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Abstract: The fuzzy generalized conformable fractional derivative is a novel fuzzy fractional derivative based on the basic limit
definition of the derivative in [1]. We introduce the convolution product of fuzzy mapping and a crisp function. The conformable
Laplace convolution formula is proved under the generalized conformable fractional derivatives concept and used to solve fuzzy integro-
differential equations with a kernel of convolution type. The method is demonstrated by solving two examples, and the related theorems
and properties are proved in detail.
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1 Introduction

Various researchers have proposed many definitions of fuzzy fractional derivatives over the years. The
Riemann-Liouville fuzzy fractional derivative is one of them, and the so-called fuzzy Caputo derivative is the other.
However, they aren’t the only definitions available. A new fractional derivative has recently been discovered. established
in [2,3,4,5,6,7,8,9], and it can be seen that the new derivative proposed in this study meets all of the requirements.
Instead of the normal one fuzzy Conformable fractional derivatives are a new type of defined fuzzy fractional derivative
that can be used in a variety of ways. In papers [10,11,12,13,14,15,16,17,18], fuzzy derivatives are investigated. On the
other hand, the literature’s definitions are solely for the real world.

In [1] used the conformable derivative to create the concept of the fuzzy conformable derivative. This was the starting
point for the study of set differential equations and fuzzy conformable differential equations later on. Bede and Gal
presented the weakly generalized differential of a fuzzy-valued function to address some of the drawbacks of this
technique. In addition, Harir and colleagues [19] developed The lateral Hukuhara derivatives are used to describe
generalized conformable differentiability.

A fuzzy conformable differential equation has no unique solution, which is an advantage of generalized conformable
differentiability over the Hukuhara differentiability of a function. Stefanini and Bede generalized the Hukuhara
difference [11,12] and the derivative for interval-valued functions. They demonstrated that conformable differentiability
has connections to weakly generalized conformable differentiability see [20,21,22].

This research used the conformable Laplace transform method to solve FCDEs with a conformable convolution-type
kernel under generalized conformable differentiability. Clearly, the proposed formula allows us to use the Laplace method
to solve harder FCDEs. And we dealt with a variety of scenarios with this kernel.

In the first and second examples, g(t) was constant (positive or negative) and non-constant functions of t, respectively
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2 Preliminaries

Let us denote by Rz = {1 : R — [0, 1]} the class of fuzzy subsets of the real axis satisfying the following properties:

(i) p is normal i.e, there exists an &y € R such that u (&) =1,
(ii) p is fuzzy convex i.e for §,m € Rand 0 < A < 1,

p(AE+ (1 —=2A)1) > minfu (&), u(n)]

(iii) u is upper semi-continuous,

(iv) [u]° = cl{& € R|u(&) > 0} is compact.

Then R 4 is called the space of fuzzy numbers. Obviously, R C Rg. For 0 < o < 1 denote [u]* ={& € R|u(&) > a},
then from (i) to (iv) it follows that the oc-level sets [u]* € Px(R) for all 0 < o < 1 is a closed bounded interval which is
denoted by [u]* = [u{¥, us]. By Px(R) we denote the family of all nonempty compact convex subsets of R, and define
the addition and scalar multiplication in Pk (R) as usual.

Theorem 1./23] If 1 € R %, then

(i) [u]* € Pk(R) forall0 < ot < 1
(i) (U] C [u]* forall0 <oy < o <1
(iii) {og.} C [0,1] is a@ non-decreasing sequence which converges to o then

(] = () [u]*

k>1

Conversely, if Aq = {[uf*,ud]; o € (0,1]} is a family of closed real intervals verifying (i) and (ii), then {Aq} defined a
Sfuzzy number L € R z such that
W*=Aqfor O<a<land[u]®= U AqCAp.
O<o<l
Lemma 1./24] Let 1, v : R — [0, 1] be the fuzzy sets.
Then u = v if and only if [u]* = [V]* for all ¢ € [0, 1].

Definition 1./25] A fuzzy number 1 in parametric form is a pair (U, u") of functions u*, us*, o € [0, 1), which satisfy
the following requirements:

1. uf¥ is a bounded increasing left continuous function in (0, 1], and right continuous at 0,
2. u§* is a bounded decreasing left continuous function in (0, 1], and right continuous at 0,
Bpf<ug 0<a<l.

