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Abstract: In this work we present a generalized multi-index derivative, which contains as particular cases, with an index, several
local derivatives known from the literature (both conformable and non-conformable). Obviously this new development contains many
of the desirable properties of integer derivatives. It is worth noting that the multi-index differential operator departs from the classic
single-order local derivatives, as in the case of the particular cases presented, which leads to an adequate and useful mathematical tool

to generalize widely accepted results, with applications potentials to Physics, fundamental within mathematical simulation.
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1 Introduction

We know that the Fractional Calculus is contemporary of
the Ordinary Calculus, classical, of integer order, this
area, together with the generalized calculus are areas in
expansion and continuous development today. In the last
50 years, they have focused the attention of pure and
applied researchers and today they constitute one of the
most dynamic areas of Mathematical Sciences [1]. One of
the first operators that can be called fractional is the
Riemann-Liouville fractional integral of order a € C,
with R(a) > 0, defined as follows [2].

Let 7) < 7, and w € L!((71,72);R). The right and left
side Riemann-Liouville fractional integrals of order «,
with R(er) > 0, are defined, respectively, by

t

o) = g [ (= m T wman. )
and
o _ 1 © o—
O = g [ -0 wman, @

with t € (11,). As we know, by manipulating simple
algebraic identities, we can follow the idea of fractional

differential operators of Riemann-Liouville or Caputo
type. Considering ¢ = 1+ o —1 or ot = o — 1+ 1,
respectively.

It is important to note that the global fractional
derivatives (e.g., Caputo and Riemann-Liouville) are not
collecting mere local information. By contrast, fractional
operators keep track of the history of the process being
studied; this feature allows modeling the non-local and
distributed responses that commonly appear in natural
and physical phenomena. On the other side, one has to
recognize that these fractional derivatives D% show some
drawbacks, this made new formulations and extensions
necessary, which resulted in the appearance of the Local
or Generalized Fractional Calculus, in the 60s of the last
century and that we will see later. An attractive
characteristic of this field is that there are numerous
fractional operators, and this permits researchers to
choose the most appropriate operator for the sake of
modeling the problem under investigation, in [3] a fairly
complete classification of these fractional operators is
presented, with abundant information, on the other hand,
in the work [4] some reasons are presented why new
operators linked to applications and developments
theorists appear every day. These operators had been
developed by numerous mathematicians with a barely
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specific formulation, for instance, the Riemann-Liouville
(RL), the Weyl, Erdelyi-Kober, Hadamard integrals, and
the Liouville and Katugampola fractional operators and
many authors have introduced new fractional operators
generated from general classical local derivatives.

In addition, Chapter 1 of [5] presents a history of
differential operators, both local and global, from Newton
to Caputo and presents a definition of local derivative
with new parameter, providing a large number of
applications, with a difference qualitative between both
types of operators, local and global. Most importantly,
Section 1.4 LIMITATIONS AND STRENGTH OF
LOCAL AND FRACTIONAL DERIVATIVES concludes
“We can therefore conclude that both the
Riemann?Liouville and Caputo operators are not
derivatives, and then they are not fractional derivatives,
but fractional operators. We agree with the result [6] that,
the local fractional operator is not a fractional derivative”
(p.24). As we said before, they are new tools that have
demonstrated their usefulness and potential in the
modeling of different processes and phenomena.

Although local fractional derivatives have been used
since the 1960s, it was not until 2014 when they were
formalized with the work [7], where a local derivative,
called conformable, is defined as follows. Given a
function w : [0, +o0) — R, then the conformable fractional
derivative of w of order ¢, with 0 < o < 1, is defined by

w (t+ st“*“)) —w(t)
yaW(t) = lim 5
=0 €

t>0. (3)

RemarkIf w is a-differentiable in some 0 < o < 1, and
lim_,o+ Tuw(t) exists, then define
Tow(0) = lim,_,g+ T5w(t). Additionally we have if w is
differentiable then

Taw(t) =w ()t

of the latter we see that if o — 1 we obtain the classical
derivative.

Later, in 1918, the authors in [8] presented a fractional
local derivative of a new type [9]. Let w : [0,4+e) — R a
function. Then the .4 -derivative of w of order « is
defined by

w (t+ Sera) —w(t)
M%w(t) = lim :
e—0 3

forall t > 0, a € (0,1). If w is or—differentiable in some
(0,71), and lim_, g+ Ji/l(a)w(t) exists, then define

Lemma 1.Let w : [0, +o) — R be differentiable, then

—o

MEw(t) =" W (1) 4)

Remark.The authors justify the “non-conformable” term
with which they named it, since from (4) we obtain that
when o — 1 the ordinary derivative is not obtained and,
therefore, the slope of the tangent line to the curve at the
point is not maintained.

