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Abstract: The purpose of this paper is to study the coordinated search problem in which velocity of the searcher is a random variable.
We are interested in finding a hole which randomly located on one of two disjoint oil pipelines or a cut in one of two lines of the power
cable under sea surface. There are two searchers on every line that start the searching process from the origin of their line. In addition
to calculating the expected value of the detection time, we derived the conditions which can minimize this expected value.
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1 Introduction

The study of search problems for any missing target
whether this target is stationary or moving, is considered
crucial in many of real-world applications, especially
when the target is essential, e.g., searching for explosives
in a city or searching for fugitive criminal.

The main aim is to find the lost target in the least
possible time or cost. When the lost target is on a line, we
obtain the so-called linear search problem [1-8]. The
coordinated search is one of many search methods, and it
was investigated on straight line [9, 10].

The problem of four searchers searching for a target
located on two intersecting lines was investigated [11],
and the problem of finding a target located on one of
n-disjoint lines was described by the quasi-coordinated
search problem, in which the motion of every two
searchers are independent of the motion of other searchers
while the case of moving target was discussed [12], also a
quasi-coordinated search method of a lost target was
studied [13], in this case the target is randomly moving on
one of the two disjoint lines in accordance with a random
walk motion and there are two searchers on each line,
moving from the zero point at a constant speed, the
authors also studied the problem of finding a lost target is
random walker on one of two joint lines, the four
searchers start from the point of intersection [14].

In the above discussed literature, the path of the
searcher is deterministic, but the case where two

searchers looking for a target located on an under-water
oil tube with their speed represented by a random variable
with a certain probability function was studied [15].

In the present paper we will assume that there is only
one target present on one of the two lines (each line
represents an oil pipeline or a power cable) under the
surface of the water, but these two lines are disjoint and
the speed of searchers represented by a random variable
with a certain probability function The present paper is
organized as follows. In section 2, we define search
strategy and calculate the expected value of the time to
find the lost target. In section 3, we derive the conditions
under which can minimize the expected value. Finally, we
summarize our results in section 4.

2 Search Plan

Let X be the position of randomly located target on one of
two disjoint lines L; and L, under sea surface which
follow a distribution function, the lines are divided into
stop points ¢;;, d;; where i = 1,2 for first and second lines
respectively, each line divided into two parts, right par ¢;;,
i=12, j=0,12,--- and left part d;;, i = 1,2,
j=0,1,2,---. We have four searchers S;, S», S3 and S,
the searchers S| and S, start together and looking for the
target from the point c¢19 = djp = 0 on the first line Ly,
while searchers S3 and Sy start together and looking for
the target from point ¢y = d>o = 0 on the second line L,.
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The searchers S; and S3 search in the right part of the
lines, while S, and Sy search in the left part, with random
velocity i, k = 1,2,3,4, two searchers in each line will
use the modern communication technology to relate with
each other instead of return to the origin point, thus there
is no standby and return time.

All the searchers start at the same moment following
the search plan denoted by ¢ : R — R™ which completely
defined by sequences a = {a;j,i = 1,2;j=1,2,---} and
b= {b,’j,iZ 1,2;j= 1,2,---}.

Let the search plan be defined by ¢ = (a,b) € @ where
@ is the set of all search plans. Let

o; = inf{x;F(x) >0}
and (1
Bi=sup{x;F(x) <1}, i=1,2,

where F(x) is the distribution function of the target’s
position, ¢; is the minimum value of b;; and Bi is the
maximum value of a;;.

The searchers S,S;, search on the first line L; and S3,S4
search on the second line L,, the searchers S, S3 search in
the right part of the two lines and S5, S4 search the other
parts.

S1 will search in the right part of the first line as
following:

I- Starts from the origin and goes to the positive part of
L; with distance a;; = c¢j; — c¢jo such that
0<ap < lel and sends a report to the ship (located
at the starting point and receives communications
from searchers which use under water audio signals
instead of electromagnetic waves) whether the target
is found or not.

II- He waits the reply from the ship to decide whether to
complete search process or not. If the reply to not
complete the searching, then the target has been found
by the searcher S,.

III- Otherwise, S| goes to the positive part of L; with
distance ajp = c12 — 11, then sends a report to the
ship and so on until the target gets detected. The
searcher S, will search in the left part in the same
way, but with distance b;; = dj; — djp such that
0 < b1 < I:Ilzl, by, = dip — di; such that
0<bp< 1:1122

I'V-Similarly, the searchers S3 and S4 do the same thing on
the line L.

