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Abstract: In this paper, a characterization of the generalized life model based on some recurrence relations for single and product
moments based on the generalized order statistics are obtained. The results presented here are a generalization of the recurrence
relations for single and product moments of many lifetime distributions in the literature, which are special cases such as the generalized
Pareto model and the generalized Weibull model based on the ordinary order statistics.
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1 Introduction

Recently, in reliability theory, the generalized life model (GLM) has become more applicable in lifetime distribution that
has continuous distribution function (cdf) F(x) and probability density function (pdf) f(x), which are given respectively
as:

F(x) =1—[ah(x)+b],x € (a,B), (1)

f(x) = —ach'(x)[ah(x) —i—b]cfl,x € (a,p), 2)

where /(x) is a monotonic, continuous and differentiable function on (¢, ), a # 0, F(a) = 0 and F () = 1. Thus from
(1) and (2) we have the relation

(ah(x) +b)f(x) = —ach'(x)[1 = F (x)]. 3)
The class of the GLM includes among others the generalized Pareto model, the generalized Weibull model, the Burr
type-XII model, and the Compound Weibull model. It a worthwhile to mention that the results presented here are a
generalization of the recurrence relations for single and product moments of many distributions based on the ordinary
order statistics (OS) and upper record values in the literature. The concept of the generalized order statistics (GOS) is
introduced by [1]as a unified approach to the ordinary OS, record values and k-record values, which can be outlined as:
The random variables X (r,n,m,k), r=1,2,...,n be GOS from an absolutely cdf F(x) and pdf f(x). Then their joint pdf
can be written as:

FOat 2, eeesn) = CTIS! f ) (1= F ()™ (1= F () ), @

on the cone F~1(0) <x; < .... <x, < F~'(1) of R", where C = [T, %i» ¥ = k+ (n — i) + M; > 0,M; = ):7;.1 mj,
i=1,.,n—1,%=k>0,and m = (m;,my,....,my_1) € R

o [f m =0 and k = 1, then (4) is the joint pdf of the ordinary OS..
e If m = —1and k = 1, then (4) is the joint pdf of the first n upper record valuesYy (1) < Yyz) <.... <Yy <.....

o If m = —1 and k # 1, then (4) is the joint (pdf) of the k-record values.
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Here we assume two cases:
Casel:my=mp=...... =m,_| =m.
Casell: y; #v;, i,j=1,2,..,n— 1.
For case I, we can derive from (4) the pdf of the r-th GOS X (r,n,m, k) as
Fr@) = g5 (L= F) "™ fx)gn ' (F (),
and the joint pdf of X(r,n,m,k) and X(s,n,m,k), forx <y and r < s as

Frs(@,3) = Cos(1=F ()" F(x)gpy " (F () [An(F () = hn(F ) 1= FO)* £(),

where for 0 < x < 1, we have

_ 1 17x)m+1 m#fl
= r+l( ’
fin () {—ﬁ)g(l —Xx), m=—1

)

1 —x m+1 m o
gm(x) = {er_ll[(}g(l(l_x),) | ]7m:7i1 !

Crot =ITj=y ¥y r=1,2,,nand Gy = sty
For case II, we can derive from (4) the pdf of the r-th GOS X (r,n,m, k) as
Fr®) =G Xiyai(r) [1 = F)"! f(x),

and the joint pdf of X (r,n,m,k) and X (s,n,m,k), forx <y and r < as

- Y .
Fos(5,3) = Cot Ty T ai(r)af(5) [1 = FO | =3 A

where a; = a;(r) :H;:L#iﬁ,?’ﬁéij 1<i<r<n

and a; (s) = Hj':rﬂ,j;éiﬁ’ Yi#£ v, r+1<i<s<n
Therefore
-1y = (¥r = ¥i)ai)

aj(r—1) = (= %a;(r)

