. The other weaker orders will follow immediately, using the
implications in (5) and (6).
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