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Abstract: This study examines the global features of the SEZR epidemic model in its fractional-order version with time delay.
General functions are considered to govern the infection transmission rate, and the rate at which diseased individuals are removed from
the infected class. First, we form the proposed model in the Caputo case and perform fundamental mathematical analysis of the model
solutions, such as checking for non-negativity and boundedness. The basic reproduction number Ry is then provided after computing
the equilibrium points. Following that, sufficient criteria for the global stability of each equilibrium are checked using the relevant
Lyapunov functions. It is shown that the characteristics of these general functions, along with the basic reproduction number Ro,
impact the model’s global features. Finally, a numerical simulation is presented to show the viability and effectiveness of the derived
analytical conclusions. According to the results, the system’s enhanced dynamic behavior and larger stability regions in equilibria

demonstrate the influence of incorporating the time delay and fractional-order.
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1 Introduction

In our world, infectious diseases are a constant threat to
humanity, bringing panic and disaster if not controlled.
The emergence and re-emergence of infectious diseases
has become a major global issue, motivating scientists
from a variety of disciplines to work quickly to better
understand the mechanisms of disease transmission. One
of the most important areas of mathematical modelling is
the study of disease propagation. Infectious disease
modelling is a methodology used to investigate disease
transmission mechanisms, forecast the path of future
outbreaks, and identify the most effective control
methods. Mathematical models are commonly employed
in epidemiology to analyze the dynamics of diseases and
epidemics. It seeks to capture key elements that influence
the epidemic progression and can predict how a disease
will disseminate across time and space [1,2,3,4,5,6].

As a result, many researchers have applied various
forms of mathematical models to explore the dynamical

behaviour of infectious diseases [7,8]. Several infectious
diseases, including measles, SARS, AIDS, tuberculosis,
and COVID-19, possess an incubation or latent phase
when a person contracts an infection but is not yet
contagious. This delay can be simulated by creating a
separate group named exposed, in which the
susceptible person stays for a specified period of time
before migrating to the infected group [9,10,11,12].

Epidemic models with time delays have piqued
researchers’ interest. The need for time delays in the
epidemic models stems from the need to reflect the effects
of these factors (latent, incubation periods, temporary
immunity). Several epidemic models have been
developed with infectious force in the latent phase, since
some models require a limited amount of time to collect
information and take action. Adding some previous
history to the system in the models is a more realistic
approach and incorporating time delays into models is the
best technique to simulate such processes. Some authors
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emphasize the significance of including a time delay in
these epidemic models to consider the incubation period,
which leads to the use of delay differential equations [9,
13,14].

In recent decades, there has been a great deal of
interest in applying fractional calculus theory to model
biological systems mathematically. It has been shown that
a fractional-order derivative is a useful tool in
epidemiology. Fractional differentiation to an arbitrary
order is more general than classical differentiation and
integration. Because it naturally includes both nonlocal
and memory effects, it’s a good fit for modelling epidemic
transmission. For these reasons, many scientists have
begun to use fractional differential equations (FDEs) to
study epidemiological models [15,16,17,18,19].

Time delay was recently introduced to a
fractional-order epidemic model by numerous researchers
[12,20,21]. Fractional derivatives and time delay in the
model exhibit similar features. Hence, the combination of
these two forms of memory in epidemiological models
will certainly enhance the model dynamics. Recently, the
authors in [22] investigated a fractional SZ
epidemiological model with time delay. The dynamics of
SZR epidemiological model with a fractional-order were
studied in [23] using time delay and generic incidence
rate functionals. Furthermore, Ilhem et al [24] studied the
qualitative behaviour of a fractional SEZR model that
includes a time delay and a generic incidence rate
function.

Following previous studies, we present in this work a
delayed S EZR epidemic model as a system of FDEs that
includes generalized functions of nonlinear incidence and
treatment rates. The model we present is a generalization
of many of the previous models mentioned above.

The following is how the remaining manuscript is
structured. The model according to Caputo’s definition
and its basic properties are described in Section 2. The
existence of both infection-free and endemic equilibria in
terms of the basic reproduction number is investigated in
Section 3. Section 4 examines the global dynamics of the
Caputo model, which are dependent on the basic
reproduction number under some assumptions. After
Section 5 provides the numerical simulations, Section 6
wraps up with a brief comment.

