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Abstract: The functional variational principle and differential equations of motion for the Lee–Wick electrodynamics 

equation are investigated in this study. A functional Hamiltonian principle is built utilizing the concept of a functional 

derivative. The Hamiltonian formulation of third-order continuous field systems is created using functional derivatives for 

continuous third-order systems. The formalism is generalized, and this new formulation is used to solve the Lee–Wick 

electrodynamics equation. We used the Euler-Lagrange equations for these systems to compare the results obtained using 

Hamilton's equations in terms of functional derivatives. To compare the outcomes of the two methodologies in terms of 

functional derivatives, one example has been presented. The results of this study show that functional calculus has more 

flexible models than classical calculus due to the ordering of the functional derivative and the functional operator. This 

property is critical when developing a novel generalization of the Lee-Wick equation using functional derivatives. 
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1 Introduction 

Higher order derivative theories have been discussed in the literature by a large number of authors [1,2,3,4,5,6] mainly due 

to, the possibility of obtaining finite theories at short distances. An illustrative example of such, a class of theories is the 

electrodynamics proposed by Lee–Wick. The simplest higher-order derivative gauge theory is the so-called Lee–Wick 

electrodynamics, which is characterized by the Maxwell Lagrangian and a higher-order derivative kinetic term. Since its 

proposition, the theory has been standing out by its classical as well as its quantum aspects, as it exposures many interesting 

peculiarities. For example, the fact that in this electrodynamics the self-energy of a point charge is finite in (3 + 1) 

dimensions [7,8,9,10,11,12] , it tracks a finite theory Closely related to the Pauli–Villars regularization scheme 

[13,14,15,16,17,18] where the divergences of the quantum electrodynamics are controllable [19] and it shows classical 
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dynamical stability[20]. With the passage of time, systems with higher order Lagrangian have been studied with rising 

interest because they appear in many pertinent physical problems. More general examples being perhaps higher order 

regularization of quantum gauge field theories and so-called rigid strings [21, 22], rigid particles [23, 24] , a relativistic 

particle with curvature and torsion in three dimensional  space-time, and the work of Lee–Wick [25] who independently 

proposed generalization of electrodynamics containing third order derivatives. The effective Lagrangian in gauge theories 

[26, 27] , dealing with theories of higher order derivatives has been first developed by Ostrogradski [28] ,allowed them to 

obtain the Hamilton equations of motion and the Euler-Lagrange equations. Chen T.J. et al [29] investigated the linear 

instability in a non-degenerate higher-derivative theory and found that it can only be removed by the addition of constraints 

if the original theory’s phase space is reduced. The path integral quantization of systems of higher order derivatives were 

presented in ref  [30]. 

In ref.[31], the action function is examined for both constrained and unconstrained systems in order to discover a solution 

to the appropriate set of Hamilton-Jacobi partial differential equations. Researchers used the WKB approach to solve the 

motion equations. Separately, other Scholars [32,33] used Dirac's approach to limited dynamics to examine the 

Hamiltonian formulation of higher order dynamical systems.  

They created the Hamiltonian formulation of conventional higher-order Lagrangians, as well , as Ostrogradski's standard 

description of such systems. Furthermore, reference [34] investigated a novel development for systems with higher order 

derivatives. References[35, 36] have reported a new evolution of systems with higher order fractional derivatives in recent 

decades, and the route integral quantization for both conservative and non-conservative systems has been recovered. 

While working on the Hamilton formulation for continuous systems with second order derivatives, researchers defined 

techniques for system with second order differential equation in reference [37].Muslih and El-Zalan [31,38] recently 

established unique formulations for dealing with discrete systems with higher order Lagrangians, using path integral 

quantization to obtain canonical coordinates without the requirement to integrate over higher order derivatives. The authors 

utilized the formalism to investigate second-order Lagrangian. The research's key contribution is to evaluate Hamilton's 

equation using its innovative functional derivatives formulation, which is based on previously published data. The 

characteristics listed below define the new features presented in this article. 

ü In this technique, we extend our formulations such that they may be used to continuous systems with third-order 

derivatives. The purpose of the method is to obtain Lee-Wick generalized electrodynamics.  

ü Because The new formulation uses the functional Derivative, they are more challenging to solve in practice. As, a 

result, we provide a novel and efficient technique. 

ü There are three factors that distinguish the functional derivative:  

1. It recently piqued the curiosity of several researchers, and some applications have been updated to reflect 

this description.  

2. It is a method for simulating system ordinary differential equations such as the Lagrange and Hamiltonian 

equations. 

3. By combining the Lagrange and Hamiltonian equations into systems-order differential equation models, 

the functional derivative enables the development of novel comparisons and applications. 

For these reasons, we reconstruct the Lee-Wick field using the functional derivative, as used by the authors in equation 

modeling, and then apply the Generalized functional derivative to produce Hamiltonian equations for this system. 
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The following is a breakdown of how this work is organized: Section 2 summarizes the Euler-Lagrange equations of 

motion. Sec. 3 investigates the momentum density form of the Euler-Lagrange equation. Section 4 is devoted to motion 

equations in terms of Hamiltonian density in functional derivative form. Section 5 explores Hamilton's equation in terms of 

!𝝓, 𝑨𝒊, 𝑨𝒋%. Section 6 demonstrates how a classical field can be utilized to construct Lee-Wick in functional derivative 

form. 

2 The Euler-Lagrange equations of motion 

We start by constructing a classical Lagrangian density ℒ!𝜓#	, 𝜕#𝜓$, 𝜕#𝜕%𝜓$, 𝜕#𝜕%𝜕&𝜓$% depending on generalized 

coordinates 𝜓$and derivatives. Now we can write the L as: 

𝐿 = ,ℒ!𝜓$	, 𝜕'𝜓$, 𝜕'𝜕%𝜓$, 𝜕'𝜕%𝜕&𝜓$%𝑑(𝑥																																																																																																																					(1) 

We apply the principle of least action and obtain 

𝛿𝑆 = ,

⎣
⎢
⎢
⎢
⎡

𝜕ℒ
𝜕𝜓)

𝛿𝜓) +
𝜕ℒ

𝜕!𝜕'𝜓$%
𝜕'!𝛿𝜓)% +

𝜕ℒ
𝜕!𝜕'𝜕%𝜓$%

𝜕'𝜕%!𝛿𝜓$% +
𝜕ℒ

𝜕!𝜕'𝜕%𝜕&𝜓$%
𝜕'𝜕%𝜕&𝛿!𝜓$%

⎦
⎥
⎥
⎥
⎤
𝑑*𝑥 = 0																																																																	(2) 

Appendix A illustrates the Euler-Lagrange equations. 

𝜕ℒ
𝜕𝜓)

− 𝜕'
𝜕ℒ

𝜕!𝜕'𝜓$%
+ 𝜕'𝜕%

𝜕ℒ
𝜕!𝜕'𝜕%𝜓$%

− 𝜕'𝜕%𝜕&
𝜕ℒ

𝜕!𝜕'𝜕%𝜕&𝜓)%
= 0																																																																											(3) 

The integration over space formula in Eq. (2) can now be converted into summation as follows (view Appendix A): 

?

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

𝜕ℒ
𝜕𝜓+

+−𝜕,
𝜕ℒ

𝜕(𝜕,𝜓+)
+𝜕,𝜕+

𝜕ℒ
𝜕(𝜕,𝜕+𝜓+)

+𝜕+𝜕-
𝜕ℒ

𝜕(𝜕+𝜕-𝜓+)
+𝜕,𝜕-

𝜕ℒ
𝜕(𝜕,𝜕-𝜓+)

−𝜕+𝜕+𝜕.
𝜕ℒ

𝜕!𝜕+𝜕+𝜕.𝜓+%
− 𝜕+𝜕-𝜕+

𝜕ℒ
𝜕(𝜕+𝜕-𝜕+𝜓+)

−𝜕+𝜕-𝜕.
𝜕ℒ

𝜕!𝜕+𝜕-𝜕.𝜓+%
−𝜕,𝜕+𝜕+

𝜕ℒ
𝜕(𝜕,𝜕+𝜕+𝜓+)

−𝜕,𝜕+𝜕.
𝜕ℒ

𝜕!𝜕,𝜕+𝜕.𝜓+%
−𝜕,𝜕-𝜕+

𝜕ℒ
𝜕(𝜕,𝜕-𝜕+𝜓+)

−𝜕,𝜕-𝜕.
𝜕ℒ

𝜕(𝜕,𝜕-𝜕+𝜓+)⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

,

,

𝛿𝜓$+𝛿𝜏+ 

+?

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ +

𝜕ℒ
𝜕𝜓/

− 𝜕,
𝜕ℒ

𝜕(𝜕,𝜓/)
+ 𝜕,𝜕+

𝜕ℒ
𝜕(𝜕,𝜕+𝜓/)

+𝜕+𝜕-
𝜕ℒ

𝜕(𝜕+𝜕-𝜓/)
+𝜕,𝜕-

𝜕ℒ
𝜕(𝜕,𝜕-𝜓/)

− 𝜕+𝜕+𝜕.
𝜕ℒ

𝜕!𝜕+𝜕+𝜕.𝜓/%

−𝜕+𝜕-𝜕+
𝜕ℒ

𝜕(𝜕+𝜕-𝜕+𝜓/)
− 𝜕+𝜕-𝜕.