2 Characterization of Distribution When
mi=mj=m; i j=012.n-1

For simplicity, let us denote the i-th moment E (h(X (r,n,m,k)) by p.,, and the product moments
E(hi(X(r,n,m,k))gj(X(s,mm,k))) by I'L;,i{:n-

Relationl :
For2<r<mand i=0,1,2,...

il _ Y i bli+1) i
Hyp = C')/r+(l.+])ur711n Cl(C%—l—(i—f—l))ur:m

(&)

(6)

(N

®)

(C))

(10)
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if and only if F(x) satisfies (1).
Proof:
First, we will prove (1) implies(10). From (5), for2 <r <nand i=0,1,2,...
pi = T S R @) g (F () [1 = )" f(x)dx.
Integrating by parts, treating [I — F (x)]%*1 as the part for integration and the rest of

the integrand for differentiation, we obtain

pit = Sl 18 R (n (x) g (F(x)) [1 = F(x)] " dx

Gy 1B () g2 (F () [1 = F ()7 ().

Upon using ¥—; = ¥ +i(m+1), C,—; = %.C,—» and (3) we obtain

pil = it — G B R () gn (P () [1 = F ()] f(x)dx

MGt 1B R (g (F)) [1 - F ()]~ f () dx

_ i+l (+1) ikt bG+D) i
=M1~ o M T eay M

The recurrence relation (10) is derived simply by rewriting the above equation, hence the * if * part.

To prove (10) implies (1), we have from (10) that

e+ o D] Sty 20 (gl (FO) 1~ F@) ! flx)d

= acy gy JE N () 2(F () (1~ )] f(x)dx

(i D)y S ) (F) 1= F@]" ™" f(o)dx.
Integrating the first integral on the right-hand side by parts with treating g/, 2(F (x)) [1 — F(x)]" f(x)
as the part for integration and the rest of the integrand for differentiation, we get after simplification that
S8 R0 (F () [1 = F ()] f(x)dx

= —ac [P W (0h (x)g)  (F(x)) [1 - F(x)]" dx

b JE W @)g (F()[1 = F)]" ™ fx)dx.
Thus, this equation can be rewritten as
JE R 0)g (F)) (1= F)]* " [ah(x) £ (x) + ach (x) 1 — F(x)] 4+ bf (x)]dx = 0.

It follows from Lin [2] that (x) = A'(x)g"> ' (F (x))[1 — F(x)]*~! is complete. Thus, from the completeness

property, we have [ah(x) + b]f(x) = —ach'(x)[1 — F(x)]. From the last equation by using separation of variables we get

(H. O
Corollary 1:
For2<r<m,i=0anda=>b=11n (10) we get

_ Y _ 1
Hyn = cy+1 Hr—1:n 1
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Repeating this relation, we get

r cYj

. r Y R w4 1
Hr:n *Hi:] C%+1ﬂ]:n Zi:l T+ey Hj:j+] cy+1

with noting that [T}, (.) = 1.

Corollary 2:

For record values y; = k for all i, thus the relations (10) become

i+1

i+1 _
ey = Ck+(l+l)ur l:n

Relation 2:
forl <r<s—2<mnandi,j=0,1,2,...

i+l CYs ij+l

r,sn C%+ (]+ 1)”” 1
if and only if F(x) satisfies(1).

Proof:

First, we will prove (1) implies (11).
From (6), for | <r<s—2<nandi,j=0,1,2,...

,ur,A!;lL] = CV,S f(g

where

1(x) = [P Wt () [hn(F () — hon(F ()] [1 =

Integrating /(x) by parts with treating [1 — F(y)]%* ™!

as the part of differentiation, we obtain

ales+(j+1)] 7

b(i+1)

~ alekr iy Mo

b(j+1) ij an

g'(x)gy, ' (F(x)) [1 = F(x)]" f(x)I(x)dx,

F)% 17 (y)dy

as the part of integration and the rest of the integration

1) = S0 (B R (3) [y (P (3)) — o (FGDE 21— F)JE £ (v)dy

S

Upon using (3) in /(x) we get

) [n (F () = hun(F ()]~ [1 =

F(y)[*dy.