2 Model description

In light of the foregoing, we propose a delayed SEZR
epidemiological model in which the entire population
N(t) is separated into four categories S(¢), E(t), Z(t)
and R(t) representing the susceptible, exposed,
infectious, recovered individuals, respectively, at time t.
The model as a system of FDEs comprising time delay
and two general nonlinear terms of the form 7(S,Z) and

¥(Z), respectively, is depicted as described below.

DES(t) = A= J(8(1), (1)) — dS(1),

DUE() =e™™J(S(t —7),Z(t = 7)) = (p+ ) E(?),
DOL(t) = pE(t) — (v + 6 + d)Z(t) — ¥(Z(1)),
DR(t) = VI( ) +¥(Z(t)) — dR(?).

(1)

D% stands for the fractional derivative of Caputo,
a € (0, 1] symbolizes the differential operator order and
the initial conditions of system (1) are

S() =W (6), E(E) = ¥a(E), I(§) =

E(€) = 3(8),
R(§) =Wy(§), €€ [-7,0]

)

where, ¥; € C([—
1,2,3,4.

The equation parameters in system (1) are all positive
constants with biological meanings, detailed as follows:
A = dN is the population recruitment rate, d indicates
the population’s natural mortality rate, 7 is the recovery
rate in contaminated people, J is the disecase-related
mortality rate, and exposed individuals become infectious
at rate p. The term 0 < e™™7 < 1 denotes the
population’s survival rate in the latent phase, whereas the
time delay 7 > 0 denotes the time it takes for them to
become infectious at time ¢, m is a positive constant. The
functions J(S,Z) and ¥(Z) represent nonlinear general
forms of incidence and treatment rates of infection,
respectively. For any S > 0 and Z > 0, we suppose that
J(S,Z) and ¥(Z) are continuously differentiable,
increase monotonically and meet the following criteria:

7,0], R) such that ¥;(0) > 0 for j =

C) J(S,7) >0 and J(S,0)
any §>0,7>0.

(Cy) J&(S,Z) >0, J(S,Z) >0, J(S,0) =0 and
Jr(8,0) >0 forany S>0,7>0.

7z
(Cg)(%) <0 forany &§>0,7Z>0.

(CO¥(T) >0, ¥0)=0 and ¥'(I) >0
7> 0.

= J(0,7) =0 for

for any

2.1 Properties of solutions

The non-negativity and boundedness of system (1)
solutions are discussed in this subsection.

Lemma 1 System (1) solutions with the initial conditions
(2) are non-negative, bounded and enters some compact
attracting set 1" such that

A
= {(§,E.I.R) € R{,,0< §,E.T,R< =},
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Proof. For system (1) and from conditions C and Cly, it
is clear that

DQS()|S 0o=A4>0,
“E(t)|p=0 = e " J(S(t = 7),Z(t = 7)) 20,
D“I( )Iz 0o =pE(t) >0,
D?R(t)|r=0 = ~Z(t) + ¥(Z(t)) = 0,
forany S, E, 7 > 0.
By Lemmas 2.5 and 2.6 in [25], we have
S(t), E(t),Z(t),R(t) >0 forany t>0.
To demonstrate the boundedness, let
N(t) =e ™7 S(t — 1) + E(t) + Z(t) + R(1),
taking the fractional-order derivative of N'(¢) and from
system (1), then
DN (t) =e~™" D*S(t — 7) + DE(t) + DYZ(t)
+ D*R(t)
—e~m7 (A dS(t — 7‘)) —8Z(t)
—d(E(t) +Z(t) + R(t))
<A —dN(t).
Solving the last inequality, we get
A A
< -z —dtY)+ =
N (@) < (N(O) = ) Ba(=dt) + =,
E, (—dt%) is the Mittag-Leffer function of parameter

a [26,27], satisfying 0 < E,(—dt*) < 1forall ¢t > 0,
then

N(t) < Nmyf§)+§,
N(0) = S(0) + E(0) + Z(0) + R(0), This lead to

Therefore, we conclude that system (1) solutions are
bounded. Furthermore, the set

A
T={(S,E,I,R) € R;,,0<S,E,I,R < E}

is a non-negative attracting set for system (1), and this
completes the proof of Lemma 1.0J

3 Equilibria and basic reproduction number

Ro

The model equilibria and the criteria for their existence

are now derived. To compute them, we put

DeS(t) = D*E(t) = D*Z(t) = D*R(t) = 0. Then,
0=A4-J(S8),Z(t) — dS(t),
0=e""TJ(St—7),Z(t—71))—
0=pE(t) - (y+35+d)L(t)
0 =~Z(t) + ¥(Z(t)) — dR(D).