𝜕ℒ
𝜕!𝜕+𝜕-𝜕.𝜓/%

− 𝜕,𝜕+𝜕+
𝜕ℒ

𝜕(𝜕,𝜕+𝜕+𝜓/)

−𝜕,𝜕+𝜕.
𝜕ℒ

𝜕!𝜕,𝜕+𝜕.𝜓/%
−𝜕,𝜕-𝜕+

𝜕ℒ
𝜕(𝜕,𝜕-𝜕+𝜓/)

−𝜕,𝜕-𝜕.
𝜕ℒ

𝜕(𝜕,𝜕-𝜕+𝜓/) ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

,

,

𝛿𝜓$,𝛿𝜏, 

+?A
𝜕ℒ

𝜕!𝜕+𝜓)%
B
,,

𝛿!𝜓)̇%,𝛿𝜏, +?A
𝜕ℒ

𝜕!𝜕+0𝜓)%
B
,,

𝛿!𝜓)̈%,𝛿𝜏, +?A
𝜕ℒ

𝜕!𝜕+(𝜓)%
B
,,

𝛿!𝜓+E %,𝛿𝜏, 		= 0																											(4) 
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By terms of Lagrangian density, we can express Eq. (4) as follows: 

?[𝜹𝓛]𝒊
𝒊

𝜹𝝉𝒊 = 𝟎																																																																																																																																																																								 

where the left-hand side in Eqs.(4 and 5) represents the variation of L(i.e. 𝛿𝐿) which is now produced by independent 

variations in 𝛿!𝜓)%, , 𝛿!𝜕+𝜓)%, , 𝛿!𝜕+
0𝜓)%, , 𝑎𝑛𝑑	𝛿!𝜕+

(𝜓)%, . Suppose now that 

all𝛿!𝜓)%, , 𝛿!𝜕+𝜓)%, , 𝛿!𝜕+
0𝜓)%, , 𝑎𝑛𝑑		𝛿!𝜕+

(𝜓)%,are zeros except for a particular 𝛿𝜓1. It is natural to define the functional 

derivative of the Lagrangian ( 𝐿) with respect to 𝛿!𝜓)%, , 𝛿!𝜕+𝜓)%, , 𝛿!𝜕+
0𝜓)%, , 𝑎𝑛𝑑		𝛿!𝜕+

(𝜓)%,for a point in the j-th cell to 

the ratio of 𝛿𝐿	to				𝛿𝜓1 			. 

Applying Eq. (4) and noting that now the left side denotes L, we get: 

𝐿

�̇�
= lim

234→+

𝛿ℒ
𝛿!�̇�)%1𝛿31

=
𝜕ℒ

𝜕!𝜕+𝜓$%
																																																																																																																																			(6) 

𝐿

�̈�
= lim

234→+

𝛿ℒ
𝛿!�̈�)%𝛿31

=	
𝜕ℒ

𝜕!𝜕+0𝜓$%
																																																																																																																																				(7) 

𝐿

𝜓E
= lim

234→+

𝛿ℒ
𝛿!𝜓E)%𝛿31

=	
𝜕ℒ

𝜕!𝜕+(𝜓$%
																																																																																																																																				(8) 

and 

𝐿

𝜓)
=	

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

𝜕ℒ
𝜕𝜓+

+
𝜕ℒ
𝜕𝜓/

−𝜕,
𝜕ℒ

𝜕(𝜕,𝜓+)
− 𝜕,

𝜕ℒ
𝜕(𝜕,𝜓/)

+𝜕,𝜕+
𝜕ℒ

𝜕(𝜕,𝜕+𝜓+)
+ 𝜕,𝜕+

𝜕ℒ
𝜕(𝜕,𝜕+𝜓/)

+ 𝜕+𝜕-
𝜕ℒ

𝜕(𝜕+𝜕-𝜓+)

+𝜕+𝜕-
𝜕ℒ

𝜕(𝜕+𝜕-𝜓/)
+𝜕,𝜕-

𝜕ℒ
𝜕(𝜕,𝜕-𝜓+)

+𝜕,𝜕-
𝜕ℒ

𝜕(𝜕,𝜕-𝜓/)

−𝜕+𝜕+𝜕.
𝜕ℒ

𝜕!𝜕+𝜕+𝜕.𝜓+%
− 𝜕+𝜕+𝜕.

𝜕ℒ
𝜕!𝜕+𝜕+𝜕.𝜓/%

− 𝜕+𝜕-𝜕+
𝜕ℒ

𝜕(𝜕+𝜕-𝜕+𝜓+)

−𝜕+𝜕-𝜕+
𝜕ℒ

𝜕(𝜕+𝜕-𝜕+𝜓/)
− 𝜕+𝜕-𝜕.

𝜕ℒ
𝜕!𝜕+𝜕-𝜕.𝜓+%

− 𝜕+𝜕-𝜕.
𝜕ℒ

𝜕!𝜕+𝜕-𝜕.𝜓/%

−𝜕,𝜕+𝜕+
𝜕ℒ

𝜕(𝜕,𝜕+𝜕+𝜓+)
− 𝜕,𝜕+𝜕+

𝜕ℒ
𝜕(𝜕,𝜕+𝜕+𝜓/)

− 𝜕,𝜕+𝜕.
𝜕ℒ

𝜕!𝜕,𝜕+𝜕.𝜓+%

−𝜕,𝜕+𝜕.
𝜕ℒ

𝜕!𝜕,𝜕+𝜕.𝜓/%
− −𝜕,𝜕-𝜕+

𝜕ℒ
𝜕(𝜕,𝜕-𝜕+𝜓+)

−𝜕,𝜕-𝜕+
𝜕ℒ

𝜕(𝜕,𝜕-𝜕+𝜓/)

−𝜕,𝜕-𝜕.
𝜕ℒ

𝜕(𝜕,𝜕-𝜕+𝜓+)
−𝜕,𝜕-𝜕.

𝜕ℒ
𝜕(𝜕,𝜕-𝜕+𝜓/) ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

																																																	(9) 

They may now construct Eq. (9), the Euler-Lagrange equation, by using terms of a Lagrangian L and functional derivatives 

as shown in Eqs. (6),(7), and (8) to obtain: 

𝐿

𝜓)
−
𝜕
𝜕𝑡 X

𝐿

�̇�)
Y +

𝜕0

𝜕𝑡0 X
𝐿

�̈�)
Y −

𝜕(

𝜕𝑡( X
𝐿

𝜓E)
Y 	= 0																																																																																													(10) 

As a result, Lagrangian variations can be defined in terms of functional derivatives and variants of	𝜓,	�̇�,	�̈�	and  ψE as 

¶/

¶/
¶/

¶/
¶/

¶/
¶/

¶/
¶/

¶/
¶/

¶/
¶/

¶/
¶/

¶/
¶/
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𝛿𝐿 = ,[
𝐿

𝜓)
𝛿𝜓) +

𝐿

�̇�)
𝛿�̇�) +

𝐿

�̈�)
𝛿�̈�) +

𝐿

𝜓E)
𝛿𝜓E)\ d(r																																																																																(11) 

3 Euler-Lagrange Equation in terms of Momentum Density 
Momentum could be represented in the following way: 

_𝑃16a7 =
𝛿𝐿

𝛿_�̇�)a1
																																																																																																																																																																					(12)	 

_𝑃16a0 =
𝛿𝐿

𝛿_�̈�)a1
																																																																																																																																																																					(13) 

_𝑃16a( =
𝛿𝐿

𝛿_𝜓E)a1
																																																																																																																																																																					(14) 

The momentum densities 𝜋7	, 𝜋0	𝑎𝑛𝑑	𝜋( can be obtained using Given in eq. (12), (13) and (14). As a result, generalized 

moments are defined as 

𝜋7 =
𝜕𝐿

𝜕_�̇�)a1
=

ℒ

_�̇�)a1
																																																																																																																																																						(15) 

𝜋0 =
𝜕𝐿

𝜕_�̈�)a1
=	

ℒ

_�̈�)a1
																																																																																																																																																					(16) 

𝜋( =
𝜕𝐿

𝜕_𝜓E)a1
=	

ℒ

_𝜓E)a1
																																																																																																																																																						(17) 

From Eq. (9) 

𝐿

𝜓)
= 𝜋7̇ − 𝜋0̈ + 𝜋(⃛																																																																																																																																																											(18) 

The above equation represents the form of Euler- Lagrange terms of momentum density and the functional derivative of the 

Lagrangian. 

4 Equations of Motion in terms of Hamiltonian Density in Functional Form 
The following are the definitions of Hamiltonian formulations: 

ℋ = 𝜋7�̇�) + 𝜋0�̈�) + 𝜋(𝜓E)- ℒ																																																																																																																																											(19) 

The Hamiltonian ℋ can alternatively be expressed in terms of the Hamiltonian density H, as shown below: 

𝐻 =?ℋ,
,

𝛿𝜏, 																																																																																																																																																																							(20) 

Substituting  Eqs. (19)   in to Eq. (20), one gets: 

𝐻 =?g(𝜋7),!�̇�)%, + (𝜋0)!�̈�)%, + (𝜋()!𝜓
E)%,h 𝛿𝜏, −?ℒ

8,

𝛿𝜏, 

The following equation is written in continuous form as follows: 

𝐻 = ,_(𝜋7),!�̇�)% + (𝜋0)!�̈�)% + (𝜋()!𝜓E)%a𝑑(𝑟 − ,ℒ 𝑑(𝑟																																																																																						(21) 

Using  Eqs. 11 and 18, we can determine the following from variation of H: 

¶/
¶/

¶/
¶/

¶/
¶/

¶/
¶/

¶/
¶/

¶/
¶/

¶/
¶/

¶/
¶/
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𝛿ℋ = ,𝛿_𝜋7�̇�) + 𝜋0�̈�) + 𝜋(𝜓E)a d(r − 𝛿𝐿																																																																																																																		(22) 

Using Eqs. (15) , (16), (17) and (18), we rewrite the variation of  the Lagrangian( given by Eq. (11)) as: 

𝛿𝐿 = ,_(𝜋7̇ − 𝜋0̈ + 𝜋(⃛)𝛿𝜓) + 𝜋7𝛿�̇�) + 𝜋0𝛿�̈�) + 𝜋(𝛿𝜓E)a d(r																																																																																(23) 

When Eq. (23) is substituted for Eq. (22), the following result is obtained: 

𝛿ℋ = ,_(−𝜋7̇ +	𝜋0̈ − 𝜋(⃛)𝛿𝜓) + �̇�)𝛿𝜋7 + �̈�)𝛿𝜋0 +𝜓E)𝛿𝜋(a d(r																																																																									(24)	 

Because of the similarity to the variation in L (i.e. Eq. (11)), we may write the variation of Hamiltonian produced by 

variations in independent variables in terms of functional derivative, as illustrated in cases 1 and 2. 