1
+— b]j—'ﬂ— b]z—b4— b]]—’:‘— aj —»+—d;2— +— d|j3—

L Q 1 | L J 1 1 L)
1
i3 dn dn cio=dip e cn 3
=0
1
— byy—> «— by —>— by) —i— ay) > — ap — — ap—>
L2 () Il 1 1 i 1 1 1 )
1
<o dy dn dy ceni=dy cu 0 23
=0
'
1
H
The Origin

Fig. 1: Coordinated search technique for finding a target

We consider any searcher has a random velocity with
probability density function

h(v):|va0|5(v2—vo), —o<yv<eo, (2)

where ¢ is dirac delta function and v is the initial velocity,
see [15].

We consider the length of the largest distance which
traveled by S; and S3 before the i connection in the right
part be Hy; and Hj; respectively, (in the left part be H, j
and H, ; for the searchers S> and Sy respectively), the
distance which traveled by the searchers Sp,S3 are
random and given by 0 < g; < Hl-zj, i=1,2;
J=1,2,3,--- ,nin the right part where a;; = c;j — ¢;(j_1)
(and 0 < b;; < FII-Qj in the left part where
bij = dij — dj(j_1)) we consider the p. d. f. of the random
distance see [15] is given by:

1 1
)= ————, 0<a;<H}, 3
fl(alj) H;j\/ai; Hizj dij = fjj )
i=1,2,;j=123,---,n
1 1 ~2
fobij) = 0 < b;; <Hjj, 4)

Ay /by AZ

i=12,;j=1273,---,n

The searchers wish to minimize the expected time to
detect the target. Let X be a random variable representing
the target’s location. Since the searchers are moving with
random velocity, then they are moving on the line at
different distances, depending on the probability that the
target is on the line. So, if their exist I; > 0,i = 1,2 is a
random variable has a known distribution with expected
value E(I7) then we can consider Flij = H;j + E(I;). So,
(4) become

1 1
(Hij +E(I7))\/bij - (Hij +E(I3))*

fa(bij) = %)

where 0 < b;; < (H;; + E(I3))%. Let ¥ be a measure of
probability caused by the target position and
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Y(x,y) = F(y) — F(x). Also, let (&) be the detection
time by one of the searchers.

Theorem 2.1. The expected value of detection time is
given by

=5 Z i+ (v(an,dij)) = (Hy
j=0

+E(7))*(v(c1j, B1)] + [H22(j+1)(Y(a25d2j))
— (Hy(j1)+ E(I3))* (Y(c2j, B2))].- (6)

Proof. Since, the searchers S| and S, each one, moves the
first line with different and random distance (have pdfs
(3) and (5) in the two parts of first line) according the
probability of the existence of the target on the
probability of the existence of the target on the first line.
Then, the expected value of the distance in the right is:

1 H?,
E(a1~)* /a] < da] —U
J) J H HZ J= 6’
0 1j4/a1j

and in the left part is,

(Hyj+E(I7))?

1
E(byj) = O/ blj((Hu—i—E(Fl))\/lTj
1 _ (H+EI))?
m)db” 6

also we assume that the expected value of the velocity is
E(v) = +£1, then the expected value of detection time in

2
the right part is Q;; = Elay) _

| —%» (in the left part is
Q=

E(by) (H|_f+E(17))2)
T~ 6 :
If the target lies in ]cjg,¢;1], then

(H11+E(Fl))2'

Q) =— 5

If the target lies in |11, ¢12], then

(Hh+E(L))?+ (Hp +E(I))?

Qp=- z

If the target lies in ]c|2,¢;3], then

Qi =—[(Hn+E())*+ (Ho+E(I7))* + (Hi3
+E(I47))*)/6.

If the target lies in Jc;x_1),c14], then

Qp=—[Hn+E@L))*+ (Hp+E@))?+-+
+ (Hy+E(I7))?/6.

Similarly, if the target lies in [dx,d, (—1)[, then

H} +Hy+ -+ H,
Q[] - 6 ’
and so on.