1) = S22 (B R (3) [y (P () — o (F )P 21— F)JE £ (y)dy

JLJ;SI fﬁ hJH( ) [hm(F(y)) _hm(F(x))]“’*] [1 B
cjaJ;/l fﬁ hl( ) [h (F(y)) _ hm(F(x))]S*rfl [1 B

Substituting I(x) into /.Lijsj;fl, using ¥—; = ¥ +i(m+1)and C,_ = %,.C,—

i,j+1 i,j+1

F(y)% f(y)dy
F(y)%f(y)dy

» we obtain

it = = P [y icyep 8 W 0l (F () [1 = F ()"

[ (F () = hin(F o)) [1 =

1 Cr_s i
(1;% ffa<x<)<ﬁg( x)h!(y)g

[l (F(y)) — hm(F(x))]Siril [1-

F(y)5 f(y) f(x)dxdy
w L(F))[1=F(x)]"
F)5 f(y) f (x)dxdy.
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Thus, _ N
pplyt =l = D P
The relation (11) can be derived simply by rewriting the above equation, hence the ‘if” part.To prove (11) implies (1), we

have from (11) that
alet+ G+ Dlens Scocyp 8 R 0)g (F() [1 - F(0)”
[ (F () = () [1 = FO)IS £() f(x)dxdy
= acls —r—1)es [fyereyop € W (0)g (F () 1~ F(2)]"
[ (F () — hn(F ()2 1= FQ)SH7 () f(x)dxdy
b Vs Loy € W) (F () [1 - F)]"

N () = i F )™ [1 = FG))% " £(0) f (x)dxdy.

Integrating the first integral on the right-hand side by parts with treating [l (F (y)) — hu(F (x))]*~"2[1 — F(y)]"f(y) as
the part for integration and the rest of the integrand for differentiation, we get after simplification that

0 [focxeyep & R ()gh  (F(x)) [1 = F(x)]"
[ (F () = hon (F )P [1 = FO)E £ () f (x)dxdy
= ac [fyereyep 8 (R ()gh ' (F (%)) [1 = F(x)]"
[ (F () = hin(F ()™ 7 [1 = FG)] £ (3) f (x)dxdly
b [fqexeyp & X (g (F () [1 = F(x)]"
[hn(F () = hn(F o))" [1 = FO)E 1 £(3) f (x)dxdy.

Thus, this equation can be rewritten as
aecyop € M)y (P FF B3 — (P )
ah(9)£9)+ ach ()[1 — F()]+ b (5)dylx =0
e L i complt, ving

separation of variables we get (1). O
Corollary 3:

The recurrence relation (11)can be used in a simple recursive manner to compute all the single and product moments of
all the order statistics. By setting i=j=0 and a = b = 1 in (11) we get the relation

Hs:n = %ﬂsfl:n + ﬁ
and lettingi=1,j=0anda =) = 11in (11) we get the relation
ﬂr,s:n = %ﬂr,sfl:n + ﬁﬂr
which together immediately yields for | <r <s—2<n,

Cov(X,,X;) =

7+1 (Xth l)

and forr > 1,

Cov(X;,Xr41) = yrlﬂrlCOV( )
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3 Characterization of Distribution When
%#YLj=1,2,.n—-1
Proof of Relation 1:
First, we will prove (1)implies (10). From (7), for2 <r<nandi,j=0,1,2,...
it = Gt Dy aj(r) S (@)1= F)J7 ! fw)de
= Gy 1 £y ay () B B i1 ()1 — F ()]0 ()
= S L i)y JE R ([ = F )5 f()dx