Case 1:All variables are independent(ψ9	, π7, π0, π() 

𝛿𝐻 = ,[
𝐻

𝜓)
𝛿𝜓) +

𝐻

π7
𝛿π7 +

𝐻

π0
𝛿π0 +

𝐻

π(
𝛿π(\ d(r																																																																																		(25) 

We obtain the separate equations of motion in terms of the Hamiltonian by comparing Eq. (25) with Eq. (24). (see 

Appendix B). 

Case 2: 		π7depend on (ψ9 ),𝜋0depend (𝜕+ψ9 ) and 	𝜋(depend (𝜕+𝜕+ψ9 )  ; so thatwe take the variation just only for 

independent variables ψ9	, 𝜕+ψ9and𝜕+𝜕+ψ9we can  

δH = ,[
H

ψ9
δψ9 +

H

!𝜕+ψ9%
δ!𝜕+ψ9% +

H

!𝜕+0ψ9%
δ!𝜕+0ψ9%\ 																																																																	(26) 

Appendix C includes detailed equations of motion derived from Eq (26) 

5- The Hamilton's equation in terms!𝝓, 𝑨𝒊, 𝑨𝒋% 

We could obtain the following two cases by defining the fields' variables ψ9  !𝜙	, 𝐴, 	𝑎𝑛𝑑	𝐴1%  and then writing the 

Hamilton's equation in terms of functional derivatives as follows (cases 1 and 2): 

Case 1: All variables are independent 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝜕ℎ
𝜕𝜙−𝜕,

𝜕ℎ
𝜕(𝜕,𝜙)

+ 𝜕+𝜕-
𝜕ℎ

𝜕(𝜕+𝜕-𝜙)
+ 𝜕,𝜕+

𝜕ℎ
𝜕(𝜕,𝜕+𝜙)

+𝜕,𝜕-
𝜕ℎ

𝜕(𝜕,𝜕-𝜙)

−𝜕+𝜕+𝜕.
𝜕ℎ

𝜕!𝜕+𝜕+𝜕.𝜙%
− 𝜕+𝜕-𝜕+

𝜕ℎ
𝜕(𝜕+𝜕-𝜕+𝜙)

− 𝜕+𝜕-𝜕.
𝜕ℎ

𝜕!𝜕+𝜕-𝜕.𝜙%

−𝜕,𝜕+𝜕+
𝜕ℎ

𝜕(𝜕,𝜕+𝜕+𝜙)
−𝜕,𝜕+𝜕.

𝜕ℎ
𝜕!𝜕,𝜕+𝜕.𝜙%

−𝜕,𝜕-𝜕+
𝜕ℎ

𝜕(𝜕,𝜕-𝜕+𝜙)

−𝜕,𝜕-𝜕.
𝜕ℎ

𝜕!𝜕,𝜕-𝜕.𝜙% ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

= −𝜕+𝜋77 + 𝜕+0𝜋07 − 𝜕+(𝜋(7																				(27) 

¶/
¶/

¶/
¶/

¶/
¶/

¶/
¶/

¶/
¶/

¶/
¶/

¶/
¶/

rd 3
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⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

𝜕ℎ
𝜕𝐴,

− 𝜕,
𝜕ℎ

𝜕(𝜕,𝐴,)
+ 𝜕+𝜕-

𝜕ℎ
𝜕(𝜕+𝜕-𝐴,)

+ 𝜕,𝜕+
𝜕ℎ

𝜕(𝜕,𝜕+𝐴,)
+

+𝜕,𝜕+
𝜕ℎ

𝜕(𝜕,𝜕+𝐴,)
+𝜕,𝜕-

𝜕ℎ
𝜕(𝜕,𝜕-𝐴,)

− 𝜕+𝜕+𝜕.
𝜕ℎ

𝜕!𝜕+𝜕+𝜕.𝐴,%

−𝜕+𝜕-𝜕+
𝜕ℎ

𝜕(𝜕+𝜕-𝜕+𝐴,)
− 𝜕+𝜕-𝜕.

𝜕ℎ
𝜕!𝜕+𝜕-𝜕.𝐴,%

− 𝜕,𝜕+𝜕+
𝜕ℎ

𝜕(𝜕,𝜕+𝜕+𝐴,)

−𝜕,𝜕+𝜕.
𝜕ℎ

𝜕!𝜕,𝜕+𝜕.𝐴,%
−𝜕,𝜕-𝜕+

𝜕ℎ
𝜕(𝜕,𝜕-𝜕+𝐴,)

−𝜕,𝜕-𝜕.
𝜕ℎ

𝜕!𝜕,𝜕-𝜕.𝐴,% ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

𝜕ℎ
𝜕𝐴,

− 𝜕,
𝜕ℎ

𝜕(𝜕,𝐴,)
+ 𝜕+𝜕-

𝜕ℎ
𝜕(𝜕+𝜕-𝐴,)

+ 𝜕,𝜕+
𝜕ℎ

𝜕(𝜕,𝜕+𝐴,)
+

+𝜕,𝜕+
𝜕ℎ

𝜕(𝜕,𝜕+𝐴,)
+𝜕,𝜕-

𝜕ℎ
𝜕(𝜕,𝜕-𝐴,)

− 𝜕+𝜕+𝜕.
𝜕ℎ

𝜕!𝜕+𝜕+𝜕.𝐴,%

−𝜕+𝜕-𝜕+
𝜕ℎ

𝜕(𝜕+𝜕-𝜕+𝐴,)
− 𝜕+𝜕-𝜕.

𝜕ℎ
𝜕!𝜕+𝜕-𝜕.𝐴,%

− 𝜕,𝜕+𝜕+
𝜕ℎ

𝜕(𝜕,𝜕+𝜕+𝐴,)

−𝜕,𝜕+𝜕.
𝜕ℎ

𝜕!𝜕,𝜕+𝜕.𝐴,%
−𝜕,𝜕-𝜕+

𝜕ℎ
𝜕(𝜕,𝜕-𝜕+𝐴,)

−𝜕,𝜕-𝜕.
𝜕ℎ

𝜕!𝜕,𝜕-𝜕.𝐴,% ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

= −𝜕+𝜋70 + 𝜕+0𝜋00 − 𝜕+(𝜋(0																		(28) 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

𝜕ℎ
𝜕𝐴𝑗

− 𝜕𝑖
𝜕ℎ

𝜕&𝜕𝑖𝐴𝑗'
+ 𝜕0𝜕𝑟

𝜕ℎ
𝜕&𝜕0𝜕𝑟𝐴𝑗'

+ 𝜕𝑖𝜕0
𝜕ℎ

𝜕&𝜕𝑖𝜕0𝐴𝑗'
+

+𝜕𝑖𝜕0
𝜕ℎ

𝜕&𝜕𝑖𝜕0𝐴𝑗'
+𝜕𝑖𝜕𝑟

𝜕ℎ
𝜕&𝜕𝑖𝜕𝑟𝐴𝑗'

− 𝜕0𝜕0𝜕𝑓
𝜕ℎ

𝜕&𝜕0𝜕0𝜕𝑓𝐴𝑗'

−𝜕0𝜕𝑟𝜕0
𝜕ℎ

𝜕&𝜕0𝜕𝑟𝜕0𝐴𝑗'
− 𝜕0𝜕𝑟𝜕𝑓

𝜕ℎ

𝜕 (𝜕0𝜕𝑟𝜕𝑓𝐴𝑗)
− 𝜕𝑖𝜕0𝜕0

𝜕ℎ
𝜕&𝜕𝑖𝜕0𝜕0𝐴𝑗'

−𝜕𝑖𝜕0𝜕𝑓
𝜕ℎ

𝜕 (𝜕𝑖𝜕0𝜕𝑓𝐴𝑗)
−𝜕𝑖𝜕𝑟𝜕0

𝜕ℎ
𝜕&𝜕𝑖𝜕𝑟𝜕0𝐴𝑗'

−𝜕𝑖𝜕𝑟𝜕𝑓
𝜕ℎ

𝜕 (𝜕𝑖𝜕𝑟𝜕𝑓𝐴𝑗) ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

= −𝜕0𝜋1
3 + 𝜕02𝜋23 − 𝜕0

3𝜋33																							(29)		 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝜕ℎ
𝜕𝜙−𝜕,

𝜕ℎ
𝜕(𝜕,𝜙)

+ 𝜕+𝜕-
𝜕ℎ

𝜕(𝜕+𝜕-𝜙)
+ 𝜕,𝜕+

𝜕ℎ
𝜕(𝜕,𝜕+𝜙)

+𝜕,𝜕-
𝜕ℎ

𝜕(𝜕,𝜕-ϕ)

−𝜕+𝜕+𝜕.
𝜕ℎ

𝜕!𝜕+𝜕+𝜕.ϕ%
− 𝜕+𝜕-𝜕+

𝜕ℎ
𝜕(𝜕+𝜕-𝜕+ϕ)

− 𝜕+𝜕-𝜕.
𝜕ℎ

𝜕!𝜕+𝜕-𝜕.𝜙%

−𝜕,𝜕+𝜕+
𝜕ℎ

𝜕(𝜕,𝜕+𝜕+𝜙)
−𝜕,𝜕+𝜕.