A crisp number k is simply represented by ui* = puf = k.
For arbitrary p = (uf, us*), v = (vj*,v5) and A > 0 we define addition and scalar multiplication by 4 see [11,24]:

4 v]* = [ + v ug + vy

_ _ [ ApF AT if A >0
Al = A" = { (AU Al if 2 <0,

Definition 2. Let (1, v € R 2. If there exists w € Rz such as L = V +w then w is called the H-difference of |1,V and it is
denoted uSv.

Defined : Rz x Rz — R U{0} by the equation

d(u,v) = sup du([u]*[V]*), forallp,veRz
ae0,1]

where dy is the Hausdorff metric .
du ([1]*, [V]*) = max{|ui" = V'], [ug" — v3'[}

where = (uf, us¥), v = (v¥,vy) C Ris utilized in Bede and Gal [11]. Then, it is easy to see that d is a metric in R »
and has the following properties [25]
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() d(u+w,v+w)=d(u,v), Vu,v,weRz,

(if) d(kp,kv) = [k|d(u,v), Vk €R, u,v € Rz,

(i) d(u+v,w+e) <d(u,w)+d(v,e), V,v,we ERy
(iv) (d,R#) is a complete metric space.

Definition 3./26] Let f : R — R & be a fuzzy-valued function. If for arbitrary fixed & € R and € >0 a 6 > 0 such that
1§ =G0l <6 =d(f(S),f(c)) <¢

f is said to be continuous.

3 The fuzzy conformable fractional differentiability

Definition 4./1] Let f : (0,a) — R4 be a fuzzy function. g™ order “ fuzzy conformable fractional derivative " of F is

defined by
1— B -
T,(f)(€) = lim fe+e8 ofE) _ . fE)of(E—ed )

=0t € £—0t £

forall & >0, g € (0,1). Let {19 (&) stands for T,(f)(E). Hence

FD(E) = lim f(E+e&' 9o f(é) ~ lim f(‘:)Qf(‘:—gél*q)_

e—0t € -0t £

If f is g-differentiable in some (0,a), and élim+ FO(E) exists, then
—0

F9(0) = Jim £9(E)

E—0t
and the limits (in the metric d)

Remark. From the definition, it directly follows that if f is g-differentiable, then the multi-valued mapping fy is g-
differentiable for all a € [0, 1] and

Tyfo =9 (E)) (1)

Here T, f is denoted the conformable fractional derivative of f of order g.

Theorem 2./1] Let f : (0,a) — R be fuzzy function, where fo(&) = [fF(&), f2(&)]. o € [0,1].
(DIf f is q(1)-differentiable, then f*(§) and f5* (&) are g-differentiable and

[an@)]” = [Um @&, 199@)]

(id)If f is q2)-differentiable, then f*(§) and f3* (&) are q-differentiable and

[rae)@)]" = [ 9@, (1@ ()]

Theorem 3.//] Let g € (0,1]
(DIf f is (1)-differentiable and f is q(,)-differentiable then

Ty /(€)= E19DLF(E)
(i)If f is (2)-differentiable and f is q(,)-differentiable then
Ty f(E) = E1IDLF(E)

Note that the definition of (n)-differentiable or (D)) forn € 1,2 see [11,27,28,5,29].
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4 Fuzzy fractional integral

Let g € (0,1] and £ : (0,a) — Rz be such that [f(&)]* = [f*(§),f¥(&)] for all £ € (0,a) and o € [0, 1]. Suppose that
o, % eC((0,a),R)NL ((0,a),R) for all & € [0,1] and let

Ag = [/05 fll(q)dr,/o5 JZO:(Z)dT], £ (0,a). )

T

Lemma 2./30] The family {Aq; a € [0,1]}, given by Eq(2), defined a fuzzy number f € R g such that [f]* = Aq
Definition 5. Let f € C((0,a),R#)NL' ((0,a),R %), define the fuzzy fractional integral for q € (0,1].

F /(&)

I,()(®) = 16" f)() = 51 e g%
by
L ()(D]% = [1(ET" £)( [ / Jé_ ]
L@ﬁé/?“%

where the integral [ 5{—,q (€)dE, fori=1,2 is the usual Riemann improper integral.

For g = 1, we obtain If(7) = [y f(&§)d&, that is the integral operator. Also, the following properties are obvious.

()yef (&) =clyf(&) foreach c € Ry
(@)ly (f +G)(§) = 1gf (S) +1,G(&).

Theorem 4./30] T,1,(f)(§) = f(&), for & > 0, where f is any continuous fuzzy-value function in the domain of 1.