LY a(n) (5 — ) JE R [ = F ()] f(x)dx

Integrating the first integral by parts with treating [1 — F(x)]% " f(x) as the part of integration and using (9) in the second
integral we get

pint =SBy ai(r) [8 R o (x)[1 - F(x)]Ydx

+Ca T aj(r—1) [E R (@)1= F ()5 f(x)dx
Using (3) in the first integral

pint =i, = UG Y () JE R [ = F(0)]6 ! f (x)dx

—HEC, Xy ai(r) [E R ()1 = F ()] f(x)dx

Then 1)  sa)
i+1 _ ,,i+1 i+ i+1 i+
“}l*:n - I'L;l* Ln™ "oy l’Lil' n cayr l’Lr n:

The recurrence relation (11) is derived simply by rewriting the above equation, hence the ‘if * part. To prove (11) implies
(1), we have from (11) that

aley + i+ 1)]Crot Xy aj(r) [E 01 ()1 = F ()] f(x)dx
= acy,Cra Yy aj(r—1) [E i+ (01 = F(x)]% " f(x)dx
—b(i+ 1)Co1 Xy aj(r) [E R (0)[1 = F(x)]% f(x)dx

Using (9) in the second integral, the last equation can be written as
a(i+1)Cr1 Ky () f i ([ = )]~ f (x)dx
= —acyCro1 Ly Yjaj(r) J§ W (0)[1 = F(x)]%" f(x)dx
=i+ 1)Crm1 Ty aj(r) [EH()[1 = F()]P ! f(x)dx

Integrating the first integral on the right-hand side by parts with treating [I — F(x)]%~! f(x) as the part for integration and
the rest of the integrand for differentiation, we get after simplification that

i1ai(r) J§ W ()1 = F(x)]5 ah(x) £ (x) + ach’ (x)[1 = F (x)] + b f (x)]dx = 0.

It follows from Lin [2] that 1(x) = A/(x)[l — F(x)]%*~! is complete, thus from the completeness property, we have
[ah(x) + D] f(x) = —ach’(x)[1 — F(x)]. From the last equation by using separation of variables we get (1). O
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Proof of Relation 2:
First, we will prove (1) implies (11). From (8), for 1 <r<s—2<nandi,j=0,1,2,..., we have

U = Gt T T 1 (1) af(5) [fy ey ep € R T (0)[1 = F(2)]8

)y FF0)
e ) ) L

= ST T i (Naf(s) 1+ (6= W] S8 (0 [ = F) 1) S,

where

1(x) = [P () [1 = F )" Lrdy.

Using (9) we get

tv+1 v+l C,_
I»erjv) - urzﬁfl + Sysl ;:l Z?:H»laj(r)a;(s)’yi

S8 () [ = FOI () = Ber.

Integrating I(x) by parts with treating 2"+ (y) as the part of differentiation and using (3) we get

I(x) = =L PRt () L= F )] f()dy — b2EL [P (v) [1 = FO) £ ().

Substituting I(x) into %y !

5

we get

ty+l vl (vED) eyl b(vl) ry
Hysn = rs—1n cy, s cay, s

Rearranging the last relation we get (11), hence the ‘ if > part O
To prove (11) implies (1), we have from (11) that

aleys+ (v 4+ DIC1 Koy By aj(r)af (s). [E R () [1 = F) () £ (0)dy
= ackCoa Xy Tim)y as(r)af(s = 1) [P R 0) [1 = F ' 1) £ () dy

—b(v+ 1)Coo 1 Xy Yoy aj(r)al(s) [P () [1 = F)) 1) £ (v)dly,

where . 09
10) = J¢/ () [1 = F@)Y =,

Using (9) in the first integral of the right-hand side we get after simplification that
a(v+ 1)Co1 Yy Yoy aj (Nl (s) [P 041 () [1 = FO) 1) f(y)dy
= —acC 1 L) Xy ai(r)al ()% R ) (1= FO) 1) £()dy

—b(r+ 1)Cot Xy Yoy aj (M)l (s) [P0 () [1 = FO) P 1) £ ().

