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Abstract: In this paper, we prove that, under mild conditions, if R is a right weak PS-ring, then so does the skew inverse power series
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1 Introduction

Throughout this article, all rings R are associative with unity and all modules are unital R-modules unless explicitly
indicated otherwise. The study of PS-modules was initiated by Gordon in [1] and Nicholson and Watters in [2]. MR is
called a PS-module if every simple submodule is projective. A ring R is called a left (right) PS-ring if RR is a left (right)
PS-module. It is shown that the class of PS-modules is closed under direct sums, see([2], Theorem 3.3). The notion
of PS-rings is not left-right symmetric as in [2]. Many authors investigated the behavior of PS-rings with respect to
some extensions. Salem et. al., in [3], characterized PS-modules over Ore extensions and skew generalized power series
extensions. Also, Farahat and Al-Harthy, in [4], investigated PS-modules over generalized Mal’cev-Neumann series rings.
In [5], Paykan proved that, under given conditions, if R is a right PS-ring, then so the skew inverse power series rings.
Farahat and Al-Bogamy, in [6] extend the notation of PS-rings to weak PS-rings. Unlike the class of PS-rings Farahat and
Al-Bogamy in [[6], Example 13] shows that the class of weak PS-modules is not closed under direct sums. Farahat and
Al-Bogamy study the relation between the ring R and ore extensions, and also for Skew Hurwitz Series [6]. Inspired by the
above results, we will prove that for a given ring R, an α-compatible endomorphism α and an α-derivation δ if R is a right
weak PS-ring, then the skew generalizd power series ring R[[S,ω ]] is a right weak PS-ring, see section [2]. Also in section
[3] we study the skew inverse power series ring R[[x−1;α,δ ]]. Furthermore, we study the property of weak PS-ring for
differential inverse power series ring R[[x−1;δ ]]. For a nonempty subset X of R, rR(X) ( lR(X)), Id(R), and nil(R) denotes
for the right ( left) annihilator of X over R, the set of all idempotent elements, and the set of nilpotent elements of R. A
ring R is called an NI-ring if nil(R) is a two sided ideal in R. As a generalization of the annihilator concept, Ouyang, in
[7], introduced the weak annihilator of a subset X of R,

NR(X) = {a ∈ R : xa ∈ nil(R) for all x ∈ X}.

It can be easily shown that ab ∈ nil(R) if and only if ba ∈ nil(R) for all a, b ∈ R. Therefore there is no way to distinguish
between the right and the left weak annihilators. Obviously, rR(X) ⊆ NR(X) and lR(X) ⊆ NR(X). If R is reduced, then
rR(X) = NR(X) = lR(X) for any subset X of R. It is easy to see that for any subset X ⊆ R, NR(X) is an ideal of R in NI

ring.

Definition 1.[1] A ring R satisfies the right PS-ring if for every maximal right ideal L of R; either lR(L) = 0 or L = Re

(the principal left ideal generated by e), where e ∈ Id(R).
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Theorem 1.[2]The following are equivalent for a ring R and

e, f ∈ Id(R):
(1) R is a PS-ring.

(2) R has a faithful PS-module.

(3) If L is a maximal left ideal of R then either rR(L) = 0 or L = Re.

(4) If L is a maximal left ideal of R then rR(L) = f R.

Now, we recall the definition of weak PS-ring as follows in [6]:

Definition 2.[6] A ring R satisfies the right weak PS-condition if for every maximal right ideal L of R; either NR(L) ⊂
nil(R) or NR(L) = Re; (principal left ideal generated by e), where e ∈ Id(R). Similarly, we can define the left weak

PS-condition. A ring R satisfies the weak PS-condition if it satisfies both right and left weak PS-conditions.

In the definition of weak PS-ring, it should be noted that (or) to mean that one of the two options only holds but not
both unless NR(L) = (0), since
nil(R)∩ Id(R) = (0). It is clear that in reduced rings weak PS-condition and PS-condition are equivalent.

The following example shows that the class of weak PS-ring is proper class:

Example 1.[6]If R = Z4, then R is a weak PS-ring but not a PS-ring.

In this paper, we study the transfer of weak PS-condition between a base ring R and some ring extensions. Namely, the
ring of skew generalized power series ring R[[S,ω ]], the skew inverse power series ring R[[x−1;α,δ ]], and the diffrential
power series ring R[[x−1;δ ]].

