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Abstract: The functional variational principle and differential equations of motion for the Lee—Wick electrodynamics
equation are investigated in this study. A functional Hamiltonian principle is built utilizing the concept of a functional
derivative. The Hamiltonian formulation of third-order continuous field systems is created using functional derivatives for
continuous third-order systems. The formalism is generalized, and this new formulation is used to solve the Lee—Wick
electrodynamics equation. We used the Euler-Lagrange equations for these systems to compare the results obtained using
Hamilton's equations in terms of functional derivatives. To compare the outcomes of the two methodologies in terms of
functional derivatives, one example has been presented. The results of this study show that functional calculus has more
flexible models than classical calculus due to the ordering of the functional derivative and the functional operator. This

property is critical when developing a novel generalization of the Lee-Wick equation using functional derivatives.

Key Words: Functional derivatives, Hamiltonian Systems, Lee—Wick electrodynamics Equation

1 Introduction

Higher order derivative theories have been discussed in the literature by a large number of authors [1,2,3,4,5,6] mainly due
to, the possibility of obtaining finite theories at short distances. An illustrative example of such, a class of theories is the
electrodynamics proposed by Lee—Wick. The simplest higher-order derivative gauge theory is the so-called Lee—Wick
electrodynamics, which is characterized by the Maxwell Lagrangian and a higher-order derivative kinetic term. Since its
proposition, the theory has been standing out by its classical as well as its quantum aspects, as it exposures many interesting
peculiarities. For example, the fact that in this electrodynamics the self-energy of a point charge is finite in (3 + 1)
dimensions [7,8,9,10,11,12] , it tracks a finite theory Closely related to the Pauli—Villars regularization scheme

[13,14,15,16,17,18] where the divergences of the quantum electrodynamics are controllable [19] and it shows classical
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dynamical stability[20]. With the passage of time, systems with higher order Lagrangian have been studied with rising
interest because they appear in many pertinent physical problems. More general examples being perhaps higher order
regularization of quantum gauge field theories and so-called rigid strings [21, 22], rigid particles [23, 24] , a relativistic
particle with curvature and torsion in three dimensional space-time, and the work of Lee—Wick [25] who independently
proposed generalization of electrodynamics containing third order derivatives. The effective Lagrangian in gauge theories
[26, 27] , dealing with theories of higher order derivatives has been first developed by Ostrogradski [28] ,allowed them to
obtain the Hamilton equations of motion and the Euler-Lagrange equations. Chen T.J. et al [29] investigated the linear
instability in a non-degenerate higher-derivative theory and found that it can only be removed by the addition of constraints
if the original theory’s phase space is reduced. The path integral quantization of systems of higher order derivatives were
presented in ref [30].
In ref.[31], the action function is examined for both constrained and unconstrained systems in order to discover a solution
to the appropriate set of Hamilton-Jacobi partial differential equations. Researchers used the WKB approach to solve the
motion equations. Separately, other Scholars [32,33] used Dirac's approach to limited dynamics to examine the
Hamiltonian formulation of higher order dynamical systems.
They created the Hamiltonian formulation of conventional higher-order Lagrangians, as well , as Ostrogradski's standard
description of such systems. Furthermore, reference [34] investigated a novel development for systems with higher order
derivatives. References[35, 36] have reported a new evolution of systems with higher order fractional derivatives in recent
decades, and the route integral quantization for both conservative and non-conservative systems has been recovered.
While working on the Hamilton formulation for continuous systems with second order derivatives, researchers defined
techniques for system with second order differential equation in reference [37].Muslih and El-Zalan [31,38] recently
established unique formulations for dealing with discrete systems with higher order Lagrangians, using path integral
quantization to obtain canonical coordinates without the requirement to integrate over higher order derivatives. The authors
utilized the formalism to investigate second-order Lagrangian. The research's key contribution is to evaluate Hamilton's
equation using its innovative functional derivatives formulation, which is based on previously published data. The
characteristics listed below define the new features presented in this article.
v In this technique, we extend our formulations such that they may be used to continuous systems with third-order
derivatives. The purpose of the method is to obtain Lee-Wick generalized electrodynamics.
v Because The new formulation uses the functional Derivative, they are more challenging to solve in practice. As, a
result, we provide a novel and efficient technique.
v’ There are three factors that distinguish the functional derivative:
1. It recently piqued the curiosity of several researchers, and some applications have been updated to reflect
this description.
2. Itis a method for simulating system ordinary differential equations such as the Lagrange and Hamiltonian
equations.
3. By combining the Lagrange and Hamiltonian equations into systems-order differential equation models,
the functional derivative enables the development of novel comparisons and applications.
For these reasons, we reconstruct the Lee-Wick field using the functional derivative, as used by the authors in equation