𝜕ℎ
𝜕!𝜕,𝜕+𝜕.𝜙%

−𝜕,𝜕-𝜕+
𝜕ℎ

𝜕(𝜕,𝜕-𝜕+𝜙)

−𝜕,𝜕-𝜕.
𝜕ℎ

𝜕!𝜕,𝜕-𝜕.𝜙% ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

= −𝜕+𝜋77 + 𝜕+0𝜋07 − 𝜕+(𝜋(7 + 𝜕+𝜙q
𝜕𝑔77

𝜕𝜙 s																																																																																														(30) 
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⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

𝜕ℎ
𝜕𝐴,

− 𝜕,
𝜕ℎ

𝜕(𝜕,𝐴,)
+ 𝜕+𝜕-

𝜕ℎ
𝜕(𝜕+𝜕-𝐴,)

+

𝜕,𝜕+
𝜕ℎ

𝜕(𝜕,𝜕+𝐴,)
+ 𝜕,𝜕-

𝜕ℎ
𝜕(𝜕,𝜕-𝐴,)

− 𝜕+𝜕+𝜕.
𝜕ℎ

𝜕!𝜕+𝜕+𝜕.𝐴,%

−𝜕+𝜕-𝜕+
𝜕ℎ

𝜕(𝜕+𝜕-𝜕+𝐴,)
− 𝜕+𝜕-𝜕.

𝜕ℎ
𝜕!𝜕+𝜕-𝜕.𝐴,%

− 𝜕,𝜕+𝜕+
𝜕ℎ

𝜕(𝜕,𝜕+𝜕+𝐴,)

−𝜕,𝜕+𝜕.
𝜕ℎ

𝜕!𝜕,𝜕+𝜕.𝐴,%
−𝜕,𝜕-𝜕+

𝜕ℎ
𝜕(𝜕,𝜕-𝜕+𝐴,)

−𝜕,𝜕-𝜕.
𝜕ℎ

𝜕(𝜕,𝜕-𝜕+𝐴,) ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

= 𝜕+𝜋70 + 𝜕+0𝜋00 − 𝜕+(𝜋(0 + 𝜕+𝐴, q
𝜕𝑔70

𝜕𝐴,
s																																																																																										(31) 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

𝜕ℎ
𝜕𝐴1

− 𝜕,
𝜕ℎ

𝜕!𝜕,𝐴1%
+ 𝜕+𝜕-

𝜕ℎ
𝜕!𝜕+𝜕-𝐴1%

+

𝜕,𝜕+
𝜕ℎ

𝜕!𝜕,𝜕+𝐴1%
+ 𝜕,𝜕-

𝜕ℎ
𝜕!𝜕,𝜕-𝐴1%

− 𝜕+𝜕+𝜕.
𝜕ℎ

𝜕!𝜕+𝜕+𝜕.𝐴1%

−𝜕+𝜕-𝜕+
𝜕ℎ

𝜕!𝜕+𝜕-𝜕+𝐴1%
− 𝜕+𝜕-𝜕.

𝜕ℎ
𝜕!𝜕+𝜕-𝜕.𝐴1%

− 𝜕,𝜕+𝜕+
𝜕ℎ

𝜕!𝜕,𝜕+𝜕+𝐴1%

−𝜕,𝜕+𝜕.
𝜕ℎ

𝜕!𝜕,𝜕+𝜕.𝐴1%
−𝜕,𝜕-𝜕+

𝜕ℎ
𝜕!𝜕,𝜕-𝜕+𝐴1%

−𝜕,𝜕-𝜕.
𝜕ℎ

𝜕!𝜕,𝜕-𝜕+𝐴1% ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

				 .

= 𝜕+𝜋7( + 𝜕+0𝜋0( − 𝜕+(𝜋(( + 𝜕+𝐴1 q
𝜕𝑔70

𝜕𝐴1
s																																																																																									(32) 

5 Example 
Take the following Lagrangian[26] as an example of a continuous system: 

ℒBC =	−	
1
4𝐹#D𝐹

#D −	
1
4𝑚0 𝐹#D𝜕E𝜕

E𝐹#D 	−
𝜕#𝐴#

2𝜉 − 𝐽#𝐴#																																																																																											(33) 

where 𝑚 is a parameter that has mass dimension, 𝐽# is an external source and 𝜉 is a gauge fixing parameter. 𝐹#D is a four 

dimension antisymmetric second rank tensor and	𝐴# is a the four – vector potential .  

Using, 
	𝐹#D = 𝜕#𝐴F − 𝜕F𝐴#
𝐹#D = 𝜕#𝐴F − 𝜕F𝐴#

x																																																																																																																																																											(34) 

𝜇, 𝑣, 𝛼 can be expanded into (0, 𝑖), (0, 𝑗)		𝑎𝑛𝑑	(0, 𝑘	), correspondingly; Lagrange (33) can be written as 

ℒBC =

⎣
⎢
⎢
⎢
⎡ −

1
4𝑚0 q

−2(𝐹+,)𝜕+0(𝐹+,) + 	2(𝐹+,)𝜕G0(𝐹+,)
−!𝐹,1%𝜕+0!𝐹,1% + !𝐹,1%𝜕G0!𝐹,1%

s

	
1
4�2

(𝐹+,)0 + !𝐹,1%
0� +

𝜕+𝐴+
2𝜉 +		

𝜕,𝐴,
2𝜉 +	𝐽+𝐴+ − 𝐽,𝐴,⎦

⎥
⎥
⎥
⎤
																																																																																	(35) 

The following are the outcomes of Equations (A1, A2, and A3): (see Appendix A). 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡ 𝐽+ + 𝜕,(𝐹+,) −

2
4𝑚0 𝜕,!𝜕+

0(𝐹+,) − 𝜕G0(𝐹+,)%−
2
4𝑚0 𝜕. �𝜕+

0!𝐹+.% + 𝜕G0!𝐹+.%� +

𝐽,−	𝜕+(𝐹+,) −
2
4𝑚0 𝜕+!𝜕+

0(𝐹+,) − 𝜕G0(𝐹+,)% −
1
4𝑚0 𝜕+

0 �2𝜕+(𝐹+,) − 𝜕.!𝐹,.%� +
2
4𝜕,!𝐹,1% −

1
4𝑚0 𝜕G

0 �2𝜕+(𝐹+,) + 𝜕.!𝐹,.%� −
1
4𝑚0 𝜕, �𝜕+

0!𝐹,1% + 𝜕G0!𝐹,1%�

−
1
4𝑚0 	𝜕.!𝜕+

0𝐹,. + 𝜕G0𝐹.1% = 0 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎤

																																																		(36) 
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The momenta 𝜋77	, 𝜋70			are given as 

𝜋77 =	
HB

H(HJKJ)
= ℒ

(HJKJ)
= − 7

0N
						                                                                                                     (37) 

𝜋70 =	
HB

H(HJKO)
= ℒ

(HJKO)
= (𝐹+,) +

0
*PQ 5𝜕+

0(𝐹+,) − 𝜕G0(𝐹+,)7                                                                    (38) 

𝜋7( =	𝜋07 =	𝜋00 = 𝜋0( = 𝜋(7 	= 𝜋(0	and =𝜋(( = 0	 are commonly set to zero in the literature by a wide range of authors. 

Because of the Lagrangian equation, 
ℒ

"#J$4%
	=	 ℒ

"#JQ$J%
	=	 ℒ

R𝜕0
2𝐴𝑖S

= 
ℒ

"#JQ$4%
	=

ℒ

"#J
T$J%

	=	 ℒ

R𝜕0
3𝐴𝑖S

		and 
ℒ

"#J
T$4%	

	=0 

As a result, 𝜋7( =	𝜋07 =	𝜋00 = 𝜋0( = 𝜋(7 	= 𝜋(0	and =𝜋(( = 0	  
The Hamiltonian density can therefore be expressed as: 

ℎ = 𝜋77𝜕+𝐴+ + 𝜋70𝜕+𝐴, + 𝜋7(𝜕+𝐴1 + 𝜋07𝜕+0𝐴+ + 𝜋00𝜕+0𝐴, + 𝜋0(𝜕+0𝐴1 +	𝜋(7𝜕+(𝐴+ + 𝜋(0𝜕+(𝐴, + 𝜋((𝜕+(𝐴, − ℒ								(39) 

Substituting the Lagrangian, we get 

ℎ =

⎣
⎢
⎢
⎢
⎢
⎢
⎡ 1

2𝜉
(𝜕+𝐴+) + q

1
4
(4𝐹+,) −

2
4𝑚0 !−𝜕+

0(𝐹+,) + 𝜕G0(𝐹+,)%s (𝜕+𝐴,)

−
1
4 �2

(𝐹+,)0 + !𝐹,1%
0� +

1
4𝑚0 q

−2(𝐹+,)𝜕+0(𝐹+,) + 2(𝐹+,)𝜕G0(𝐹+,)
−!𝐹,1%𝜕+0!𝐹,1% + !𝐹,1%𝜕G0!𝐹,1%

s

+
𝜕+𝐴+
2𝜉 −

𝜕,𝐴,
2𝜉 − 𝐽+𝐴+ + 𝐽,𝐴, ⎦

⎥
⎥
⎥
⎥
⎥
⎤

																																																													(40) 

Using Eqs. (27, 28 and 29) in case (1) respectively gives: 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡ 𝐽+ + 𝜕,(𝐹+,) −

2
4𝑚0 𝜕,!𝜕+

0(𝐹+,) − 𝜕G0(𝐹+,)%−
2
4𝑚0 𝜕. �𝜕+

0!𝐹+.% + 𝜕G0!𝐹+.%� +

𝐽,−	𝜕+(𝐹+,) −
2
4𝑚0 𝜕+!𝜕+

0(𝐹+,) − 𝜕G0(𝐹+,)% −
1
4𝑚0 𝜕+

0 �2𝜕+(𝐹+,) − 𝜕.!𝐹,.%� +
2
4𝜕,!𝐹,1% −

1
4𝑚0 𝜕G

0 �2𝜕+(𝐹+,) + 𝜕.!𝐹,.%� −
1
4𝑚0 𝜕, �𝜕+

0!𝐹,1% + 𝜕G0!𝐹,1%�

−
1
4𝑚0 	𝜕.!𝜕+

0𝐹,. + 𝜕G0𝐹.1% = 0 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎤

																																																		(41) 

This is similar to the result obtained using Euler-Lagrange, see Eq (36).  