5 Fuzzy conformable Laplace transform

Definition 6./3] The conformable fractional exponential function is defined for every & > 0 by:

Ed

Eq(p,é):ep7, (3)
where p e Rand 0 < g < 1.

Definition 7. Let 0 < g < 1 and f(&) be continuous fuzzy-value function. Suppose that E,(—p,&) f(§) is improper fuzzy
Rimann-integrable on [0,), then [y E,(—p,&)f(&)d,& is called fractional fuzzy conformable Laplace transform of
order q starting from zero of f and is defined as:

LylFE) = | Ey(-p.E)f(Edi. p>Oand integer @
= [[E-porr@E . 5

Denote by % [¢(&)] the classical fractional Laplace transform of order g starting from zero of crisp function g(&). Since
from proposition 2.1 see [26], we have

[ Ers@e = ([ E-p ot @ [ E-p O,

Ly [f(8)] = (L4 [T (8)], Z4 [1°(S)])-

then, we follow:
where ¢ € (0,1] and

= | E-p QA EE and Z18E) = | Ey(-p. S @)
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Theorem 5./30] Let 0 < g < 1 and f9(&) be a conformable fractional integral fuzzy-value function, and f(&) is the
primitive of f\9(E) on [0,e0). Then

(i)if f is q(1)-differentiable:
L, [£9(8)] = pLy 1) £(0) (©)
(ii)if f is q()-differentiable:
L, [£9(8)] = (—£0) & (-p)Ly 1E)) )
Theorem 6./30] Let (&), g(&) be continuous fuzzy-valued functions, q € (0,1] and cy,c, two real constants, then

Ly [c1/(8) +c28(8)] = c1ly [£(5)] + caly [8(5)]- ®)

Lemma 3./30] Let q € (0,1] and f (&) be continuous fuzzy-value function on [0,0), suppose that A > 0, then

Lg[Af(8)] = ALy [£(5)]

Remark. Let f(&) be continuous fuzzy-value function and g(&) > 0. Suppose that (f(&)g(&))E,(—p,&) is improper
fuzzy Rimann-integrale on [0, ), then

[ U@s@nE-r &g = ([ GO E(p. g [ UHEOUENE P8k ).

Theorem 7./30] Let 0 < g < 1 and f(&) is continuous fuzzy-value function and Ly [f(§)] = F(p), then

Ly [Eqy(a,6)f(E)l = F(p—a)

where Ey(a,&) is real value function and p —a > 0.

The relation between the fuzzy Laplace transform and the fractional fuzzy conformable Laplace transforms is given below.
Theorem 8./30] Let 0 < g < 1 and f(&) be continuous fuzzy-value function such that Ly [f(§)] = F,(p) exist. Then
1
Fy(p) =L [f ((615)4)] ©

where L[g(£)] =[5 e "o g(£)déE

Remark. We calculate the fractional Laplace for certain functions see [3,31,32,33,34]
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6 Fuzzy conformable Laplace convolution

Definition 8. Let g : [0,00[— R be a crisp continuous function and f : [0,00[— Rz a fuzzy-valued continuous mapping.
We define the convolution product of g and f on [0,00] as follows:

¢
(8+(8) = [ 8(E =5 fW)dys. & 20 (10

Remark.Suppose that E,(—p,&)f(E) and E,(—p,&)g(E) are integrable on [0,00[. We examine the two following
alternatives:

(@)If the function g is nonnegative on [0, o[, then

¢ ¢
e @) = [ &=t s. [ alEr =5 5 0)s ) an

Therefore,
(gx (&)= ((g*fi)(&): (g% f7)(&))- (12)

f1 and f, are two crisp functions defined from [0, into R, then, we recall the well-known classical convolution

Laplace formula:
L[+ 12) ()] = Z4[11(S9)] Z4[f2(S)] (13)
Then using (12)-(13) and the fact that .Z,[g(£7)] > 0, we get

Lol (s (&) = (Ly Kwﬂ) } o[(e215)@)])
(s J,[ )%, [549))) (14)

ma]( £(8))
M@J[@n

(D)If the function g is non-positive on [0, o[, then

(60 @) = ([ ster-snsg i, [ 61554, as)

Therefore,
(g /)(&) = ((gx/2)(S): (gx f1)(&))- (16)
Then from (13)-(16) and since .%[g(£9)] < 0, we deduce

Lol(g+7) (@) = (Lo [ (g2 /5)(©)] Ly | (2+57)(©)])