modeling, and then apply the Generalized functional derivative to produce Hamiltonian equations for this system.
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The following is a breakdown of how this work is organized: Section 2 summarizes the Euler-Lagrange equations of
motion. Sec. 3 investigates the momentum density form of the Euler-Lagrange equation. Section 4 is devoted to motion
equations in terms of Hamiltonian density in functional derivative form. Section 5 explores Hamilton's equation in terms of
((I),A,-,Aj). Section 6 demonstrates how a classical field can be utilized to construct Lee-Wick in functional derivative
form.

2 The Euler-Lagrange equations of motion

We start by constructing a classical Lagrangian density L(ll}u , 0,0y, 0,05y, auaaaglpp) depending on generalized

coordinates 1,and derivatives. Now we can write the L as:

L= f ‘C(l»bp , all»bp' alaolpp' alaaaslpp)dsx (1)

We apply the principle of least action and obtain
aL

oL oL
5s= | o
3(0,0,,) 9(02050:y)

=0y, + 01(6Y,) +
70, " 3arpy) MOV
Appendix A illustrates the Euler-Lagrange equations.
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The integration over space formula in Eq. (2) can now be converted into summation as follows (view Appendix A):
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By terms of Lagrangian density, we can express Eq. (4) as follows:
Z[SL],' 81:,: =0
i
where the left-hand side in Eqs.(4 and 5) represents the variation of L(i.e. L) which is now produced by independent
S(Ipp)i, 5(60¢p)i, 5(631/)p)i, and 5(631/)p)i. Suppose now that
all6(¢p)i, 5(601,bp)i, 5(651/)p)i, and 6(6§1,bp)iare zeros except for a particular 6;. It is natural to define the functional

variations in

derivative of the Lagrangian ( @ L) with respect to 6(1,bp)i, 6(601,bp)i, 6(6§¢p)i, and 6(63¢p)if0r a point in the j-th cell to
the ratio of SL to  &1; .
Applying Eq. (4) and noting that now the left side denotes L, we get:

dL i 5L oL ©
—— = lim - =
89 00,) 5 000h)
dL i 5L oL o
— = 1lm = =
Dy e08(Y,)8y  9(95y)
dL i 5L oL ®)
— = 1lm =
oy 0 8(Y,)8y  9(33y)
and
oL oL oL oL
— 49, — 9
0Py 0y, 00ihy)  0(0:y)
49,0 oL + 9,0 oL + 0,0 0L
00(0:000) ' 0 0(8:009) 0T 9(90- )
+0,0 oL 49,0 oL +0,0 oL
0000, 9) T 0(8:0,) T 0(8;0,4)
8,0,0 oL 8,0,0 oL 9,0,.0 oL
@L oo fa(aoaoaflpo) oo fa(aoaoaflpl) o%r Oa(aoaraolpo)
é91p= 9,00 0L —9,0,.0 oL — 9,0, oL ®
p O00(0,0,000) O 0(0,0,0,0) T 3(040,05,)
9,0,0 oL 8,0,0 oL 9,0,0 oL
F009(8,000010) " C0(8:0000%) T 3(0:0,0,1)
9,0,0 oL 9,0,.0 oL 9,0.0 0L
0% 8(8,009,1) FT00(0,0,0000) 0 0(0;0,0,,)
9,00 oL 9,0,0 oL
T 0(0;0,00%0) T 8(0,0,00%)

They may now construct Eq. (9), the Euler-Lagrange equation, by using terms of a Lagrangian L and functional derivatives

as shown in Egs. (6),(7), and (8) to obtain:

L_s(an).man) ma) )
é91,bp at @¢p Jt2 @1l5p at3 @i[fp

As a result, Lagrangian variations can be defined in terms of functional derivatives and variants of 1, 1, 1 and s as
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5L_f[ &pp oL — 8y, + oL 8y, | dr (11)
lpp @’pp @ P

3 Euler-Lagrange Equation in terms of Momentum Density

Momentum could be represented in the following way:

[ a] 5[¢ ] (12)
[ a] 5[1/) ] (13)
177, = 5[#’ ], aw

The momentum densities 7, , T, and 5 can be obtained using Given in eq. (12), (13) and (14). As a result, generalized

moments are defined as

oL oL

R RIS (1>
oL oL

T, = a[lpp]j r [zlip]j (16)
oL oL

Ty = 0[17)})],- =3 [if’})]j (17)

From Eq. (9)

%zﬂl—ﬁz+ﬁg (18)

The above equation represents the form of Euler- Lagrange terms of momentum density and the functional derivative of the
Lagrangian.
4 Equations of Motion in terms of Hamiltonian Density in Functional Form

The following are the definitions of Hamiltonian formulations:

H =), + w3, + math,- L (19)

The Hamiltonian # can alternatively be expressed in terms of the Hamiltonian density H, as shown below:

H = Z Hi 6‘[,: (20)
i

Substituting Egs. (19) in to Eq. (20), one gets:

= (@), + @), + @) |61 - Y £or
i i

The following equation is written in continuous form as follows:

H = ([0 + ) ) + ) (i) = [ Laor 21)

Using Egs. 11 and 18, we can determine the following from variation of H:
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5 = f 8y, + 1, + myi,] dPr — 6L 22)
Using Egs. (15), (16), (17) and (18), we rewrite the variation of the Lagrangian( given by Eq. (11)) as:

6L = f[(ﬂ& — 1ty + 13) Y, + M 8, + M, 6P, + 1369, | dPr (23)
When Eq. (23) is substituted for Eq. (22), the following result is obtained:

SH = f[(—ﬂ'l + 1ty — 183)8Y, + 1,01y + 1,61, +1,6m;| d°r (24)

Because of the similarity to the variation in L (i.e. Eq. (11)), we may write the variation of Hamiltonian produced by

variations in independent variables in terms of functional derivative, as illustrated in cases 1 and 2.

Case 1:All variables are independent(,, , Ty, T, 3)

OH OH OH OH

6H = f — &Y, + émy + 6, + &ty | d3r (25)
oy, dmy T, i3

We obtain the separate equations of motion in terms of the Hamiltonian by comparing Eq. (25) with Eq. (24). (see

Appendix B).

Case 2: m;depend on (Y,),m,depend (9yW,) and mydepend (9g0oY,) ; so thatwe take the variation just only for

independent variables Y, , d,W,andd, do P, we can

d’r (26)

8H—f[ﬁ&p +ﬂ5(a Y )+ﬂ5(62¢ )
T O T C TS

Appendix C includes detailed equations of motion derived from Eq (26)
5- The Hamilton's equation in terms(q), A, A ]-)
We could obtain the following two cases by defining the fields' variables s, (¢,Al~ and A]-) and then writing the

Hamilton's equation in terms of functional derivatives as follows (cases 1 and 2):

Case 1: All variables are independent
[ 0h oh oh oh oh

— —0;,———— + 8,0, +0,0 +0,0,
g 1a(0;p) O 9(090r¢) °0(0;009) 9(0;0,¢)
oh
—00000; ————— — 040,09 —=————— — 90,0y —————
S Gne) T 0@y 0000 )|_
ah = —0ym; + 051, — 053 (27)
—0,000) —————— —0;000; —————~ — ;0,00 ————————
0700(8;00000) ' 9(8:000r0) °3(8,0,0,$)
0,0, oh
Y 8(0,0,050)
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L L S
04; '0(8:4)  ° T 9(000,4)

oh
205000, 47)

oh

%0 5@:300040)

oh
@00 a) 3000080 7Y 30,9080 |

oh
%00 3G @Ay

0,0

-9 -
0 " 9(8,0,0,4;)

" 5@ 00A) " o

—0;0¢

9
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9
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0A
S Example
Take the following Lagrangian[26] as an example of a continuous system:
1 " 1 o 9, A% P
Liw=— ZE‘VF ~ i Fy0q0“F* — 22 -J,A

31

32)

(33)

where m is a parameter that has mass dimension, J,, is an external source and ¢ is a gauge fixing parameter. F*V is a four
p > Ju

dimension antisymmetric second rank tensor and A* is a the four — vector potential .