Applying Hamilton's Eqs. (30,31, and 32), we could obtain: 

This is similar to the result obtained using Euler-Lagrange, see Eq (36).  

Applying Hamilton's Eqs. (30,31, and 32), we could obtain: 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡ 𝐽+ + 𝜕,(𝐹+,) −

2
4𝑚0 𝜕,!𝜕+

0(𝐹+,) − 𝜕G0(𝐹+,)%−
2
4𝑚0 𝜕. �𝜕+

0!𝐹+.% + 𝜕G0!𝐹+.%� +

𝐽,−	𝜕+(𝐹+,) −
2
4𝑚0 𝜕+!𝜕+

0(𝐹+,) − 𝜕G0(𝐹+,)% −
1
4𝑚0 𝜕+

0 �2𝜕+(𝐹+,) − 𝜕.!𝐹,.%� +
2
4𝜕,!𝐹,1% −

1
4𝑚0 𝜕G

0 �2𝜕+(𝐹+,) + 𝜕.!𝐹,.%� −
1
4𝑚0 𝜕, �𝜕+

0!𝐹,1% + 𝜕G0!𝐹,1%�

−
1
4𝑚0 	𝜕.!𝜕+

0𝐹,. + 𝜕G0𝐹.1% = 0 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎤

																																																		(42) 

For n=1, the result in (41 and 42) is identical to the result in [37]. 

6 Conclusion 
The Hamiltonian formulation for continuous systems with third order derivatives was investigated in this paper. Two cases 

are considered: (a) independent conjugate momenta, and (b) dependent conjugate momenta. For these systems, the Euler-

¶/
¶/

¶/
¶/

¶/
¶/

¶/
¶/

¶/
¶/

¶/
¶/

¶/
¶/

¶/
¶/

¶/
¶/
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Lagrange equation is derived. They also, calculated the Hamiltonian for these systems and used functional derivatives to 

obtain the Hamiltonian equation of motion for these systems. Our findings are, as expected, the same as those obtained 

using the Euler-Lagrange method. Considering case n ⟶ 1, our results would be similar with those obtained in [37, 38]. 

This study concludes with some examples of applications and their practical implications. First, we look at how the 

functional -order derivative affects the shape and structure of the first-order relativistic wave equation with interacting 

fields, as well as states with definite energy-momentum and spin projections from the functional order Lee–Wick equation. 

Second, in higher-order electromagnetic theory, we use the  functional derivative approach. To be compatible with special 

relativity, functional derivatives are formed by generalizing electrostatic laws, which are rules derived from the generalized 

Coulomb's law and the superposition principle. This accomplishment will almost certainly pave the way for further 

advances in functional relativistic quantum mechanics 

Using this method, the energy of interaction between a stationary point charge and a conducting plate can be computed. 

This technique could be used to estimate overall interaction for two charged conducting parallel plates. 

 

References 
[1] B. Podolsky, A generalized electrodynamics part I—non-quantum, Physical Review, 62, 68 , (1942). 

 [2] B. Podolsky, C. Kikuchi, A generalized electrodynamics part II—quantum, Physical Review, 65 , 228 , (1944). 

 [3] X.-Y. Zhu, Y. Xie, Strong deflection gravitational lensing by a Lee-Wick ultracompact object, The European Physical 

Journal C, 80 ,1-9,  (2020). 

[4] R. Cuzinatto, C. de Melo, P. Pompeia, Second order gauge theory, Annals of Physics, 322, 1211-1232 , (2007). 

[5] F. Barone, G. Flores-Hidalgo, A. Nogueira, External sources in Lee-Wick theories, Physical Review D, 88, 105031 , 

(2013). 

 [6] S. Kruglov, Solutions of Podolsky's electrodynamics equation in the first-order formalism, Journal of Physics A: 

Mathematical and Theoretical, 43, 245403, (2010). 

 [7] R.B.B. Santos, Plasma-like vacuum in Podolsky regularized classical electrodynamics, Modern Physics Letters A, 

26 ,1909-1915, (2011). 

[8] A. Accioly, M. Dias, Boson-boson effective nonrelativistic potential for higher-derivative electromagnetic theories in D 

dimensions, Physical Review D, 70 , 107705, (2004). 

[9] K.S. Stelle, Renormalization of higher-derivative quantum gravity, Physical Review D, 16, 953, (1977). 

[10] B. Grinstein, D. O’Connell, M.B. Wise, The Lee-Wick standard model, Physical Review D, 77 , 025012, (2008). 

[11] B. Grinstein, D. O’Connell, One-loop renormalization of Lee-Wick gauge theory, Physical Review D, 78 , 105005, 

(2008). 

[12] F. Krauss, T. Underwood, R. Zwicky, Process g g→ h 0→ γ γ in the Lee-Wick standard model, Physical Review D, 

77 , 015012, (2008). 

[13] A. Rodigast, T. Schuster, No Lee-Wick fields out of gravity, Physical Review D, 79 , 125017, (2009). 

[14] A. Accioly, P. Gaete, J. Helayel-Neto, E. Scatena, R. Turcati, Investigations in the Lee–Wick electrodynamics, 

Modern Physics Letters A, 26 , 1985-1994, (2011). 

[15] R. Bufalo, B.M. Pimentel, G.E.R. Zambrano, Path integral quantization of generalized quantum electrodynamics, 

Physical Review D, 83, 045007, (2011). 



J. Stat. Appl. Pro. 12, No. 2, 503-518 (2023) / http://www.naturalspublishing.com/Journals.asp                                                       513 
  

 
 
         © 2023 NSP 
           Natural Sciences Publishing Cor. 

 

[16] D.S. Kaparulin, S.L. Lyakhovich, A.A. Sharapov, Classical and quantum stability of higher-derivative dynamics, The 

European Physical Journal C, 74 , 1-19, (2014). 

[17] A. Polyakov, Fine structure of strings, Nuclear Physics B, 268, 406-412, (1986). 

[18] P. Di Vecchia, J. Petersen, M. Yu, H. Zheng, Explicit construction of unitary representations of the N= 2 

superconformal algebra, Physics Letters B, 174, 280-284, (1986). 

[19] J. Govaerts, A quantum anomaly for rigid particles, Physics Letters B, 293 , 327-334, (1992). 

[20] J. Govaerts, Relativistic rigid particles: Classical tachyons and quantum anomalies, Zeitschrift für Physik C Particles 

and Fields, 57 ,59-73, (1993) 

[21] V. Nesterenko, On squaring the primary constraints in a generalized Hamiltonian dynamics, Physics Letters B, 327, 

50-55, (1994). 

 [22] F. Barone, A. Nogueira, A conducting surface in Lee–Wick electrodynamics, The European Physical Journal C, 75, 1-

11, (2015). 

[23] A. Alekseev, B.A. Arbuzov, V.A. Baikov, Infrared asymptotic behavior of gluon Green's functions in quantum 

chromodynamics, Theoretical and Mathematical Physics, 52, 739-746, (1982). 

[24] A. Alekseev, B.A. Arbuzov, Classical Yang-Mills field theory with nonstandard Lagrangians, Theoretical and 

Mathematical Physics, 59, 372-378, (1984). 

[25] T.-j. Chen, M. Fasiello, E.A. Lim, A.J. Tolley, Higher derivative theories with constraints: exorcising Ostrogradski's 

ghost, Journal of Cosmology and Astroparticle Physics, 2013, 042, (2013). 

[26] S.I. Muslih, H.A. El-Zalan, Hamiltonian formulation of systems with higher order derivatives, International Journal of 

Theoretical Physics, 46, 3150-3158, (2007). 

[27]  H.A. El-Zalan, S.I. Muslih, E.M. Rabei, D. Baleanu, Hamilton formulation for continuous systems with second order 
derivatives, International Journal of Theoretical Physics, 47, 2195-2202, (2008). 
 
 [28] M. Rashid, S. Khalil, Hamiltonian description of higher order lagrangians, International Journal of Modern Physics A, 

11, 4551-4559, (1996). 

 [29] J. Govaerts, M.S. Rashid, The Hamiltonian formulation of higher order dynamical systems, arXiv preprint hep-

th/9403009, (1994). 

 [30] J.Z. Simon, Higher-derivative Lagrangians, nonlocality, problems, and solutions, Physical Review D, 41,  3720, 

(1990). 

[31]E. Jaradat, R. Hijjawi, J. Khalifeh, Maxwell's equations and electromagnetic Lagrangian density in fractional form, 

Journal of mathematical physics, 53, 033505, (2012). 

 [32] A.A. Diab, R. Hijjawi, J. Asad, J.M. Khalifeh, Hamiltonian formulation of classical fields with fractional derivatives: 

revisited, Meccanica, 48, 323-330, (2013). 

[33] H.A. El-Zalan, S.I. Muslih, E.M. Rabei, D. Baleanu, Hamilton formulation for continuous systems with second order 

derivatives, International Journal of Theoretical Physics, 47 , 2195-2202 ,(2008) . 

 [34] P.M. Morse, H. Feshbach, Methods of theoretical physics, American Journal of Physics, 22, 410-413,(1954) . 

[35]Y. Alawaideh, B. Al-khamiseh, W. Al-Awaida, A new approach for the generalized Dirac Lagrangian density with 
Atangana--Baleanu fractional derivative, Journal| MESA, 13  497-509, (2022). 
 



514                                                                                             Y. Alawaideh et al.: Hamiltonian Formulation of Generalized… 
 

 
  
© 2023 NSP 
Natural Sciences Publishing Cor. 
 

[36] Y. M Alawaideh, B. M Alkhamiseh, M. SM Lotayif, Reformulation Complex Scalar Field Interacting With the 

Electromagnetic Lagrangian Density by Riemann-Liouville Factional Derivative, Information Sciences Letters, 11,  

8 ,(2022) .  