A generalized derivative was defined in [10] in the
following way. Let w : [0,4) — R, a € (0,1) and
V(t,a) be some absolutly continuous function on
I x (0,1]. Then, the .4 -derivative of w of order o is
defined by

A w(E) = lim w(t+ £V(’;a)) —w(t) |

t>0.
(5)

Here we will use some cases of V defined using the
€1, .1, (.), the classic definition of Mittag—Leffler function
with R(71), R(m) > 0. Also we consider &, 1, (.); is the
k-th term of & 1, (.). If w is a-differentiable in some

0<oa<1,and lim 4*w(t) exists, then define
t—0t

AFW(0) = lim A w(t).
t—0t
Remark.This generalized derivative has proven its
usefulness in various applications, to get an idea we
recommend consulting [11,12,13,14].

Remark.If the kernel of the previous definition is V =1
the classical derivative is obtained. By other hand, if we
replace € with eV(t, o) in (5) then

t+e)—w(t
Hw(t) = tim YO WO o
&£—0 €
if w is differentiable then A w(t) = w'(t) V(t,a).
The following is a result that distinguishes local
derivatives from global classical ones.

Theorem 1.Let o € (0, 1], W A -differentiable at t > 0 and
w differentiable at w(t) then

R (wo) (£) = W/ (W(1)) AW (1),

Remark.From the above definition, it is not difficult to
extend the order of the derivative forO <n—1<a <n
by putting

(n—1) _ win=1)
Mw(t) = lim P EVEE Q) ZwITY
v £—0 £

(6)

If w(™ exists on some interval I C R, then we have

MEwE) =V(La)w (1), 0<n—l<a<n.
We can defined the following associate integral (see
[15]). Throughout the work we will consider that the
integral operator kernel V defined below is an absolutely
continuous function. Let 7 be an interval ] C R, 7,t €
and o € R. The integral operator /\‘}frl is defined for
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every locally integrable function w on / and an absolutly
continuous V on 7 x (0,1] as

A (W)(8) = ; vaén;) dn=/ﬁtW(n)dvn, t> 1.
(7
Obviously
A = [ G an = - A w0,

A wim) = [* Gl an
= A W0+ A w)(®).

Throughout the work we use the functions I" (see [16]) and
I; (see [17]):

r@=[ n=lendn, Ry >o,
0
PR

n(t):/ ntleFdn,  RE) >0,k 0.
0

It is clear that if k — 1 we have I;(t) — ['(t), [;(t+ k) =
tI;(t) and

i) = 0T (7).

Unlike the rest of the known local derivatives, the
order of our operator is determined by n fractional indices
and n positive functions, which can be rearranged to
retrieve the integer derivative. The n indexes and the n
functions give the generalized derivative greater freedom
and a more complex dynamics than the derivatives of a
single index and single kernel, in addition, being a very
general derivative, it may be the case that it is
conformable for some indices and non-conformable for
others, it is a local operator as in the case of integer order.
Thus, our operator is similar to the Gateaux Derivative
(see [18]), but it is definitely not the same. We present a
differential operator in which the order of the derivative
now depends on multi-fractional indices, preserving
almost all the properties of integer-order derivatives, as is
often the case with generalized local derivatives. At the
end of the work, we present potential physical
applications of the defined operator and some
methodological remarks.

2 Main Results
Now we are in a position to define the differential operator,
the central object of this work.

Definition 1.Let w : [0,4) — R, o; € (0,1] for
i=1,2,---,nand V(t,a) be some absolutly continuous

Sunction on I x (0,1]. Then, the A generalized derivative
multi-index of N of order ¢t + 0 + - - - + O, is defined by

OGO gy () = Tim L ,

e—0 €

w(t+eV(to,am,..., o)) —w(t)

fort>0.
For the kernel function, let’s consider the following
characteristics:

=V(t,ay,00,...,0,) #0,Vte RT;
=Vtou,...,0,...,0,) # V(tou,...,0,...,0),
Vi j,withi,j=1,2,....n

Here we will use some cases of F defined using the
€11, (.), the classic definition of Mittag—Leffler function
with R(11), R(72) > 0. Also we consider €, ¢, (. )k is the
k-th term of €1, 1, (.). If W is N generalized differentiable
forO<ap,op,...,0, <1, and

exists, then define

Ji/\,<al’a2""’a">w(0)=1im e/K/(al,ocQ ..... a”>W(t).

t—0t

Remark.In the event that it is fulfilled

1)V(‘c,oc],ocz,...,oc,,) =1, (9

then we will say that it is a conformable .4#* generalized
derivative multi-index, otherwise, we will say that it is
non-conformable.