(0 + d)E),
S (), @

(i) If Z = 0 for system (3), then conditions (C7) and
A
(Cy) imply that E = 0, R=0and S = vk As a result,

system (1) admits an infection-free equilibrium
& = (8%,0,0,0) = (E,O,O,O), and this equilibrium
exists for all parameter values.

(ii) If Z # 0 and from system (3), we get

(p+d)E

= %jd)[(v + 6+ d)I +¥(T)]. @

A—dS=J(S,T)=em

From Eq. (4), we obtain

A e (p+d)

§=GI) == .

[(y+8+d)Z+¥(T)]. (5)
Let us build the next function for Z on the interval
[0,Zo] by replacing S = G(Z) with Z in Eq. (4), and Z,
be the unique positive solution of G(Z) = 0 such that
Ap=e""(p+d)|(y+ 6+ d) Ty + ¥(Lp)].

RI) =78, 7) — T T D05y T ¥ @)
Ap—em(p+d)[(v+0+d)T +¥(T)]
:j( pd ’I)

mT d
- LD+ 54 0T+ ¥(2)
(6)
It is obvious from conditions (C7) and (Cj) that

R(0)=0, R(Zy) =TJ(0,Ly)—A=-A<0. ()

Moreover, since R(Z) is continuously differentiable,
we get

o R(E) = R(0)
N(O0) = lim ==

=J1(8°,0)

- w[(v +0+d)+¥(0)]

" (p+d)

Y [(7+ 6 +d) +¥'(0)]T74(S°,0).

®)
Condition (C5) implies that J5(S°, 0) = 0, then

N’(O) :ji(SO, 0) — w

e (p+d)
p [(

(v + &+ d) +¥'(0)]

v+ 6 +d)+ ¥ (0)]

pe="T o
X ((p+d)[(’y+5+d)+¥/(0)]j1(5 7O)—l).
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We also obtain from condition (Cy) that ¥'(0) > 0.
Therefore, if
pefm'r

(p+d)(y+6+d)+ ¥/(0)]~7£(30, 0) > 1,

then, X’(0) > 0 and there exists Z* € (0,Zp) such that
R(Z*) = 0. From condition (C4), ¥(Z) increases strictly
monotonically, thus

e (p+d)[(y 4 0 + d)T* + ¥(T*)]
<e™(p+d)(v+ 6+ d)To +¥(Zo))-

Therefore,
A e (p+d)
St=————-—+- 0+ d)I" +¥(T")].
1 ol AT ¥
It follows from system 3) that

E* = L[(y+0+d)T* +¥(T)], R* = L I* + ¥(T")].
As a result, system (1) admits an endemic equilibrium
& = (8*, E*, 7%, R*), which exists if

pefm'r

(p+d)(y+6+d) +¥'(0)]

Jr(8°,0) > 1.

Now, using the next generation matrix approach [28],
we calculate the basic reproduction number R for the
proposed model (1).

Letting X = (S, E,Z)T, then system (1) can be
expressed as

0
p(X) = | eT™"T(S(t BT),I(t - |,
—A+T(S(t),Z(t)) +dS(t)
Y(X) = (p+ d)E(t)

—pE(t)+ (v + 0+ dZ(t) +¥(Z(t))

The specific matrices F for new infection terms and V
for the other terms are defined by

For system (1), at the infection-free equilibrium &, =
(59,0,0,0), the next generation matrix FV ™' is

Fyvl=
0 0 0
0 pe” "7 J7(S°,0) e " J1(8°,0)
o (p+d)[y+%+d+¥’(0)] [w+5+6l+¥’(0)]

Ro is the spectral radius of the last matrix, hence

pe” ™ J1(8°,0)
(p+d)y+d+d+¥(0)]

Ro=p(FV™') =

The value of R indicates the likelihood of the epidemic
occurring. It computes the average number of new infections
brought about by a single sick individual in a community of
susceptible individuals. Considering the study presented above,
we reach the following conclusion:

Lemma 2 Assume that C1-Cy are hold, then there is a positive
threshold parameter Ry for system (1) such that:

(1) If Ro < 1, then only infection-free equilibrium &y exists.