2

B {(H11+E(F1))2

} [y(ci0:c11)]
+(H12+E(F1))2}
6

[Y(c11,e12)] — [(Hi1 +E(7))* + (Hia
+E(L))*+ -+ (Hiy+E(I7))?)/6]

H,
[Y(erk—1)scr)] =+ ?[Y(dn ,dio)

2 2
+H11+H12

c [v(di2,di)]+ -
Hz H2 I-I2
T 12; +Hiy [’}/(dlk,dl(kfl))]

Hi,
:?[(Y(dn7d10)+7(d12,d11)+
12

%[(Y(dlzadn)
2
6

Hy +E(L))?
d1(k71))}+“'—wmqown)
+ (e en)+-+ylerg—1), el

_ (Hn+E(L))?
6

+ (ks dy k1)) +

+ oo Y didy o))+ + K (i

[y(ei,ec2) +-

ey )] = T
7

1(k=1)>C16)] —

(cy
2 H2
1 Lly(oy,dio)] + ?12[7’(06176111)] +

H2
+%[Y(0¢17d1(k71))]+"'

_ (Hu+E())?
6

_ (Hn+E(1))?
6

_ (Hy+E())?
6

(H12(j+1)[7(0‘1 7dlj)}

[¥(c10.B1)]
[y(ci1,B1)] —

[v(ct(—1),B1)] =
1
6
+E(Fl))2[7(cljvﬁl)]~

Now we will search on the second line according to the
probability of existence of the target on the second line,
then the expected value of the distance in the right is:

—(Hy 1

an

2
sz

1 1 H?,
E(ay;) = /02j<7—2>d021—17
) Hyj\/az;  Hy; 6
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and in the left part is:
(Haj+E(I3))?
6 )

also, we assume that the expected value of the velocity is

E(byj) =

E(v) =41,

then the expected Value of the detection time in the right

partis £y = —E(ﬁf) (b?/)

_ (Hz,-+E(Fz))2)
6

= —2L, (in the left part is £,y =

. If the target lies in ]cyp, ¢21] then

0, — (Hy +E(I3))?
n=— .
6
If the target lies in |cp1, ¢p2] then
Qp— (Ho) +E(I3))? + (Ha + E(I3))?
6

If the target lies in [cy(_1), c2] then

Qo = —[(Ha1 +E(IR))* + (Hn + E(I3))* +

+ (Hy + E(I3))%)/6.

Similarly, if the target lies in [d,dy;—1)[, then
Q) = {w} and so on.

2
B(e(9) = - P EE e can)

B {(Hzl +E(I3))* + (Hn +E(I}))?
6
[Y(ca1,¢22)] — [[(Hay + E(I3))* + (Han
+E(I3))* 4+ (Hy + E(I3))?] /6]

H2
[Y(eage—1)scn)] =+ + T Ly(da1,dno)
H3, +H}
% [Y(d22,d21)] +
H2 4 H2 4 H2
2 226 2 [y(dok dog—1))]

J’_

2

H
= %[(Y(dzl,dzo) +7(dn,dr) +

H2
+1(daksdy—1))] + % [(Y(d22,d21)
2
[Y(d2k>

@ [Y(c20,c21)

H
+ A Ydak dor))] + =

1))+ —
+v(ear,e22) -+ ¥leage-1) )]

2
P EEE
_ (Hy+E(I3))?

+Y(eagk—1),c%)] — 3

[Y(ca—1),c26)] =
2 2
- %Maz o) + ng W) +

H2
+%[7(0¢2,d2<k71))]+“'

2
- Bu+EQ) +f(B)) [Y(c20. B)]

2
STV

2
_ wmcz(k*l)’ﬁm a
~ 5 Lo
+E(IR))*[¥(c2), b)),

[V(0n,d2j)] — (Hp(j1)

L E(@(9) = E(@i(9)) +E(2:(9) =
FI2(9)) =g L 1Hi )00, 41,) ~ (i

+E(I7))* (v, Bl + [Ha 4y
(Y(0,daj)) — (Ha(jy1)
+E(I3))*(v(c2j, 2))]-

Ci(jfl) < H

Since 0 < ¢;j — i

can get

then if there exist & > 0, one

HE = (cij — i) +&)°.

Hence we can put equation (6) in this form to find the
optimal search path

6 X (g —cu e iend))

=

—(c1(j41)—c1j+ & +E@))*{¥(c1j. Bi)}]
[(cagj1) — 2 +&){y(on,dyj)} — (ca(j+1)
—oj+e+EDL) v p)Y. (D

Also, if their exist & > 0 one can get

E[Q(9)]

Hy = (dij — digj1) + &)

Compensate for Hij = I:Iij 7E(1—;), H,'j = d,’j — di(jfl) —

& — E(I), in (6) we get:

FIRW) =g X (6o~ iy ~& ~E()?
=

{y(on,di;)} = (dy(j1)y—dij+&)°
{’}/(Cljvﬁl)}] [(d2 (j+1) d2j 52
—E(I3)){1(0n,d2))} — (dyjs1) — doj
+&){1(c2j,B2)}). ®)
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In this work, we don’t need to find the necessary and
sufficient conditions that explain the existence of optimal
search plan because the target has bounded asymmetric
distribution, we will get the optimal values of the points
¢;j and d;; which afford the optimal path to get the target
by using (7) and (8).