Remark.We consider n = 1, if V(t, ) = t'~% then from
Definition 1 we obtain the conformable derivative of
Khalil et al. Other kernel choices give us different known
local derivatives (see [19,20] for example).

Remark.If n =2, we obtain the “a; o derivative” and with
SV(tv ay, (XQ) = W(t)a2€l,l [8k17a1 (t)]v

then we have the “a;, ophkl conformable derivative” of w
of order o + a (see [21]).

Remark.The important thing about the Definition 1 and
that it shows its generality and scope, is the fact that we
can include generalized derivatives of a new type (not
reported in the literature), “mixed”, since they can be
conformable for indices and non-conformables. Of
course, the result will be a non-conformable derivative
since it does not satisfy (9).

Theorem 2.Let w| and wy be N generalized derivative
multi-index at a point t > 0 and o; € (0,1],Vi=1,...,n.
Then
a)%<al’a2""’a'l>(§lwl + ész)(t) _
‘:IL/VVWI’GZW’OM (Wl)(’t) +52J’/\](a1,a2,...,a,l> (Wz)(’t);

@© 2022 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

886 N S B

M. Vivas-Cortez et al.: A multi-index generalized derivative. ...

o)rt L reR;

e)e/’/ 061 oy,..., Oy (w_)(t) _

Wo
wa AL ) () ) —wy A2 () ()
w3 (t) ’
NI, in addmon,2 wi s differentiable  then

NGO () = V(4 001, 00, 0 )W ().

One of the basic results in the applications of
generalized derivatives are the following results. The
proof of the next theorem is obtained very easily,
following the classical way.

Theorem 3(Chain Rule). Let wy be a AN generalized
derivative multi-index function at a point t > 0, wy A
generalized derivative multi-index function at point
wo(t) > 0and oy € (0,1], Vi=1,...,n, then we have

W2 0) ey, )

Theorem 4(Rolle’s Theorem). Ler w € C([71,2],R),
with 71 > 0, be a given function that satisfies

i)w is N generalized derivative multi-index function on
(t1,m) for o € (0,1], Vi=1,...,n
iijw(t1) = w(1p).

Then,  there exists s € (1,m) such that
(0,00,....0n) _

N "w(s) =0.

ProofWe prove this using contradiction. From

assumptions, since w is continuous in [7],7], and

w(T1) = w(T), there is s € (71, T2), at least one, which is
a point of local extreme. By other hand, how w is A4~
generalized derivative multi-index function in (71, 1,) for
o; €(0,1], Vi=1,...,n we have

= A w(s)

i w(s+hV(s,04,00,...,0,)) —w(s)
h— 0F h
L/V(ocl,ocz,...‘oc,,)w(s,)

w(s+hV(s,00,00,...,0,)) —w(s)

h )

opposue signs.

the same sign then as w(7;) = w(1), we have that w is
constant and the result is trivially followed. This
concludes the proof.

Theorem 5(Mean Value Theorem). Let
w € C([t1, ], R), with T; > 0, be a function satisfies W is
N generalized derivative multi-index function on
(t1,m), 0 € (0,1], Vi=1,...,n. Then, exists s € (71, T2)
such that

Proof.Consider the function

w(n) —w(T)

T— T

(9 = w() - w(s) - | (= .

The auxiliary function wy satisfies all the conditions of

Rolle’s Theorem and, therefore, exists 7] < § < Tp such
that .45, (01,00,.0n) Ww(s) = 0. Then, we have

7W(Tz)—W(T1)</V<a1,a2 ..... o) (tffl)

T — T v
and from here it follows that
</Vv<al 00, .. oc,,)w(s)
L/’/<(Z],O£2,....(Zn> (5)
) —w(T
@) =) G oy ) =0,

from where
A ()] =

This concludes the proof.

Theorem 6.Let w € C([11,T2],R), with 1) > 0, be a given
function that satisfies w is N genemlized derivative
multi- mdexﬁmcnon on (1,m), o; € (0,1, Vi=1,...,n
If A (01,00,.0n) w(t) =0 for all t € (11,m), then w is a
constant on [Ty, ).

Proof1t is sufficient to apply the theorem of the mean
value to the function w over any non-degenerate interval
contained in [7, o]

As a consequence of the previous theorem we have.

Corollary 1.Let a > 0 and V,V; :
functions such that for all o € (0,1),

[t11,] = R be

JK;OCI’OCZ""’OMV](’L):JVVWI’OQ ..... oc,,)vz(t)

1 1

Vte (T],‘L'Q).