[37] I. Cho, O.-K. Kwon, Generalized Lee-Wick formulation from higher derivative field theories, Physical Review D, 82, 

025013, (2010). 

[38] Y. Alawaideh, J. Khalifeh, R. Hijjawi, Hamiltonian Formulation For Continuous Third-Order Systems Using 

Fractional Derivatives, Jordanian Journal Of Physics, 14, 35-47, (2021) . 

 

 

 

Appendix A 

1-Euler-Lagrange Equations of Lee- Wick Lagrangian Density  
Let us start with the definition of Lee -Wick Lagrangian density and use the generalization formula of Euler – Lagrange 

equation (5) to obtain the equations of motion from Lee- Wick  Lagrangian density. 

Take the first field variable	𝜙 , then  

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

𝜕ℒ
𝜕𝜙 + −𝜕+

𝜕ℒ
𝜕(𝜕+𝜙)

−𝜕,
𝜕ℒ

𝜕(𝜕,𝜙)
+ 𝜕,𝜕+

𝜕ℒ
𝜕(𝜕,𝜕+𝜙)

+𝜕+𝜕+
𝜕ℒ

𝜕(𝜕+𝜕+𝜙)
+ 𝜕+𝜕-

𝜕ℒ
𝜕(𝜕+𝜕-𝜙)

+𝜕,𝜕-
𝜕ℒ

𝜕(𝜕,𝜕-𝜙)

−𝜕+𝜕+𝜕+
𝜕ℒ

𝜕(𝜕+𝜕+𝜕+𝜙)
− 𝜕+𝜕+𝜕.

𝜕ℒ
𝜕!𝜕+𝜕+𝜕.𝜙%

− 𝜕+𝜕-𝜕+
𝜕ℒ

𝜕(𝜕+𝜕-𝜕+𝜙)

−𝜕+𝜕-𝜕.
𝜕ℒ

𝜕!𝜕+𝜕-𝜕.𝜙%
−𝜕,𝜕+𝜕+

𝜕ℒ
𝜕(𝜕,𝜕+𝜕+𝜙)

− 𝜕,𝜕+𝜕.
𝜕ℒ

𝜕!𝜕,𝜕+𝜕.𝜙%

−𝜕,𝜕-𝜕+
𝜕ℒ

𝜕(𝜕,𝜕-𝜕+𝜙)
−𝜕,𝜕-𝜕.

𝜕ℒ
𝜕!𝜕,𝜕-𝜕.𝜙% ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

= 0																																																												(𝐴1) 

and use the general formula (5) to obtain other equations of motion from the other fields' variables	𝐴, , 𝐴1 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

𝜕ℒ
𝜕𝐴, −𝜕+

𝜕ℒ
𝜕(𝜕+𝐴,)

−𝜕,
𝜕ℒ

𝜕(𝜕,𝐴,)
+ 𝜕,𝜕+

𝜕ℒ
𝜕(𝜕,𝜕+𝐴,)

+𝜕+𝜕+
𝜕ℒ

𝜕(𝜕+𝜕+𝐴,)
+ 𝜕+𝜕-

𝜕ℒ
𝜕(𝜕+𝜕-𝐴,)

+𝜕,𝜕-
𝜕ℒ

𝜕(𝜕,𝜕-𝐴,)

−𝜕+𝜕+𝜕+
𝜕ℒ

𝜕(𝜕+𝜕+𝜕+𝐴,)
− 𝜕+𝜕+𝜕.

𝜕ℒ
𝜕!𝜕+𝜕+𝜕.𝐴,%

− 𝜕+𝜕-𝜕+
𝜕ℒ

𝜕(𝜕+𝜕-𝜕+𝐴,)

−𝜕+𝜕-𝜕.
𝜕ℒ

𝜕!𝜕+𝜕-𝜕.𝐴,%
−𝜕,𝜕+𝜕+

𝜕ℒ
𝜕(𝜕,𝜕+𝜕+𝐴,)

− 𝜕,𝜕+𝜕.
𝜕ℒ

𝜕!𝜕,𝜕+𝜕.𝐴,%

−𝜕,𝜕-𝜕+
𝜕ℒ

𝜕(𝜕,𝜕-𝜕+𝐴,)
−𝜕,𝜕-𝜕.

𝜕ℒ
𝜕!𝜕,𝜕-𝜕.𝐴,% ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

= 0																																																								(𝐴2) 

And  
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⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

𝜕ℒ
𝜕𝐴1 −𝜕+

𝜕ℒ
𝜕(𝜕+𝐴1)

−𝜕,
𝜕ℒ

𝜕(𝜕,𝐴1)
+ 𝜕,𝜕+

𝜕ℒ
𝜕(𝜕,𝜕+𝐴1)

+𝜕+𝜕+
𝜕ℒ

𝜕(𝜕+𝜕+𝐴1)
+ 𝜕+𝜕-

𝜕ℒ
𝜕(𝜕+𝜕-𝐴1)

+𝜕,𝜕-
𝜕ℒ

𝜕(𝜕,𝜕-𝐴1)

−𝜕+𝜕+𝜕+
𝜕ℒ

𝜕(𝜕+𝜕+𝜕+𝐴1)
− 𝜕+𝜕+𝜕.

𝜕ℒ
𝜕!𝜕+𝜕+𝜕.𝐴1%

− 𝜕+𝜕-𝜕+
𝜕ℒ

𝜕(𝜕+𝜕-𝜕+𝐴1)

−𝜕+𝜕-𝜕.
𝜕ℒ

𝜕!𝜕+𝜕-𝜕.𝐴1%
−𝜕,𝜕+𝜕+

𝜕ℒ
𝜕(𝜕,𝜕+𝜕+𝐴1)

− 𝜕,𝜕+𝜕.
𝜕ℒ

𝜕!𝜕,𝜕+𝜕.𝐴1%

−𝜕,𝜕-𝜕+
𝜕ℒ

𝜕(𝜕,𝜕-𝜕+𝐴1)
−𝜕,𝜕-𝜕.

𝜕ℒ
𝜕!𝜕,𝜕-𝜕.𝐴1% ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

= 0																																																							(𝐴3) 

1-Euler-Lagrangian Equation in terms of Functional derivative 

Expanding equation (5), where (𝜌 = 0, 𝑙)  , (𝜇 = 0, 𝑓)  , (𝜎 = 0, 𝑟)	, (𝜀 = 0, 𝑖)	𝑎𝑛𝑑  𝜌, 𝜎, 𝜀, 𝜇  in terms 

of	(0, 𝑙), (0, 𝑟)	, (0, 𝑖)	𝑎𝑛𝑑(0, 𝑓) respectively ,we get: 

�

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

𝜕ℒ
𝜕𝜓+

𝛿𝜓+ +
𝜕ℒ
𝜕𝜓/

𝛿𝜓/ −
𝜕ℒ

𝜕(𝜕,𝜓+)
𝜕,𝛿𝜓+ −

𝜕ℒ
𝜕(𝜕,𝜓/)

𝜕,𝛿𝜓/ +
𝜕ℒ

𝜕!𝜕+𝜓$%
𝜕+𝛿𝜓$ +

𝜕ℒ
𝜕!𝜕+0𝜓$%

𝜕+0𝛿𝜓$ +
𝜕ℒ

𝜕!𝜕+(𝜓$%
𝜕+(𝛿𝜓$ +

𝜕ℒ
𝜕(𝜕,𝜕+𝜓+)

𝜕,𝜕+𝛿𝜓+

+
𝜕ℒ

𝜕(𝜕,𝜕+𝜓/)
𝜕,𝜕+𝛿𝜓/ +

𝜕ℒ
𝜕(𝜕+𝜕-𝜓+)

𝜕+𝜕-𝛿𝜓+ +
𝜕ℒ

𝜕(𝜕+𝜕-𝜓/)
𝜕+𝜕-𝛿𝜓/ +

𝜕ℒ
𝜕(𝜕,𝜕-𝜓+)

𝜕,𝜕-𝛿𝜓+ +
𝜕ℒ

𝜕(𝜕,𝜕-𝜓/)
𝜕,𝜕-𝛿𝜓/ −

𝜕ℒ
𝜕!𝜕+𝜕+𝜕.𝜓+%

𝜕+𝜕+𝜕.𝛿𝜓+

−
𝜕ℒ

𝜕!𝜕+𝜕+𝜕.𝜓/%
𝜕+𝜕+𝜕.𝛿𝜓/ −

𝜕ℒ
𝜕(𝜕+𝜕-𝜕+𝜓+)

𝜕+𝜕-𝜕+𝛿𝜓+ −
𝜕ℒ

𝜕!𝜕+𝜕-𝜕.𝜓/%
𝜕+𝜕-𝜕.𝛿𝜓/

−
𝜕ℒ

𝜕(𝜕+𝜕-𝜕+𝜓/)
𝜕+𝜕-𝜕+𝛿𝜓/ −

𝜕ℒ
𝜕!𝜕+𝜕-𝜕.𝜓+%

𝜕+𝜕-𝜕.𝛿𝜓+ −
𝜕ℒ

𝜕(𝜕,𝜕+𝜕+𝜓+)
𝜕,𝜕+𝜕+𝛿𝜓+

−
𝜕ℒ

𝜕(𝜕,𝜕+𝜕+𝜓/)
𝜕,𝜕+𝜕+𝛿𝜓/ −

𝜕ℒ
𝜕!𝜕,𝜕+𝜕.𝜓+%

𝜕,𝜕+𝜕.𝛿𝜓+ −
𝜕ℒ

𝜕!𝜕,𝜕+𝜕.𝜓/%
𝜕,𝜕+𝜕.𝛿𝜓/

−
𝜕ℒ

𝜕(𝜕,𝜕-𝜕+𝜓+)
𝜕,𝜕-𝜕+𝛿𝜓+ −

𝜕ℒ
𝜕(𝜕,𝜕-𝜕+𝜓/)

𝜕,𝜕-𝜕+𝛿𝜓/ −
𝜕ℒ

𝜕(𝜕,𝜕-𝜕+𝜓+)
𝜕,𝜕-𝜕+𝛿𝜓+

−
𝜕ℒ

𝜕(𝜕,𝜕-𝜕+𝜓/)
𝜕,𝜕-𝜕+𝛿𝜓/ ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

𝑑(𝑟	𝑑𝑡

																																																																																																					

																			(	𝐴4) 

Integrating (A4) by parts with respect to space, we get: 

,𝑑𝑡,

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

𝜕ℒ
𝜕𝜓+

+−𝜕,
𝜕ℒ

𝜕(𝜕,𝜓+)
+𝜕,𝜕+

𝜕ℒ
𝜕(𝜕,𝜕+𝜓+)

+ 𝜕+𝜕-
𝜕ℒ

𝜕(𝜕+𝜕-𝜓+)

+𝜕,𝜕-
𝜕ℒ

𝜕(𝜕,𝜕-𝜓+)
− 𝜕+𝜕+𝜕.