3 Optimal search path for bounded
asymmetric target distribution.

In this section our main interest is to minimize E(2(9)),
this happens when we find the optimal values of {a;;;i =
1,2,j > 1} and {b;j;i =1,2,j > 1} that give the optimal
search path for target’s location distribution from class M.
If M’ is a subclass of M for which only one element and if
a* and b* are optimal values of a and b; respectively, then
the optimal search path will be in M’. It is noted that the
search path depends on the target distribution F(x), and
the values of a and b that searchers used, and they are two
unknown factors, and because the value of a depend on
the value of {¢;;;i =1,2,j > 0} and {d,-j;i =1,2,j >0},
we will find the opt1ma1 values {c};;i = 1,2, > 0} and
{dii=1,2,j>0}.

From now we assume that the target distribution F (x)
be known and regular (Le., F(x) is absolutely continuous
with positive density f(x)) and E(X) < 0. In order to
obtain the optimal values {clj,z =1,2,---,j > 0} we
must solve this non-linear program problem (NLP):

l]’

NLP ()
ncllm(cu ci(j1)+ &) Yo, dy(j1))] — (c1;
—ci(jon+e+EM))[¥er-ry, B+ (cigjr1
*CljﬁLSl)z[}’(al,dlj)]*(Cl(jﬂ)*CljJrEl

+E(I))*[¥(c1j,B1)]
sub. to:

C1j—Ci(j-1) T & - Cl(j+1) —C1j T & -

i )

€1y = €11 CU(j+1) =1

cij—cy(j-1) >0, ci(j+1) —c1j >0,

Clj_cl(j—l)+81+E(1—i)>1
dij—dyj-1) -

1(j+1) cij+e& +E(I) |
di(jr1)—dij o

dij—dy(j_1) >0 dy(je1)—dij >0,

g >0 I >0,

Definition 2.1. (Optimal solution). For the previous NLP
¢* € R are said to be optimal, if found ¢ € R such that
g(c*) <glc), Ve €R.

Then the previous NLP ;) take the form (on the first line):

NLP,,

min(cy; —cy(j_1)+ &) [Y(on,di(j-1)] — (c1;

Clj
ci(j—n) + & +ED))?[¥(er-1) B)] + (er¢j+1)
_C1j+81)2[7(a17d1j)]_(Cl(j+1)—6‘1j+81
+E(7))*[y(c1j, B1)]
sub. to:
e €
- AU TA
C1j = C1(j-1)
1701(j+1)—61j+81 <
Ci(j+1) — C1j
cr(j—1)—c1; <0, crj—cigjpn <0,
i—Cl(i— & +E(I;
LS n+e+ (1)§07
dij—dyj-1)
n—c1it+ & +E(I
|- S0+ cijté&+ (I)SO,
d(Hl) dyj
dy(j—1)—di; <0, dij—dyjy1) <0,
—& <0, —-I; <0.
from the Kuhn-Tucker conditions, we get
2(crj—cy(j—ny &)y, dij—1))] —2(c1j—cigj-n)

+e1+E(L))[Y(er(j—1),B1)] —2(ci(js1) —c1j+ €1)
[Y(ou,dij)] +2(ci(jpr) —crj+ & +EM))[y
(c1js B+ (ci(j41) —c1j+ & +E(I7)) 2 f(c1))
+ur (0= [2(c1j —eygjmry+ &) (cr1j—cij—y) — (c1j
*Cl(jq)JFEI)}/((Clj*Cl(jq))z)) +uz (0= [2(ey(j41)

—crj+&)(cien) —ciy) — (i —c1j+&)]

)2 __
/1 =) ))+u3(0 dij—dy- T

1
0—7)+u5(—1)+u6(1)=0, 9)
( dijr1)—dij
—C1joy + €
u1(1 _W) —0, (10)
C1j = C1(j-1)
1) —CljtE
uz(l—M)ZO, an
Ci(j1) —cij
clj—C(j-1) +&+E([L
1— = 12
M3( dyj—dy (12)
— + € +E )
u4<1 gy —eyta tEIDN o 5
d(jJrl dl]
US(Cl(jfl)_Clj):Oa (14
u(,(Clj*C](jJrl)):O. (15)