2 Skew Generalized Power Series Rings Over Weak PS -Rings

For a ring R, the monoid of endomorphisms of R (with composition of endomorphisms as the operation) is denoted by
End(R). Let (S,≤) be an ordered set. Then (S,≤) is called artinian if every strictly decreasing sequence of elements of S

is finite and (S,≤) is called narrow if every subset of pairwise order-incomparable elements of S is finite. Thus, (S,≤) is
artinian and narrow if and only if every nonempty subset of S has at least one but only a finite number of minimal elements.
A monoid S (written multiplicatively) equipped with an order ≤ is called an ordered monoid if for any s1,s2, t ∈ S,s1 ≤ s2

implies s1t ≤ s2t and ts1 ≤ ts2. Moreover, if s1 < s2 implies s1t < s2t and ts1 < ts2, then (S,≤) is said to be strictly ordered.
Now we recall the construction of the skew generalized power series ring introduced in [8]. Let (S,≤) be a strictly orderd
monoid, R a ring, ω : S → End(R) a monoid homomorphism and let ωs = ω(s) denote the image of s ∈ S under ω for any
s ∈ S. Consider the set A of all maps f : S → R such that

supp( f ) = {s ∈ S : f (s) 6= 0}

is artinian and narrow subset of S, with pointwise addition and product operation called convolution defined by

f g(s) = Σ(u,v)∈Xs( f ,g) f (u)wu(g(v))

for each f , g ∈ A, where
Xs( f ,g) = {(u,v) ∈ S× S : uv = s, f (u) and g(v) 6= 0}

is finite. Hence A = R[[S,ω ]] becomes a ring called skew generalized power series with coefficients in R and exponents in
S. For each r ∈ R and s ∈ S, we associate elements cr,es ∈ R[[S,ω ]] defined by

cr(x) = r if x = 1and cr(x) = 0 if x ∈ S\{1}

with the identity map e : S → R defined by es(x) = 1 if x = s and es(x) = 0 for each x ∈ S\{s}. It is clear that r → cr is
a ring embedding of R into R[[S,ω ]] and s → es is a monoid embedding of S into the multiplicative monoid of the ring
R[[S,ω ]] and escr = cws (r)

es. So, the construction of the skew generalized power series rings generalize many classical
ring constructions such as polynomial (skew polynomial) rings, Laurent (skew Laurent) polynomial rings, formal power
(skew power )series rings, group (skew group) rings, monoid (skew monoid ) rings and generalized power series rings.

Definition 3.[9]Given a ring R, an endomorphism α : R → R and an α-derivation δ : R → R. A ring R is said to be

α-compatible if ab = 0 ⇔ aα(b) = 0, where a,b ∈ R. One says that R is δ -compatible if ab = 0 → aδ (b) = 0. If R is both

α-compatible and δ -compatible, then R is (α,δ )-compatible.
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Lemma 1.[9] Let R be a σ -compatible ring. Then

ab = 0 ⇔ aσ i(b) = 0 ⇔ σ i(a)b = 0 for all i ≥ 0 and a, b ∈ R.

Lemma 2.[10] Let R be a ring with an endomorphism α. If R is α-compatible and k1,k2, ...,kn are non-negative integers,

then:

a1a2...an ∈ nil(R) if and only if

αk1(a1)α
k2(a2)...α

kn(an) ∈ nil(R)

Definition 4.[10] Let R be a ring, (S,≤) a strictly ordered monoid, and ω : S → End(R) a monoid homomorphism. We

say that R is (S,ω)-nil-Armendariz if f ,g ∈ R[[S,ω ]] satisfy f g ∈ nil(R)[[S,ω ]], then f (s)ωs(g(t)) ∈ nil(R) for all s, t ∈ S,

where nil(R) is the set of nilpotent elements of R.

Definition 5.[10] Let R be a ring, (S,≤) a strictly ordered monoid and ω : S → End(R) a monoid homomorphism. The

ring R is said to be S-compatible if ωs is compatible for every s ∈ S.

Proposition 1.[10] Let R be a ring, (S,≤) be a strictly ordered monoid and ω : S → End(R) a monoid homomorphism.