𝜕ℒ
𝜕!𝜕+𝜕+𝜕.𝜓+%

− 𝜕+𝜕-𝜕+
𝜕ℒ

𝜕(𝜕+𝜕-𝜕+𝜓+)

−𝜕+𝜕-𝜕.
𝜕ℒ

𝜕!𝜕+𝜕-𝜕.𝜓+%
−𝜕,𝜕+𝜕+

𝜕ℒ
𝜕(𝜕,𝜕+𝜕+𝜓+)

− 𝜕,𝜕+𝜕.
𝜕ℒ

𝜕!𝜕,𝜕+𝜕.𝜓+%

−𝜕,𝜕-𝜕+
𝜕ℒ

𝜕(𝜕,𝜕-𝜕+𝜓+)
−𝜕,𝜕-𝜕.

𝜕ℒ
𝜕(𝜕,𝜕-𝜕+𝜓+) ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

𝑑(𝑟	𝛿𝜓+ + 
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∫𝑑𝑡 ∫

⎣
⎢
⎢
⎢
⎢
⎢
⎡+

Hℒ
HUV

− 𝜕,
Hℒ

H(HOUV)
+ 𝜕,𝜕+

Hℒ
H(HOHJUV)

+ 𝜕+𝜕-
Hℒ

H(HJHWUV)
+𝜕,𝜕-

Hℒ
H(HOHWUV)

−𝜕+𝜕+𝜕.
Hℒ

HXHJHJHYUVZ
− 𝜕+𝜕-𝜕+

Hℒ
H(HJHWHJUV)

− 𝜕+𝜕-𝜕.
Hℒ

HXHJHWHYUVZ

−𝜕,𝜕+𝜕+
Hℒ

H(HOHJHJUV)
− 𝜕,𝜕+𝜕.

Hℒ
HXHOHJHYUVZ

−𝜕,𝜕-𝜕+
Hℒ

H(HOHWHJUV)

−𝜕,𝜕-𝜕.
Hℒ

H(HOHWHJUV) ⎦
⎥
⎥
⎥
⎥
⎥
⎤

𝑑(𝑟𝛿𝜓/+ 

,𝑑𝑡,
𝜕ℒ

𝜕!𝜕+𝜓)%
𝛿!𝜕+𝜓)% +,𝑑𝑡,

𝜕ℒ
𝜕!𝜕+0𝜓)%

𝛿!𝜕+0𝜓+)% + ,𝑑𝑡,
𝜕ℒ

𝜕!𝜕+(𝜓)%
𝛿!𝜕+(𝜓)%																																						(𝐴5) 

Appendix B 

The Hamilton's equations of motion (all variables are independent (𝝍𝝆, 𝛑𝟏, 𝛑𝟐, 𝛑𝟑)). 

In this Appendix we obtain expressions B1, B2, B3 and B4 in terms of functional derivatives. First, comparing (25) and 

(26), we get the equations of motion in terms of Hamiltonian as: 

𝐻

𝜓)
= −𝜋7̇ + 	𝜋0̈−𝜋(⃛ 																																																																																																																																																									(𝐵1) 

By analogy with Eq. (9) for functional derivative of Lagrangian in terms of derivative of Lagrangian density, we can 

simply define the functional derivative of H in terms of derivative of Hamiltonian density with respect to the general 

variable field φ as 

𝐻

φ)
=	

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

𝜕ℎ
𝜕φ+

+
𝜕ℎ
𝜕φ/

−𝜕,
𝜕ℎ

𝜕(𝜕,φ+)
− 𝜕,

𝜕ℎ
𝜕(𝜕,φ/)

+ 𝜕+𝜕-
𝜕ℎ

𝜕(𝜕+𝜕-φ+)

+𝜕+𝜕-
𝜕ℎ

𝜕(𝜕+𝜕-φ/)
+ 𝜕,𝜕+

𝜕ℎ
𝜕(𝜕,𝜕+φ+)

+ 𝜕,𝜕+
𝜕ℎ

𝜕(𝜕,𝜕+φ/)

+𝜕,𝜕-
𝜕ℎ

𝜕(𝜕,𝜕-φ+)
+𝜕,𝜕-

𝜕ℎ
𝜕(𝜕,𝜕-φ/)

− 𝜕+𝜕+𝜕.
𝜕ℎ

𝜕!𝜕+𝜕+𝜕.φ+%

−𝜕+𝜕+𝜕.
𝜕ℎ

𝜕!𝜕+𝜕+𝜕.φ/%
− 𝜕+𝜕-𝜕+

𝜕ℎ
𝜕(𝜕+𝜕-𝜕+φ+)

− 𝜕+𝜕-𝜕+
𝜕ℎ

𝜕(𝜕+𝜕-𝜕+φ/)

−𝜕+𝜕-𝜕.
𝜕ℎ

𝜕!𝜕+𝜕-𝜕.φ+%
− 𝜕+𝜕-𝜕.

𝜕ℋ
𝜕!𝜕+𝜕-𝜕.φ/%

−𝜕,𝜕+𝜕+
𝜕ℋ

𝜕(𝜕,𝜕+𝜕+φ+)

−𝜕,𝜕+𝜕+
𝜕ℎ

𝜕(𝜕,𝜕+𝜕+φ/)
− 𝜕,𝜕+𝜕.

𝜕ℎ
𝜕!𝜕,𝜕+𝜕.φ+%

− 𝜕,𝜕+𝜕.
𝜕ℎ

𝜕!𝜕,𝜕+𝜕.φ/%

−𝜕,𝜕-𝜕+
𝜕ℎ

𝜕(𝜕,𝜕-𝜕+φ+)
−𝜕,𝜕-𝜕+

𝜕ℎ
𝜕(𝜕,𝜕-𝜕+φ/)

−𝜕,𝜕-𝜕.
𝜕ℎ

𝜕!𝜕,𝜕-𝜕.%

−𝜕,𝜕-𝜕.
𝜕ℎ

𝜕(𝜕,𝜕-𝜕+φ/) ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

																																														(𝐵2) 

Using the definition given in Eq. (B2) above, we can rewrite the equations of motion ( 𝐵1, 𝐵2, 𝐵3, 𝐵4)	in terms of 

Hamiltonian density such that 

¶/
¶/

¶/
¶/
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⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝜕ℎ
𝜕𝜓+

+
𝜕ℎ
𝜕𝜓/

−𝜕,
𝜕ℎ

𝜕(𝜕,𝜓+)
− 𝜕,

𝜕ℎ
𝜕(𝜕,𝜓/)

+𝜕,𝜕+
𝜕ℎ

𝜕(𝜕,𝜕+𝜓+)
+ 𝜕,𝜕+

𝜕ℎ
𝜕(𝜕,𝜕+𝜓/)

+𝜕+𝜕-
𝜕ℎ

𝜕(𝜕+𝜕-𝜓+)
+ 𝜕+𝜕-

𝜕ℎ
𝜕(𝜕+𝜕-𝜓/)

+ 𝜕,𝜕-
𝜕ℎ

𝜕(𝜕,𝜕-𝜓+)
+𝜕,𝜕-

𝜕ℎ
𝜕(𝜕,𝜕-𝜓/)

−𝜕+𝜕+𝜕.
𝜕ℎ

𝜕!𝜕+𝜕+𝜕.𝜓+%
− 𝜕+𝜕+𝜕.

𝜕ℎ
𝜕!𝜕+𝜕+𝜕.𝜓/%

− 𝜕+𝜕-𝜕+
𝜕ℎ

𝜕(𝜕+𝜕-𝜕+𝜓+)

−𝜕+𝜕-𝜕+
𝜕ℎ

𝜕(𝜕+𝜕-𝜕+𝜓/)
− 𝜕+𝜕-𝜕.

𝜕ℎ
𝜕!𝜕+𝜕-𝜕.𝜓+%

− 𝜕+𝜕-𝜕.
𝜕ℎ

𝜕!𝜕+𝜕-𝜕.𝜓/%

−𝜕,𝜕+𝜕+
𝜕ℎ

𝜕(𝜕,𝜕+𝜕+𝜓+)
− 𝜕,𝜕+𝜕+

𝜕ℎ
𝜕(𝜕,𝜕+𝜕+𝜓/)

− 𝜕,𝜕+𝜕.
𝜕ℎ

𝜕!𝜕,𝜕+𝜕.𝜓+%
−

𝜕,𝜕+𝜕.
𝜕ℎ

𝜕!𝜕,𝜕+𝜕.𝜓/%
−𝜕,𝜕-𝜕+

𝜕ℎ
𝜕(𝜕,𝜕-𝜕+𝜓+)

−𝜕,𝜕-𝜕+
𝜕ℎ

𝜕(𝜕,𝜕-𝜕+𝜓/)

−𝜕,𝜕-𝜕.
𝜕ℎ

𝜕!𝜕,𝜕-𝜕.𝜓+%
−𝜕,𝜕-𝜕.