There are many cases to solve the equations (9)-(15), but
he case which gives the optimal value of {c;;;j > 0} is the
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case: u; = up = --- = ug = 0. Consequently, the optimal
value of ¢(; 1) is given after solving the equation,

T ler)) = ergn2v(ou,dij) = 2¥(cr;, Br)

+2f(c1j)(c1j+ e +E(I))] =6, (16)
where

01 = —2(c1j—cij-ny T e)ylon,di1))] +2(ci;

—cii—ntea+E@))[¥(erj-1), )] +2(—cy;
+en)[y(ou,dij)] —2(—cij+ & +EI7))[y(ers
Bl — (c1j+& +E(I))f(c1)).

Also, by solving the NLP 3, we get the optimal values of
d;
NLP 3,

Tglin(dlj—dl(jqﬁél —E(I7)*[(0u,dyj—1))]
J

= (dij—dy(j—1)+ &) [¥(er(j—1), BL)] + (di(s1)

—dyj+& —E))*[y(ou,dyj)] — (dy(j1)— duj
+&)2[r(crj, Br)]
sub. to:
17d1j*d1(j71)+51*E(F1)<0
dyj—dyj-1) T
]_dl(j+1)*dlj+§1*E(Fl)<o
d(j1) —dij o
17d1j_dl(jfl)+‘:1<0
dij=dyjy T
17d1(j+1)_d1j+‘:1<0
dijpry—dij
ci(j-1)—c1; <0, cij—ci(y1) <0,
dij-1)—dij <0, dij—dy(j+1) <0,

Applying Kuhn-Tucker conditions, and by soling the
following equations, we get the optimal values of d(; 1),

di o f(dij) +din=2v(on,d1j) = 2¥(c1), Br)
=2(dyj+& +E(I)]f(d1j) = A,
where
Ay ==2(dj—dy(j_1y+ & — E())[v(on,dy(j-1))]
+2(d1j—dyj—1y+E&)[r(ci(j—1): B)] +2(—di;
+& —E(I))[y(ou,dij)] —2(—dij+ &) V(e
Bl — (dij+& +E(I))*f(diy), (17)

by solving the equations (16) and (17) we can get the
optimal search path on the first line by the same way in

order to obtain the optimal values {c3;,j > 0} and
{d5;,j > 0} we must solve the NLP4) and NLPs

NLP,
1’?211‘1(6‘2} Co(j— 1)+82) [7(“2;‘12(]7]))]_(6‘2]'
—oy(jo1)+ &+ E(I3))[Y(cagj-1), B2)] + (eag1)
—c2j+8) (Y00, d2j)] = (ca(j41) — C2j+ &
+E(I3))*[v(c27,B2)]

sub. to:
1702]'—02(;71)-1-82307

C2j = Co(j—1)
]_Cz(,url)*czj'JrEZSO7
Co(j+1) — €2j
Co(j—1) —€2; <0, C2j—Ca(j41) <0,
]_CZj*Cz(j7|)+82+E(1ﬂ2)<
drj—dy(j-1) o
1762(j+1)762j+82+E(1—i)
d(]+1) dz} -
dy(j—1)—darj <O, drj—dy(j41) <0,
_82§07 _5§07

NLPs,

Igzi_n(dzj'*dz(jq)+52*E(B))Z[Y(azvdz(jq))]
J

— (daj — do(j_1) + &) [V(ea(j—1) Ba)] + (dagjsn)

—doj+ & — E(I3))*[Y(00,da))] — (doj11) — da

+&)*[v(c2j. o)

sub. to:

]_de_dZ(jfl)"i":l_E(E)So,
drj—dy(j1)
| Ry~ drj+& —E(I )§0,
da(j1) — 2
17d2j*d2j71 )+ & <0
drj—dyjory T
L —dité
dojyry—daj T

C2j—Ca(j41) <0,
drj—dyji1) <0,
—-I;<0.

Co(j—1) — €2; <0,
dy(j-1) = d2j <0,
- 52 S Oa

Since, we have two lines that do not intersect, then

min(€2(9)) = min(€; () + min(€2x(9).
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4 Conclusion and future work

The coordinated search method is discussed to find a
randomly located target on one of two disjoint lines. The
target’s position has a known probability distribution. the
expected value of the detection time until one of the
searchers return on the origin is obtained. Also, the
conditions that give the optimal detection distances to
minimize this expected value is discussed.

In the future work, this technique will be extended on
the plane when the target’s distribution is bounded in each
searching step.
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