Integrating the first integral on the right-hand side by parts with treating [1 — F(y)]%~! f(y) as the part for integration and
the rest of the integrand for differentiation and using (3) we get after simplification that

For K ag()af(s) [P 1 (0) [1 = FG) [ah(3) £ () +ach' (0)[1 = F(3)] +bf (3)}dy = 0.
It follows from Lin [2] that ) (x) = h"(y)[1 — F(y)]%~'1(y) is complete, thus from the completeness property, we

have [ah(y) + b]f(y) = —ach'(y)[1 — F(y)]. From the last equation by using separation of variables we get (1). O
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4 Special Cases and Remarks
1.The relation (10) can be deduced from the relation (11) by putting I equal zero.

2.Setting k = 1 and m = 0 in the deduced recurrence relations (10) and (11), we get the corresponding relations for the
ordinary order statistics.

3.Setting m = —1 in the deduced recurrence relations (10) and (11),we get the corresponding relations for the k-th
record values.

4 .Setting k = 1 and m = —1 in the deduced recurrence relations (10)and (11),we get the corresponding relations for the
upper record values.

5.Setting ¢ = %, a= —Ap, b=1 and h(x) = x%in the recurrence relations (10) and (11), we deduce the corresponding
recurrence relations characterize the Generalized Weibull distribution, see [3].

6.Setting ¢ — o0,a = ’Te,b =1 and A(x) = ¥ in the recurrence relations (10) and (11) we deduce the corresponding
recurrence relations characterize the Rayleigh distribution, see [4].

7.Setting ¢ — o0,a = ’Te, b=1 and A(x) = x in the recurrence relations (10) and (11), we deduce the corresponding
recurrence relations characterize the Exponential distribution, see [4,5,6].
—A

8.Setting ¢ — e0,a = =%, b=1 and h(x) = x” in the recurrence relations (10) and (11), we deduce the corresponding

recurrence relations characterize the ordinary Weibull distribution, see [7].

9.Setting ¢ = l,a = —1,b = 1 and h(x) = exp(—Ox~P) in the recurrence relations (10) and (11), we deduce the
corresponding recurrence relations characterize the Inverse Weibull distribution, see [7].

10.Setting ¢ = 1,a = fab,b =1 and h(x) = x? in the recurrence relations (10) and (11), we deduce the corresponding
recurrence relations characterize the Pareto distribution, see [8].

11.Setting ¢ = —m,a = 6,b = 1 and h(x) = x” in the recurrence relations (10) and (11), we deduce the corresponding
recurrence relations characterize the Burr Type-XII distribution, see [8].

12.Setting ¢ = %‘,a = 0,b =1 and h(x) = x in the recurrence relations (10) and (11), we deduce the corresponding
recurrence relations characterize the Generalized Pareto distribution see [8,9].

13.Setting ¢ = 1,a = —a~P,b = 1 and h(x) = x” in the recurrence relations (10) and (11), we deduce the corresponding
recurrence relations characterize the power function distribution, see [10].

14.Setting ¢ = 1,a = —1,b = 1 and h(x) = x in the recurrence relations (10) and (11), we deduce the corresponding
recurrence relations characterize the uniform distribution, see [10, 11].

15.Setting ¢ = —m,a = %,b =1 and /(x) = x in the recurrence relations (10) and (11), we deduce the corresponding
recurrence relations characterize the Lomax distribution, see [12].

16.Setting ¢ = —m,a = é,b =1 and h(x) = x” in the recurrence relations (10) and (11), we deduce the corresponding
recurrence relations characterize the Compound Weibull distribution.

5 Conclusion

The general lifetime distribution contains some of the lifetime distributions most used in reliability and survival analyses.
These distributions have the flexibility in describing the lifetime variables of constant and non-constant hazard rate and
they are useful for modeling and analyzing lifetime data in medical, biological, and engineering sciences. Thus, the
recurrence relations for single and product moments in this work will be useful for estimating the characteristics of these
distributions such as the means, standard deviations, skewness, and kurtoses with reliable and easy way to apply, especially
for researchers in social sciences and psychology.
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