Using,
F. = 0,4, —0,A,
FH = gAY — gV A+

W, v, @ can be expanded into (0, i), (0,j) and (0, k ), correspondingly; Lagrange (33) can be written as

1 <_2(F0i)ag (Foi) + 2(Fo)0% (Foi)>
4 —(Fi;)95(F;) + (F;) 0z (Fy)

Ly =

004~ 0i4;

%(2(1:01-)2 +(Fy)°) + 25 g+ Joho A
The following are the outcomes of Equations (Al A2, and A3): (see Appendix A).
o+ 0,(For) — =3 0:(08 (Fop) — 03 (Fo)— 7 af (03(For) + 02 (Foy)) +
~ 00 (For) = 7= 06(93 (For) = 02 (Fo))) = 7— 03 (za (For) — 9 (Fiy) ) +
a i(Fy) = 5= 0 (200(For) + af(Flf)) 50; (03(F,) + 92(Fy)))
— a3 0 (93F + agFfj) =0

(34)

(35)

(36)
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The momenta 7t ,{ are given as

1 oL i 1
1 9(d040) P (8040) 28 (37
n2= 9k _ 0c = (Fo) + [a (Foi) — 07 (Fo))] (38)
1 8(0A;) @ (@0A)) 0i o \Loi k\Loi
T} = my = w5 =m; =ny =n5and =n3 = 0 are commonly set to zero in the literature by a wide range of authors.

dr dr dr dr dr il q dr
= = = = = an =
D (9045) 0 (0340) O (054;) @ (254;) 0 (0340) @ (54)) 0 (334;)
Asaresult, 73 = 3 = n5 =n3 =n) =nsand=n; =0
The Hamiltonian density can therefore be expressed as:

h = mid,Ay + 7 0,A; + 13 00A; + m305Ag + m505A; + m305A; + m305A, + m305A; + w3054, — L (39)

Because of the Lagrangian equation,

Substituting the Lagrangian, we get

1
E(avo) + ( (4Foi) = 7 ( 05 (For) + 05 (Fol))> (004:)
1 2 1 (=2(Fo)05 (Fop) + 2(Fo;) 05 (Foi)>
h=|-=(2(Fp)*+ (F;)") +— 40
4 (280" + (7)) 4m? ( —(Fy)93 (Fy) + (Fiy) 9% (Fyy) o
0oAo  0iA; A +TA
+ 2% 2% JoAo +JiA;
Using Egs. (27, 28 and 29) in case (1) respectively gives:
Jo + 0u(Fo0) = 5= 0u(03 (Fo) — 92 (Fo))— af (92 (For) + 92(For)) +|
— 00 (For) =~ 70003 (Fo) — 92 (For)) — 705 (200(Fon) — 6, (Fif)) + o
41
1
a i(Fy) = 5= 0 (20, (Fm) + af(Flf)) 50; (03(F,) + 92(Fy)))
This is similar to the result obtained using Euler-Lagrange, see Eq (36).
Applying Hamilton's Egs. (30,31, and 32), we could obtain:
This is similar to the result obtained using Euler-Lagrange, see Eq (36).
Applying Hamilton's Egs. (30,31, and 32), we could obtain:
Jo + 0u(Fo0) = 5= (03 (Fo) — 92 (Fo))— af (92 (For) + 02(For)) +|
— 00 (For) = 7= 00(93 (For) = 02 (Fo)) = 7— 03 (26 (For) — 9 (Fiy)) + w2
42
a i(Fy) = 5= 0 (200(For) + af(Flf)) 50; (03(F,) + 92(Fy)))

For n=1, the result in (41 and 42) is identical to the result in [37].
6 Conclusion