Assume that R is (S,ω)-nil-Armendariz and S-compatible. If f1, f2, ..., fn ∈ R[[S,ω ]] such that f1 f2... fn ∈ nil(R)[[S,ω ]],
then f1(u1) f2(u2)... fn(un) ∈ nil(R), for all u1,u2, ...,un ∈ S.

Lemma 3.[11] Let S be a strictly totally ordered monoid and ω : S → End(R) a monoid homomorphism. Let R be an

ω-compatible NI ring with nil(R) nilpotent. Then we have

(1) f ∈ nil(R[[S,ω ]]) if and only if f (s) ∈ nil(R) for any s ∈ supp( f ).
(2) f g ∈ nil(R[[S,ω ]]) if and only if f (u)g(v) ∈ nil(R) for any u ∈ supp( f ) and v ∈ supp(g).

Theorem 2.Let (S, ≤) be a strictly totally ordered monoid which satisfied the condition ∀s ≥ 0 ∈ S and let R be an

ω-compatible NI ring with nil(R) nilpotent. If R is a right weak PS-ring, then A = R[[S,ω ]] is a right weak PS-ring.

Proof.Let L be a right maximal ideal of A, we will show that either
NA(L)⊂ nil(A) or NA(L) = Aq, where q = q2 ∈ A, since (S,≤) is a strictly totally ordered monoid, supp( f ) is a nonempty
well ordered subset of S, for every 0 6= f ∈ A. We denote π( f ) the smallest element of supp( f ). For any s ∈ S, set

Is = { f (s) : f ∈ L,π( f ) = s} ⊂ R

I = ∪s∈SIs. Let J be a right ideal of R generated by I.
If J = R, then ∃ s1, s2, ..., sn ∈ S, f1, f2, ..., fn ∈ L and r1,r2, ...,rn ∈ R such that

1 = f1(s1)r1 + f2(s2)r2 + ...+ fn(sn)rn

where fi(si) ∈ Isi
, π( fi) = si for every 1 ≤ i ≤ n. We will show that

NA(L) ⊂ nil(A). Let g ∈ NA(L), then ∀ fi ∈ L, we have f g ∈ nil(A), then from Lemma [3] f (u)g(v) ∈ nil(R) for any
u ∈ supp( f ) and v ∈ supp(g). Therefore, g(v) ∈ NR(J) = NR(R) = nil(R). From Lemma [3] g ∈ nil(A). Therefore,
NA(L)⊂ nil(A).

If J 6= R. We will show that J is a maximal right ideal of R. Let r ∈ R− J. If cr ∈ L, then

r = cr(0) ∈ I0 ⊂ I ⊂ J

and so r ∈ J, contradiction. Therefore cr /∈ L. Since L is a maximal right ideal of A, we have A = L+ crA. It follows that
∃ f ∈ L and g ∈ A such that c1 = f + crg such that c1(0) = f (0) + (crg)(0), then 1 = f (0) + rw0g(0), since R is ω-
compatible, 1 = f (0)+ rg(0). If f (0) = 0, then 1 = rg(0) ∈ rR ⇒ R = J+ rR. If f (0) 6= 0, then 0 ∈ supp( f ). Since 0 ≤ s

for every s ∈ S, π( f ) = 0. Thus f (0) ∈ I0 ⊂ I ⊂ J, which implies that R = J + rR. Hence J is a maximal right ideal of
R. Since R is a right weak PS-ring it follows that either NR(J) ⊂ nil(R) or NR(J) = Re. According to that we have the
following two cases:-

case 1) Suppose that NR(J)⊂ nil(R), we want to prove NA(L)⊂ nil(A).
Let g ∈ NA(L) then ∃ f ∈ A, f g ∈ nil(A) then f (u)g(v) ∈ nil(R) for any u ∈ supp( f ) and v ∈ supp(g). Therefore, g(v) ∈
NR(L). Since R is a right weak PS-ring NR(L) ⊂ nil(R), g(v) ∈ nil(R), from Lemma [3], hence g ∈ nil(A). Therefore,
NA(L)⊂ nil(A).