4ﬂwm%mmﬁmm%wm) a7
Z,[8(&9)] (LI ZlEN)
Z[8(EN] Lylf(E)]

Theorem 9. Let f : [0,00[— Rz be a fuzzy valued continuous mapping and let g : [0,00[— R be crisp continuous
function, such that g is the function of £ for 0 < q < 1. Assume that the mapping E,(—p,&)f(&), E4(—p,&)g(§) and
E,(—p,&) (g f) (&) are integrable over [0, for all p > 0; then

Ly | (85 1)(8)] = Z[8(69)] Ly [£(©)]. (18)
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ProofLet q €]0,1], £ > 0 and p > 0. It is obvious that
[ex @ = [(g7). (8+5)]

For L, ( (g * fl"‘) , (g * fz‘x)) a-cut see demonstration of Theorem 25 in [9] is similar.
Now we show that

Ly [ (5 1)(8)] = Z[8(8)] Ly [£()]

We apply the conformable Laplace transform to Eq (10)
Ly [(gx M) =Ly [(g*ff"), (g*fz“ﬂ

- [Lq(g*ff‘)an@*fgﬂ

= [[eere ([ s ). [ e ([ et oas) ]
= [[Trere ([ st tas) grtag, / B8 ([ eler st tas) g lag]

By changing the order of integration we get

e mprogs e tazas, [T [T e s e aga]
Then we substitute 7¢ = £4 — 59 into the above integral and obtain

= / / = ) ¥ (s)t9 tdsi™ 1ds/ / = )fza(s)fqldfsqlds}

oo o
= / -5 g(t?)i™ 1dr/ e ‘If (s)s7 1ds,/ -5 g(t)i™ 1dr/ e”7f2‘x(s)sq1ds]
1o 0 Jo 0

JO

[ = = oo o 4
= / -5 g(t)td™ ldT/ e Pa f(s)s1 s, / efp7g(‘cq)rqfldr/ ep7f2“(s)sqlds]
1o 0

/:E(—p,r) (t?)1~ ldr( —p,s)fi(s )sqlds,/OwE(—p,s)fz‘x(s)sqlds])

= Z,[8(&] [ 2l (é)],z[fff(é)]]
18(67) Lof(€)

Our current goal is to use the fuzzy conformable Laplace transform method to solve the following fuzzy
integro-differential equation under generalized conformable differentiability:

Y00 = 10+ [ oS - Spirang
¥(0) = yo = (yo1,Y02) ERy

where the unknown function y(§) = (y¥(§),y$(&)) is a fuzzy function of & > 0, provided that f : [0,00[— Rz is a
continuous fuzzy-valued function and g : [0,eo[— R is a crisp continuous function.
Assume in a first time that .2 [g(&)] > 0. By using the fuzzy conformable Laplace transform and Theorem (9) , we have

Ly [y9(8)] = LylF(&)] + Z[g(E)]- Lyly(E)]: (19)

Then, we have the following alternatives for solving (19).
Case 1. If y is g(y)-differentiable, then

Y& = (617,097 ©).
L, y9(8)] = pLal(&)]©3(0)
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Then from (19), it follows that

PLg[y(S)] = y(0) + Lg[f(S)] + Z4[2(S)] - Ly [¥(S)]-
Using .Z;[g(&)] > 0, we deduce
P2yl (&) = 61 () + L[ ()] + Z4[8 (8L (S)];

(20)
pZylys (8)] = yoa (@) + L4l (E)] + Z4y[8(8)]-Zy 3 (8)]-
Therefore,
o Yo + 27 (5)]
o ey _ Yoo + LS5 (8)]
= ATT)
By using the inverse conformable Laplace transform, we get
a _ o1 Yor +Zqlf7* (§)]
6= (B
aiey oot | Y02 () + L[5 (E)]
O =l
Case 2. If y is q(y)-differentiable, then
Y0(E) = (05, 01(ENY (&)
L, p9(8)] = ~3(0) & (~pLyy(E))
Then from (19), it follows that
—(0)© (=pLg[y(S)]) = Ly[f(8)] + Z4[8(8) 1Ly V()] @2n
Using .Z;[g(&)] > 0, we deduce
=Yoo+ PZ4[y3 (8)] = L1 (&) + Zls(8)]-Zy v (8)] (22)
=01+ PZgDV(E)] = L1 (&) + Zyle(8)1Z,[y5 (8)] (23)
That is,
Z4[8(&)]LyDY (8] = pLy[3 (8)] = =y — Ly f(S)]
(24)