(@i) If Ro > 1, then the infection-free equilibrium &y in addition
to the endemic equilibrium & persist.

4 Global dynamics

This section covers the investigation of stability outcomes in the
global case by constructing suitable Lyapunov functions.
Because the variable R(t) is absent from the equations for
DS(t), D*E(t) and D*Z(t), we can simplify the analysis of
the behaviours of system (1) solutions by using the following
sub-system:

DS(t) = A= J(S(1), Z(t)) — dS(t),
DUE(t) =e " J(S(t—7),Z(t — 7)) = (p+ d)E(t), )
DYZ(t) = pE(t) — (v + 6 + d)Z(t) — ¥(Z(1)).

Theorem 1 Assume that conditions (C1) - (Cy) are hold. For
any T > 0, the equilibrium & = (S°,0,0) of system (9) is
asymptotic stable globally if Ro < 1.

Proof. Consider a Lyapunov function Py(S(t), E(t),Z(t)) of
the form:

s
0
Po(t) :s—so—/ lim 7j(f\’z)ds+emfa
0 0 0 2, 0 IS )
F=|e™TLS,T)0e ™ TS, T) |, d T
o o 0 (D) erzo [ (s 0.2~ o)as,
0
(10)
Js(S,I)+d 0 JH(S,T) By conditions (C4)-(C4), we note that Po(S, E,Z) > 0 for
Y = 0 p+d 0 all S,E,Z > 0, where § € [-7,0] and P, = 0 at
0 —p (y+0d+d)+¥(T) & = (8°,0,0).
© 2023 NSP
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The fractional differentiation of Py () with respect to ¢ along
the system (9) solutions yields

o TSOTW) )
DR = (1= lim e ) DS (0)
+ e DE(L) + %ie"”paz(t)

+J(S(1),Z(t) = T (S(t — 7),Z(t — 7))
=(1- lim J(SSTW). )
r0+ T(S(E), (1))
X[A—=TJ(8(t),Z(t) —dS(t)]
+e" e T(S(t—7), It — 7)) — (p+ d)E(t)]

+¥6"” [PE() = (v + 6 + d)I(t) — ¥(Z(2))]

+I(S),Z(t) = T (St =7),Z(t = 7)).

Cancelling the same terms and applying the infection-free
equilibrium condition A = dS°, then
o . J(S°,Z(t)) 0

DPy(t)=(1-1 —_— -

o(®) ( P J(S(t)J(t)))[dS d3(1)]

o J(S%1()

t),Z(t)) 1 —

IS0 I0) i, S @.20)

_ %ﬂgm[(y + 8+ d)I(t) + ¥(Z(t)]

=d80(1 _ M) (1 _ &)

J7(S(t),0) SO
Jz(8°,0)
FIE0.T0)
ptd mr ¥(Z(1))
- e I(t)[(w—&—é—f—d)—f— 0 ]
From conditions (C'3) and (C4), we have
JSM),Z) _ .. JSO),Z®) _
T < Il_l)f(r)l+ T = Jz(S(1),0),
and hence,
J(S(),Z(t) < Z(t) Tz (S(1),0),
furthermore,

¥'(0) < ¥(I(t))7 with respect to Z > 0,
it follows that,
_ J1(8%,0) )
JI/(S(t),O)) (1 )

SO
— LSO+ 5+ d) + ¥(0)

+ Z(t) J#(S°, 0)

D Py(t) §d$°(1

From (C1), (C2), and the monotonicity of 7 (S(t),Z(t))
with respect to S, then

Thus, Ro < 1 ensures that D*Py(t) < O for any
S(t),Z(t) > 0 and D*Py(t) = 0 holds only for S = S°,
7 = 0. It is simple to demonstrate that the largest invariant set
of D*Py(t) = 0 is the singleton &. The Lyapunov Lasalle
theorem for FDEs [29] states that & is asymptotic stable
globally for any 7 > 0. Now, this proof is complete.[]

To investigate the next theorem we need the following
conditions:

(C5)
I _ 5687 :
7 S Sisgy for TE0O.T),
J(S,I) s ”
j(&p)g; for T>17,
(Cs)
¥(I) I )
() < v for T e€(0,77),
I ¥(D) .
I < (7 for T>T

To keep things simple and mathematically convenient, we’ll
utilise the following function: Z : R >0 — R > 0as Z(v) =
1 — v +1In(v), we see that Z(v) < 0 for any v > 0.