The Hamiltonian formulation for continuous systems with third order derivatives was investigated in this paper. Two cases

are considered: (a) independent conjugate momenta, and (b) dependent conjugate momenta. For these systems, the Euler-
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Lagrange equation is derived. They also, calculated the Hamiltonian for these systems and used functional derivatives to
obtain the Hamiltonian equation of motion for these systems. Our findings are, as expected, the same as those obtained
using the Euler-Lagrange method. Considering case n — 1, our results would be similar with those obtained in [37, 38].
This study concludes with some examples of applications and their practical implications. First, we look at how the
functional -order derivative affects the shape and structure of the first-order relativistic wave equation with interacting
fields, as well as states with definite energy-momentum and spin projections from the functional order Lee—Wick equation.
Second, in higher-order electromagnetic theory, we use the functional derivative approach. To be compatible with special
relativity, functional derivatives are formed by generalizing electrostatic laws, which are rules derived from the generalized
Coulomb's law and the superposition principle. This accomplishment will almost certainly pave the way for further
advances in functional relativistic quantum mechanics

Using this method, the energy of interaction between a stationary point charge and a conducting plate can be computed.

This technique could be used to estimate overall interaction for two charged conducting parallel plates.
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Appendix A

1-Euler-Lagrange Equations of Lee- Wick Lagrangian Density

Let us start with the definition of Lee -Wick Lagrangian density and use the generalization formula of Euler — Lagrange
equation (5) to obtain the equations of motion from Lee- Wick Lagrangian density.

Take the first field variable ¢ , then
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and use the general formula (5) to obtain other equations of motion from the other fields' variables A?, A’
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1-Euler-Lagrangian Equation in terms of Functional derivative
Expanding (5), , W=0,1) ,
of (0,1),(0,7),(0,i) and(0, f) respectively ,we get:

oL oL oL

FRALI L TE R
oL

2 oL s oL
IS MG C KT RN

equation where (p=0,0)

FIGED 2(%%

0;0,

0,005, + 00,60 + =
e TR

oL
6(60606f¢0)

0(000,0)
ai67"67~»[)l -

GRS
9,0, 80 + —o—
Yot 3@0, w0
oL

0(0;0:%0)

oL oL
06 — 22— 0;6Y; + ———— 001, +

000,81, +

0900075

(6 =0,r),(e=0,i)and

¥r)
5o

d3r dt

oL 540 5P
3(00000pp;) ° 0T
aL
0(0¢0,9,Y,)
oL
0(0;0,00Y,)
oL
0(0;0,091,)

II

0900059, —

0;00006Y,; —

0;0,0061, —

O 5,0,0,6, —
3(309,0915) (00r000%o

oL
0(8,0,071,)

oL
0(8,0007,)

oL
0(0;0,00%1)

909,051 —
0;00076 —

0;0,0081, —

T 5.0,0,8
333590 10g) 1000000

oL
0(8,00071,)

oL
0(0:0,-00%0)

0;0007 Y,

0;0,0061,

oL

T 5.0.0,6
3033, 9qp) 0ot

Integrating (A4) by parts with respect to space, we get:
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Appendix B
The Hamilton's equations of motion (all variables are independent (), Tt;, Ty, Tt3)).
In this Appendix we obtain expressions B1, B2, B3 and B4 in terms of functional derivatives. First, comparing (25) and

(26), we get the equations of motion in terms of Hamiltonian as:

ﬁ = —i1, + 10,7, (B1)
oy,

By analogy with Eq. (9) for functional derivative of Lagrangian in terms of derivative of Lagrangian density, we can

simply define the functional derivative of H in terms of derivative of Hamiltonian density with respect to the general

variable field @ as
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Using the definition given in Eq. (B2) above, we can rewrite the equations of motion ( B1,B2,B3,B4) in terms of

Hamiltonian density such that
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Appendix C

The Hamilton's equations of motion (all variables are dependent (Y, Tty, T, Tt3)).

In this Appendix, the conjugate momenta are field dependent, where 1t; depends on 1, T, depends on l,lip and 13 depends

on lﬁp.let us define m; = g(W,) ,m, = f(doP,) and 73 = k(9,9,W,,) . So that, we can write their variations as:
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Now, substituting Eqs.(C1), (€2) and (C3) into Eq.(26) , and comparing with Eq.(11), we get the general equations of the

Hamiltonian density for this case:
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