Z[8(ENZy 3 (&) — pLyhi' (8)] = -6 — Zlf5 (8)]
Then by solving the linear system (24), we have

Z[8(6)] (Z4l8(E)Z4DT ()] — pLyly5 (8)]

- O + P (Ll ENLDSE)] - pZEEN)
FbE= @)=

ey — Zl8@NAEN L)~ pLDHEN + 0 (Ll @LLDTE)] ~ pZDEE))
- (Lil2 (€))7 - 12

By using the inverse conformable Laplace transform, we get

“(&) = ! [z[g@] (L)L (E)] — pL )+ p (L2 ()L DEE)] - pzq[y?@)])}
Yils) =< (@)1

“(&) = ! [fq[g@)] (Z (&L (E)]) = Ly (E)) + p (Llg(E))LDH(E)] pzq[ym)])]
= ‘ (Zi2(©))? —p?

Similarly, if we assume that .-Z[g(&)] < 0, we obtain the following results.
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LIf y is g(1)-differentiable, then

ey Zals ) (LREOILDHE) ~ pLDHEN +p(Ll(ENLD5(E) - pL b5 E)
i) 72— (ZIsE)7

e LIEN (Ll ENLDHE) — pL L EN) + P (Lile(EN L E) — pLy (E))
gq[)’z(é)]

By using the inverse conformable Laplace transform, we get

“() = g1 [zq[g@] (L)L E)] — pLDHEN) + (L2 (E) LV (E)] - pLy (& ])}
M “ P —(Z[2@)])?

“(&) = ! [zq[g@)] (L)L E)] - pLDEEN) + p (L)L (E)] - pLy D (é)])}
2 ‘ P2 —(Z2(O))?

2.If y is q()-differentiable, then

a o1 + 2415 (8)]
HH e = ()
o Yoo + 247 (5)]
ZQ[yZ (é)] - p _gq[g 5)]
By using the inverse conformable Laplace transform, we obtain
_ o1 YO Ll E)]
o= [
o 1 [ Y+ Ll ()]
i) -7 (B
Example 1.The fuzzy Volterra integro-differential equation as follows:
y(E) = (w%)cf/(:y(é)dqi (25)
y*(0) = (0,0)

where g € (0.1, f(§) = (1+ ) o, o=[a—1,1—a]ac]0,1]and g(&) =1 is non-negative.
Case 1: If y(&) is (g(;))-di fferentlable then from (17) we have

L) = 5ty
L&) = e

By the inverse Laplace transform, we get the lower and upper functions of solution of (25) for & > 0

In this case, since y(§) is (q(1))-differentiable, the solution is valid.
Case 2: If y(§) is (q())-differentiable, then from (17) we obtain

HEN = (1 - o)
L5E)) = (1)

Then by the inverse Laplace transform the lower and upper functions of solution of (25) are given for & € [37/2,27] as

follows:
YH(E) = (00— 1)(cos(=) — s1n<5;>—1>
(€)= (1 - a)(cos(=)) —sin(=) 1)

In this case, y(&) is (q(2))-differentiable only for & € [77/4,27] and the solution is acceptable only over this interval.
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Example 2.We consider the following fuzzy integro-differential equation:

¢
YD&) +3(8) = [ sin(g—sy(s)ds, 26)
y0,0) = [a—1,1—a].
Case 1: If y(&) is (q(1))-differentiable, then from Theorems (5) and (6) we have

L&) = (- 1))

L8] = (1 o))

pipi+p

By the inverse Laplace transform we get the lower and upper functions of solution of (26) for & > 0

yHE) = (a—1) ll?exp(g>sin<\/§éq>], 27)

2q 2q

yE)=>010-a) l]—?exp(—i—j})sin(@cf(])}. (28)

In this case, the solution is invalid over [0, ], since y(&) is not (¢(y))-differentiable.
Case 2: If y(§) is (q(2))-differentiable, then Theorems (5) and (7) yield

2
PLDEEN + (P 1) pLHE) = (1—a)? p“ 29)
(P +1) ZDHE) + pLh(E)] = (a— HEEL 30)

By solving the linear system (26) and using the inverse Laplace transform, we get

(&) = (o~ 1) [1+2Lexp (5 ) sin (2
(&) = —a) [1+2Bexp (4 ) sin (B
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