Theorem 2 Assume that conditions (C1) - (Cs) are hold. For
any T > 0, if the endemic equilibrium & = (S*, E*,Z", R") of
system (9) exists, then it is asymptotic stable globally.

Proof. Consider a Lyapunov function P;(S(t), E(t),Z(t)) of
the form:

(I(t)—I*—I*ln?) an

J(S(t—-0),I(t —0))
—In j(S*,I*) >d94

—as"(1- J7(S°,0) )(1- S(t))
J7(S(t),0) SO By conditions (C1)-(C4), we note that P, (S, E,Z) > 0 for all
p+d mr , S,E;Z > 0, where § € [-7,0] and P, = 0 at
+——e"I(t)[y + 0+ d+ ¥ (0)](Ro — 1). & = (8% E*,T%).
© 2023 NSP

Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

40 = 0)

A. Althemairi et al.: Dynamic study of a delayed fractional-order S EZ R model

The fractional differentiation of P (¢) with respect to ¢ along
the system (9) solutions yields

D7 Pu(t) = (1 = )[4 - T(S(0).2(1) ~ aS(0)

mT E*

+e (1—m>

X [T (S(E - 1), Tt — 1) — (p+ DE()]
p+d - T~

e (1 7

< DB — (246 + ()~ ¥(Z()]

+T(SO,Z(0) - T(S(t - 7).t~ 7))

c ey TS =) T(t 7))
I N (K ONA0)

Applying the following endemic equilibrium conditions

A=dS"+ J(S*,I"),
pE" =(v+ 0+ d)IT" +¥(T"),

and cancelling the same terms, we have

D°Pi(t) :(1 - *’II*)))[dS* —dS(t)] + T(S*,T%)

TSO.T
JET) | TESW.10)
XG F)%J®®Jﬂ>

— TSt — 1), I(t — T))% +(p+d)e™ E*

o ET* ptd e 7
w5 (- 5)
X [y + 6 + d)T(t) — ¥(T(1))
e T(S( =), T~ 7))
TSI TS0, 70)

—(p+de

B TS, T%) \ ;) n
7(17 W)[ds —dS(t)]

- J(S17) | JS(1),ZI(1))
NEACES )<2_ ORI OND)
B ISt-nIt-1) BT

E()J(S*, %) 2A0)

pt+d . T
T, G*ﬂg)
<M2}f@ﬂﬂw+ﬂum
N (et 2 )

Adding and subtracting some terms, it follows that

D" Pt = (1 - s 8" = dS(] + 78" T)
J(S*, 1) J(S*,1")
X[@J6@1ﬂ+mjwwlﬂ)

E*J(S(t—1),Z(t— 7))
+(1- E) 785,17
(t*T)J(t*T)))
t)J(S*,I%)
< B

+ In
(1~ 2 B

Z(t)J(
+(1 T 7S, I

E*J(S
E

(
E()
E*T

)

In

- J(8%,17)

E*J(St—71),Z(t—1))
E@)J(S*,1%)
J(St—1),Z(t—1))

J(S),Z(t)

+In +In

+J(S8%,Z7)In

Since,

J(8*,I%) E —
J(S(t), 1) E*I(t) E@)J(S*,1%)
T

In

then,

) Z( J(s*,z*z)) JrZ(EEt)I*)

J(S(t),T E*Z(t)
J(S({t—71) t— 7))
+Z( E0T(S )
)T (S®),T7) .
+Z<I* S().Z(t ) J(ET
JEWM,I0) I ZI(SWH),T7)
J(S(t),I%) s I*J(S(t),Z(1)
PAd s, o "\ (¥(Z@) ()
- e ¥ )( m)( ¥(Z*) _I—)’

© 2023 NSP
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it follows that,

DaPl(t):d$*<1 J(S8*,T%) )(17 S(t))

-~ TI(S),T7) S*
ol sy BT
+J(8T) Z(J(S(t),l'*) Z(E*I(t))

+Z

(E*j(S(t —7),Z(t— T)))
E)J(S*,1*)