𝜕ℎ
𝜕!𝜕,𝜕-𝜕.𝜓/% ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

	= −𝜋7̇ + 	𝜋0̈ −	𝜋(⃛																				(𝐵6) 

 

Appendix C 

The Hamilton's equations of motion (all variables are dependent (𝝍𝝆, 𝛑𝟏, 𝛑𝟐, 𝛑𝟑)). 

In this Appendix, the conjugate momenta are field dependent, where	π7depends on 𝜓), 	π0	depends on 𝜓)̇	𝑎𝑛𝑑	π( depends 

on 𝜓)̈.let us define 𝜋7 = 𝑔(ψ9)	, 𝜋0 = 𝑓(𝜕+ψ9)	and 𝜋( = 𝑘(𝜕+𝜕+ψ9)	. So that, we can write their variations as: 

𝛿𝜋7 =
𝜕𝑔
𝜕𝜓)

δψ9																																																																																																																																																																						(𝐶1) 

𝛿𝜋0 =
𝜕𝑓

𝜕!𝜕+ψ9%
δ!𝜕+ψ9%																																																																																																																																																					(𝐶2) 

𝛿𝜋( =
𝜕𝑘

𝜕!𝜕+0ψ9%
δ!𝜕+0ψ9%																																																																																																																																																				(𝐶3) 

Now, substituting Eqs.(𝐶1), (𝐶2)	and (𝐶3)	into Eq.(26) , and comparing with Eq.(11), we get the general equations of the 

Hamiltonian density for this case: 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝜕ℎ
𝜕𝜓+

+
𝜕ℎ
𝜕𝜓/

−𝜕,
𝜕ℎ

𝜕(𝜕,𝜓+)
− 𝜕,

𝜕ℎ
𝜕(𝜕,𝜓/)

+ 𝜕+𝜕-
𝜕ℎ

𝜕(𝜕+𝜕-𝜓/)
+𝜕,𝜕-

𝜕ℎ
𝜕(𝜕,𝜕-𝜓+)

+𝜕,𝜕-
𝜕ℎ

𝜕(𝜕,𝜕-𝜓/)
+ 𝜕+𝜕-

𝜕ℎ
𝜕(𝜕+𝜕-𝜓/)

+𝜕,𝜕-
𝜕ℎ

𝜕(𝜕,𝜕-𝜓+)
+𝜕,𝜕-

𝜕ℎ
𝜕(𝜕,𝜕-𝜓/)

−𝜕+𝜕+𝜕.
𝜕ℎ

𝜕!𝜕+𝜕+𝜕.𝜓+%
− 𝜕+𝜕+𝜕.

𝜕ℎ
𝜕!𝜕+𝜕+𝜕.𝜓/%

− 𝜕+𝜕-𝜕+
𝜕ℎ

𝜕(𝜕+𝜕-𝜕+𝜓+)

−𝜕+𝜕-𝜕+
𝜕ℎ

𝜕(𝜕+𝜕-𝜕+𝜓/)
− 𝜕+𝜕-𝜕.

𝜕ℎ
𝜕!𝜕+𝜕-𝜕.𝜓+%

− 𝜕+𝜕-𝜕.
𝜕ℎ

𝜕!𝜕+𝜕-𝜕.𝜓/%

−𝜕,𝜕+𝜕+
𝜕ℎ

𝜕(𝜕,𝜕+𝜕+𝜓+)
− 𝜕,𝜕+𝜕+

𝜕ℎ
𝜕(𝜕,𝜕+𝜕+𝜓/)

− 𝜕,𝜕+𝜕.
𝜕ℎ

𝜕!𝜕,𝜕+𝜕.𝜓+%
−

𝜕,𝜕+𝜕.
𝜕ℎ

𝜕!𝜕,𝜕+𝜕.𝜓/%
−𝜕,𝜕-𝜕+

𝜕ℎ
𝜕(𝜕,𝜕-𝜕+𝜓+)

−𝜕,𝜕-𝜕+
𝜕ℎ

𝜕(𝜕,𝜕-𝜕+𝜓/)

−𝜕,𝜕-𝜕.
𝜕ℎ

𝜕!𝜕,𝜕-𝜕.𝜓+%
−𝜕,𝜕-𝜕.

𝜕ℎ
𝜕!𝜕,𝜕-𝜕.𝜓/% ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

= −𝜋7̇ + 𝜋0̈ − 𝜋(⃛ +𝜓)̇
𝜕𝑔
𝜕𝜓)

				(𝐶4) 
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⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝜕ℎ

𝜕𝜕+𝜓+
+

𝜕ℎ
𝜕𝜕+𝜓/

−𝜕,
𝜕ℎ

𝜕(𝜕,𝜕+𝜓+)
− 𝜕,

𝜕ℎ
𝜕(𝜕,𝜕+𝜓/)

+𝜕,𝜕+
𝜕ℎ

𝜕(𝜕,𝜕+0𝜓+)
+ 𝜕,𝜕+

𝜕ℎ
𝜕(𝜕,𝜕+0𝜓/)

+𝜕+𝜕-
𝜕ℎ

𝜕(𝜕+0𝜕-𝜓+)
+ 𝜕+𝜕-

𝜕ℎ
𝜕(𝜕+0𝜕-𝜓/)

+𝜕,𝜕-
𝜕ℎ

𝜕(𝜕+𝜕,𝜕-𝜓+)
+𝜕,𝜕-

𝜕ℎ
𝜕(𝜕+𝜕,𝜕-𝜓/)

−𝜕+𝜕+𝜕.
𝜕ℎ

𝜕!𝜕+(𝜕.𝜓+%
− 𝜕+𝜕+𝜕.

𝜕ℎ
𝜕!𝜕+(𝜕.𝜓/%

− 𝜕+𝜕-𝜕+
𝜕ℎ

𝜕(𝜕+(𝜕-𝜓+)

−𝜕+𝜕-𝜕+
𝜕ℎ

𝜕(𝜕+(𝜕-𝜓/)
− 𝜕+𝜕-𝜕.

𝜕ℎ
𝜕!𝜕+0𝜕-𝜕.𝜓+%

− 𝜕+𝜕-𝜕.
𝜕ℎ

𝜕!𝜕+0𝜕-𝜕.𝜓/%

−𝜕,𝜕+𝜕+
𝜕ℎ

𝜕(𝜕,𝜕+(𝜓+)
− 𝜕,𝜕+𝜕+

𝜕ℎ
𝜕(𝜕,𝜕+(𝜓/)

− 𝜕,𝜕+𝜕.
𝜕ℎ

𝜕!𝜕,𝜕+(𝜕.𝜓+%
−

𝜕,𝜕+𝜕.
𝜕ℎ

𝜕!𝜕,𝜕+0𝜕.𝜓/%
−𝜕,𝜕-𝜕+

𝜕ℎ
𝜕(𝜕,𝜕-𝜕+0𝜓+)

−𝜕,𝜕-𝜕+
𝜕ℎ

𝜕(𝜕,𝜕-𝜕+0𝜓/)

−𝜕,𝜕-𝜕.
𝜕ℎ

𝜕!𝜕+𝜕,𝜕-𝜕.𝜓+%
−𝜕,𝜕-𝜕.

𝜕ℎ
𝜕!𝜕+𝜕,𝜕-𝜕.𝜓/% ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

= 𝜕+0ψ9
𝜕𝑓

𝜕!𝜕+ψ9%
										(𝐶5) 

 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
𝜕ℎ

𝜕𝜕+0𝜓+
+
𝜕ℎ
𝜕𝜓/

−𝜕,
𝜕ℎ

𝜕(𝜕+0𝜕,𝜓+)
− 𝜕,

𝜕ℎ
𝜕(𝜕,𝜓/)

+ 𝜕+𝜕-
𝜕ℎ

𝜕(𝜕+(𝜕-𝜓/)
+𝜕,𝜕-

𝜕ℎ
𝜕(𝜕+0𝜕,𝜕-𝜓+)

+𝜕,𝜕-
𝜕ℎ

𝜕(𝜕+0𝜕,𝜕-𝜓/)
+ 𝜕+𝜕-

𝜕ℎ
𝜕(𝜕+(𝜕-𝜓/)

+𝜕,𝜕-
𝜕ℎ

𝜕(𝜕+0𝜕,𝜕-𝜓+)
+𝜕,𝜕-

𝜕ℎ
𝜕(𝜕+0𝜕,𝜕-𝜓/)

−𝜕+𝜕+𝜕.
𝜕ℎ

𝜕!𝜕+*𝜕.𝜓+%
− 𝜕+𝜕+𝜕.

𝜕ℎ
𝜕!𝜕+*𝜕.𝜓/%

− 𝜕+𝜕-𝜕+
𝜕ℎ

𝜕(𝜕+*𝜕-𝜓+)

−𝜕+𝜕-𝜕+
𝜕ℎ

𝜕(𝜕+*𝜕-𝜓/)
− 𝜕+𝜕-𝜕.

𝜕ℎ
𝜕!𝜕+𝜕-𝜕.𝜓+%

− 𝜕+𝜕-𝜕.
𝜕ℎ

𝜕!𝜕+𝜕-𝜕.𝜓/%

−𝜕,𝜕+𝜕+
𝜕ℎ

𝜕(𝜕,𝜕+𝜕+𝜓+)
− 𝜕,𝜕+𝜕+

𝜕ℎ
𝜕(𝜕,𝜕+*𝜓/)

− 𝜕,𝜕+𝜕.
𝜕ℎ

𝜕!𝜕,𝜕+(𝜕.𝜓+%
−

𝜕,𝜕+𝜕.
𝜕ℎ

𝜕!𝜕,𝜕+(𝜕.𝜓/%
−𝜕,𝜕-𝜕+
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