case 2) Assume that NR(J) = Re, we want to show that NA(L) = Aq, where q = q2 ∈ Id(A), i.e
NA(L) ⊂ Aq and Aq ⊂ NA(L). First, let g ∈ NA(L) then f g ∈ nil(A) for any f ∈ L. Hence f (u)g(v) ∈ nil(R) for any
u ∈ supp( f ) and any v ∈ supp(g). Since for any r ∈ J, there exist s1, ...,sn ∈ S, f1, ..., fn ∈ L, and r1, ...,rn ∈ R, such that

r = f1(s1)r1 + f2(s2)r2 + ...+ fn(sn)rn
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Then

g(u)r = g(u) f1(s1)r1 + g(u) f2(s2)r2 + ...+ g(u) fn(sn)rn

Since nil(R) is nilpotent g(u)r ∈ nil(R), this leads to g(u) ∈ NR(J) = Re for any u ∈ supp(g), then g(u) = re. Also
g = crωs(e) or g = crq, where q is an idempotent in A, therefore, NA(L)⊂ Aq

Second: suppose that NR(J) =Re, we want to prove Aq⊂NA(L). Suppose that f ∈L then f q∈ L, then ( f q)(t) = f (t)q.
Since

( f (t)q)q = ( f (t)q) ∈ NR(J) = Re

Therefore, f q ∈ NA(L), so NA(L)⊂ Aq.

3 Skew Inverse Power Series Rings Over Weak PS -Rings

Consider R is a ring with identity, α an automorphism of R and δ an α-derivation of the ring R with the properties

δ (a+ b) = δ (a)+ δ (b) and

δ (ab) = δ (a)b+α(a)δ (b) ∀ a, b ∈ R

The skew inverse power series ring R[[x−1;α,δ ]] formed by the formal series f (x) = Σ∞
i=0aix

−i where x is a variable

and the coefficients ai of the series f (x) are elements of the ring R. In the ring R[[x−1;α,δ ]] addition is defined as usual
and multipilcation is defined with respect to the relation

x−1a = Σn
i=1α−1(−δα−1)i−1(a)x−i ∀a ∈ R

Proposition 2.[12] Let R be an NI ring with an automorphism α and an α-derivation δ . Assume that R is (α,δ )
compatible. If f (x) = Σ∞

i=0aix
−i and g(x) = Σ∞

j=0b jx
− j ∈ R[[x−1;α,δ ]]. Then

f (x)g(x) ∈ nil(R[[x−1;α,δ ]]) then aib j ∈ nil(R)

for each n ≤ i, m ≤ j.

Theorem 3.[12]Let R be a ring with an automorphism α and an α-derivation δ . Assume that R is (α,δ ) compatible and

nil(R) is a nilpotent ideal of R. Then,

nil(R[[x−1;α,δ ]] = nil(R)[[x−1;α,δ ]]

Theorem 4.Let R be an NI ring, nil(R) nilpotent with an automorphism α and an α-derivation δ . If R is (α,δ ) compatible

right weak PS-ring, such that α(e) = e and δ (e) = 0 for every e ∈ Id(R). Then R[[x−1;α,δ ]] is right weak PS-ring.

Proof.Let L be a maximal right ideal of S = R[[x−1;α,δ ]]. We want to show that NS(L) ⊆ nil(S) or NS(L) = Sq, where
q = q2 ∈ S. Let I be the set of all trailing coefficients of the elements of L. Let J be a right ideal of R generated by

J = 〈I〉r = IR

If J = R.
Let ϕ(x) = Σ∞

j=0b jx
− j ∈ NS(L). Then for every f (x) = Σ∞

i=0aix
−i ∈ L, we have that

f (x)ϕ(x) = (Σ∞
i=0aix

−i)(Σ∞
j=0b jx

− j) ∈ nil(S)

Since R is an (α,δ )compatible NI ring with nil(R) nilpotent, from Proposition 2 aib j ∈ nil(R) for all integers i, j ≥ 0.
For every a ∈ I. This leads to
Ib j ∈ nil(R), hence b j ∈ NR(J) = NR(R) = nil(R). Therefore, we have that ∀ j ≥ 0 ϕ(x) ∈ nil(S). Hence NS(L)⊆ nil(S).
If I 6= R.
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We want to show that J is a maximal right ideal of R. Let c ∈ R− J, then c /∈ L. So by maximality of L, S = L+ cS. It
follows that ∃ f (x) = Σ∞

i=0aix
−i ∈ L and g(x) = Σ∞

j=0b jx
− j ∈ S such that

1 = f (x)+ cg(x)

thus

1 = a0 + cb0

If a0 = 0, then 1 ∈ cR, and so J is a maximal right ideal of R. If a0 6= 0, then a0 ∈ I ∈ J and then R = J+ cR. Hence J is a
maximal right ideal of R. Since R is a right weak PS-ring NR(J)⊆ nil(R) or NR(J) = Re, we have two cases:

Case 1) If NR(J)⊆ nil(R) we want to prove NS(L)⊆ nil(S).
Let f (x)∈NS(L), then L f (x)⊂ nil(S), for every g(x)∈ L, we have that g(x) f (x) ∈ nil(S). From Theorem [2] b jai ∈ nil(R)
for every i, j. Then ∀i we have bai ∈ nil(R), ai ∈ NR(J)⊆ nil(R), ai ∈ nil(R). For every i, f (x) ∈ nil(S).

Case 2 ) If NR(J) = Re, we want to prove that NS(L) = Sq. At first we show that NS(L) ⊂ Sq, where q = q2 ∈ Id(S).
Let

ϕ(x) = Σ∞
i=0bix

−i ∈ NS(L),ϕ(x) /∈ nil(A)

Then for every f (x) = Σ∞
i=0a jx

− j ∈ L, we have that f (x)ϕ(x) ∈ nil(S). Since R is (α,δ ) compatible NI ring with nil(R)
nilpotent, we have that a jbi ∈ nil(R) ∀i, j ≥ 0. Then for every a ∈ I → abi ∈ nil(R) for every i ≥ 0. For any m ∈ J,∃
a1,a2, ...,an ∈ I, r1,r2, ...,rn ∈ R

m = a1r1 + a2r2 + ...+ anrn

bim = (bia1)r1 +(bia2)r2 + ...+(bian)rn

Hence, bim ∈ nil(R) ∀i ≥ 0.Then bi ∈ NR(J) = Re, hence, bi = re → bi = bie ∀i ≥ 0.

ϕ(x) = Σ∞
i=0bix

−i = Σ∞
i=0(bie)x

−i = Σ∞
i=0bix

−ie

since α(e) = e and δ (e) = 0. Therefore,
ϕ(x) ∈ Aq where q = q2 = e = e2. Finally we want to show Sq ⊂ NS(L), suppose g(x) ∈ L, then g(x)q = Σ∞

i=0a jx
− jq =

Σ∞
i=0a jqx− j ∈ L. Since Re ⊂ NR(J), we have that a jq ∈ NR(J). Since NR(J) is an ideal of R. Then g(x)q ∈ NS(L).

Theorem 5.Let R be an (α,δ )-compatible NI ring with nil(R) nilpotent. If R is a left weak PS-ring, then S = R[[x−1;α,δ ]]
is a left weak PS-ring.

Proof.The proof is similar to the previous proof of Theorem 4. The only thing we need to note here is that, If L is a
maximal left ideal of S = R[[x−1;α,δ ]], then, by analogue manner as above, we get in case (2) that bi ∈ NR(J) = Re; for
all integers 0 ≤ i ≤ k. Therefore there exist ti ∈ R such that bi = eti, for all integers 0 ≤ i ≤ k. So

ϕ(x) = Σ∞
i=0bix

−i = Σ∞
i=0(eti)x

−i = Σ∞
i=0ebix

−i

Therefore NS(L) = qS, where h ∈ Id(S) and the result is proved.

We study the differential inverse power series ring A = R[[x−1;δ ]], where R is a ring equipped with a derivation δ ,
formed by formal series ϕ(x) = Σ∞

i=0bix
−i , where x is a variable and the coefficients ai of the series ϕ(x) are elements of

the ring R. In the ring A = R[[x−1;δ ]], addition is defined as usual and multiplication is defined with respect to the relation

x−1a =
∞

∑
i=0

(−1)iδ i(a)x−i−1 for each a ∈ R

Corollary 1.Let R be a δ -compatible NI ring with nil(R) nilpotent, such that δ (e) = 0 for every e2 ∈ Id(R). If R is a right

weak PS-ring, then A = R[[x−1;δ ]] is a right weak PS-ring.

Corollary 2.Let R be a δ -compatible NI ring with nil(R) nilpotent. If R is a left weak PS-ring, then A = R[[x−1;δ ]] is a

left weak PS-ring.
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