I()T(S(1).T°)
+2(Z560.50)

(I(t) J(S(t)yf(t)))( MICION) _1>
I JSM),1) NTSO),Z1)

et (£ ) (40 Z0)

The monotonicity of J(S(t),Z(t)) with respect to S yields

(- T (- =

Also, by the characteristics of the function Z(v), we get

i) =0 355 =
E(t

2(ELSUT0 )
)

+J(8%,17)

I

=

)T (S*, 1~
IHJI(S(),17)
“(Z550.2m) <"
Finally, from conditions (C’) and (C’G), we have
(t))

(- SE0I0) (Z0Ts ) <o

(I _ )( (I )) 7I(t)) <o
Z(t) ¥(I+) T/ 7

Hence, we see that D P (t) < 0 for all S(t), E(t),Z(t) >
0 and D*Py(¢t) = 0 holds only for S = §*, E = E* and
Z = TZ". 1t is simple to demonstrate that the largest invariant
set of D*Pi(t) = 0 is the singleton £;. The Lyapunov Lasalle
theorem [29] states that £; is asymptotic stable globally for any
7 > 0. This is the end of the proof.

5 Example and numerical simulation

This section contains numerical simulations that document the
theoretical analyzes presented in the previous sections.
MATLAB was used to do numerical calculations to solve the
delay differential equation of fractional-order using the modified
Adams-Bashforth-Moulton predictor-corrector method [30]. A
special case of model (1) is presented in the following example.

bS(H)Z()

DS(t) =A - asmramimasozm — SO,

DYE(t) =e~™" 1+a18(t—T)ffz(;?t?f)(:’_a;)s(t_T)I(t_T)
—(p+d)E(t), (13)

D I(t) =pE(t) — (v + 8 + d)I(t) — 12,

DYR(t) =vZ(t) + ;%% dR(t).

Table 1: Parameters values of system (13).

Parameter Value Parameter  Value
A 0.74 p 0.04
d 0.05 ol 0.25
b varied 1) 0.01
r 0.3 ai 0.03
c 0.02 as 0.02
m varied as 0.01

For this example, we use the specific nonlinear functional

_ bST o
response J (S, 1) = 11 s 7e.77a557 s an incidence rate and

¥(7) = 11151(8) as a treatment rate. The parameter b represents
the maximum transmission rate between S and I, r is the disease
treatment rate, c is the limitation rate in treatment availability,
and a1, a2 and a3 represent a measure of inhibition, and all are
positive constants.

We are now checking the conditions (C) - (C4):

(C1) Obviously,

J(S,7) >0, J(S5,0)=7(0,7) =0 forany S,Z > 0.

bZ(1 + aoT)
! I —
(02) jS(S7 ) (1 +a1S + axZ + a3SI)2 ”
/ B bS(1+ a1S)
J2(S,1) = (1T a8 + aaZ + xS0 ~
e o e BS
jS(S7O)_O7 jI(S70)_ (1+a1$) >07

forany S, > 0.

(Cs) (J(L;I)>/z - (1 +a1S +biI+ asSI)/I

. —bS(az + ag,S)
o (1 + a1S + a2 + (1351)2
forany S, > 0.

<0,

() ¥(1) = (s 20 ¥0) =0,
;o TL(24 1)
¥ (I)m 2 07 fOT' any Iz 07

The basic reproduction number of this example has the
following form:
pbe—mfso
(p+d)(d+0+7)(1+a:18%)

The parameter values listed in Table 1 are used to perform
numerical simulations of system (13) using the three initial
values shown below:

IV1: §(0) = 18, E(0) = 5.5, Z(0) = 0.8, R(0) = 2.5,

IV2: §(0) = 10, E(0) = 2.5, Z(0) = 0.3, R(0) = 1.5,
and

IV3: §(0) =

Ro =

4, E(0) = 0.8, Z(0) = 0.07, R(0) = 0.5.
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5.1 Stability of equilibrium points

Based on Table 1, and taking o = 0.97, 7 = 0.5, m = 0.01 and
b varies as follows:

Case(i) Stability of &y: Selecting b = 0.047 yields
Ro = 0.6872 < 1, and according to Lemma 2, the only
infection-free equilibrium & = (14.8, 0,0, 0) exists for system
(13). Figure 1 demonstrates that the trajectories starting with
IV1-IV3  asymptotically converge to the equilibrium
Eo = (14.8,0,0,0). Thus, & is asymptotically stable globally,
and therefore, the numerical outcomes confirm the theoretic
conclusions of Theorem 1.

Case(ii) Stability of £1: The choice of b = 0.087 result in
Ro = 1.272 > 1. From Lemma 2, it is evident that the endemic
equilibrium & for  system  (13)  exists  with
&1 = (12.7034, 1.1643,0.1333,0.7746). Figure 2 shows that
&y is asymptotically stable globally and this agrees Theorem 2.

5.2 Effect of the fractional-order operator o on
solution trajectories of system (13)

Figures 3 and 4 depict the influence of fractional-order operator
on the solution trajectories of system (13) for Case(i) and
Case(ii) in the previous Subsection 5.1. The fractional-order
dampens the oscillation behaviour and extends the stability
range. We notice that as the derivative order is decreased, the
phase portrait expands. The fractional derivative indicates the
model long memory, which obviously appear the beginning
stages.

5.3 Effect of the time delay T on solution
trajectories of system (13)

In this subsection, we look into how time delay affects the
system dynamics. We select the values « = 0.97, b = 0.087
and m = 0.1 with the values listed in Table 1. We consider
different values of 7 and the initial value IV2. We note that the
existence of time delay reduces the basic reproduction number
Ro. As seen in Figure 5, with an increase in 7, the number of
susceptible people increases, whereas the number of infected,
exposed and recovered people decreases.

5.4 Effect of the disease treatment rate v on
system (13)

Using Table 1 and choosing o = 0.97, b = 0.087, m = 0.1 and
7 = 0.5. We take different values of the disease treatment rate r
as well as the initial value, IV4:S(0) = 12, E(0) = 1.5,Z(0) =
0.15, R(0) = 0.8. Figure 6 illustrates how raising the treatment
parameter r can decrease the number of infected and exposed
people while raising the number of susceptible people.

6 Conclusion

This study investigated the delayed SEZR epidemiological
model in its fractional-order version that uses a general function
of the infection transmission and a general treatment function
that alter with the epidemiological state. The Caputo case of the
fractional derivative is considered, which is appropriate for
initial-value problems. We have shown that the proposed model
contains non-negative and bounded solutions, as well as two
equilibrium points, one infection-free and the other endemic.
The basic reproduction number Ro, which is dependent on the
time delay, was computed using the next generation technique. It
governs not only the existence of the equilibrium points, but also
the model’s dynamic behaviour. Using the Lyapunov approach,
we demonstrated that the model’s two equilibrium points are
asymptotically stable globally for any 7 > 0. The equilibrium of
infection-free has proven to be stable when Ro < 1, and for
Ro > 1, the equilibrium of endemic state becomes stable under
some mild conditions on the infection transmission and
treatment functions. To illustrate our theoretical findings, we
used a special case of the underling model as an example and the
modified Adams-Bashforth-Moulton technique to simulate it. In
the numerical portion, we also looked at the effect of the disease
treatment parameter r on the model dynamics and the benefits
of applying the time delay and fractional-order to a differential
equations. Our study shows that the addition of a time delay and
fractional-order to a differential equations significantly enhances
the system dynamics and raises the complexity of the observable
behaviour. Moreover, we found that as r increased, the number
of Z(t) and E(t) decreased while the number of S(t) increased.
Finally, we believe that our model is a generalization of several
previously published epidemiological models.
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Fig. 1: The solution trajectories behaviour of system (13) corresponding to Table 1 when o = 0.97, 7 = 0.5, b = 0.047 and
Ry = 0.6598 < 1 with the initial values IV1-IV3: Pointing to asymptotically stability of &, = (14.8, 0,0, 0).
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Fig. 2: The solution trajectories behaviour of system (13) corresponding to Table 1 when o = 0.97, 7 = 0.5, b = 0.087 and
Ro = 1.272 > 1 with the initial values IV1-IV3: Pointing to asymptotically stability of &1 = (12.7034, 1.1643, 0.1333, 0.7746).
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Fig. 3: The stability behaviour of the infection-free equilibrium

& with the initial value IV3 and different values of «.
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Fig. 5: Solution behaviour of system (13) when 7 is different
with a = 0.97 and Ro > 1.
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