Then there exist a constant s such that V() = Va(t) +s.
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Remark.Something that we must point out is that this
generalized operator does not satisfy the Index Law, valid
in the fractional case. That is to say,

(/VV(Oﬂ.,az-,---,%z) (‘/V\/w} ﬁb---ﬁn)) 7&(/1/\/(0!|+31-,az+ﬁ2,---~,an+ﬁn>

unless the kernel V is an additive function, with respect to
the second variable.

Let C'[t;,75] be the set of functions f with first
ordinary derivative continuous on |7}, 7], we consider the
following norms on C'[11, 7],

Ve = max [w(w)],
[71,72]

[V]et = {max |w(t)| + max ]w’(t)‘}.
[71,7]

[71,72]

Theorem 7.For a function w € C'[t1,7,] and t € [11, 7)),
we have

Remark.The constant K(a,0p,...,0,) of the theorem
can depend on other parameters, as in the case of the
Katugampola operator (n = 1), where p will appear. It is
easily obtained from the previous definitions.

Theorem 8.7he
L/1/<O‘I-,aZ~,---a0‘tl>
\Y

derivative  generalized — multi-index

w(t) is a bounded operators from C'[t|, )]
to C[‘L’[ , ‘L'Q] with

(/VV(a],az,...,aMW(t) <KV [Wlea- (1)

where the constant K, may be depend of derivative frame
considered.

Proof-Given t € [11,T] and w € C'[1, 1], using simple
properties of norm and previous theorem, the result
follows.

Remark.From previou results we obtain that the derivative
L0200y (1) s well defined.

Taking into account the previous ideas, we can define the
generalized multi-index partial derivatives as follows.

Definition 2.Given a real valued function w : R" — R
and d = (ay,...,an) € R" a point whose ith component is
positive. Then the N-derivative generalized multi-index
partial of w of order 01,0, ---,04, in the point
d = (ay, -+ ,ay) is defined by

-an) |5 12)

if it exists, is denoted (/V\,ii'i’az""’a">w(7), and called the
ith N generalized partial derivative multi-index of w of

the order o1, 0, ..., 0, at d.

Remark.If a real valued function f with n variables has all

generalized partial derivatives of the order oy, 00,..., 0,
at 7, each a; > 0, then the generalized
o1,00,...,0,-gradient multi-index of w of the order

ocl,ocz,...,oc,,atﬁis

v&o;,aQ ..... oc,,)w(7)

_ (J’/tfa] ,ozz,...,a,,>f(7), o 7J’/tha|,a2,...,a,l>w(7)) -
(13)

Now, we give the definition of a general fractional
integral. Throughout the work we will consider that the
integral operator kernel V defined below is an absolutely
continuous function.

Definition3.Letr [ C R, 7,t € [ and o; € (0,1],

Vi = 1,...,n. The integral operator Jé,é]ﬁ’ﬁz"“’ﬁ’O,

defined for every locally integrable function w on I as

is

-1

[M“'*az"“’a’l>w(t)} :J\(;jo.],az,...,aﬁ(w)(t)

' w(n)
= d
T V(nvalvaZa"'van) 1

t
:/ w(n)ddrn, t> 1.
T
(14)

Remark.It is easy to see that the case of the J{f operator
defined above contains (n = 1), as particular cases, the
integral operators obtained from conformable and
non-conformable local derivatives and even, for
appropriate kernels, it may contain known fractional
integral operators.

We can define the function space L} [7], 7] as the set of
functions over [}, T»] such that

(W= O] (m)) < o=

The following two results establish the relationship
between the generalized operators defined above.

Theorem 9.Let ICR, 1y €1, o; € (0,1, Vi=1,...,nand
w a N generalized derivative multi-index function on I
such that W' is a locally integrable function on I. Then, we
have forall t € 1
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Proof-Since w' is a locally integrable function on I, we
have

_ t L/’/V<O!1,(Zz,...,(){,l> (W)(Tl)
T (7770‘1,052,---70%

=/ntw’(n)dn

=w(t)—w(m),
which is the desired result.

Theorem 10.Ler I C R,
Vi=1,...,n. Then we have

T €1 and o € (0,1],

for every continuous function w on I and 71, t € I.

Proof.Let w be a continuous function w on /. Proposition 9
gives for every 7y, t €1,

/ 't w '
(Jéf(jtflljaz’m’aﬁ(w)(t)) - ( 7 V(n,al,t(xz,)---,an) dn)

w(t)
n V(t,OCl,(Xz,...,OC,,'

So, we have

Sometimes, the kernel of the integral operator may not be
the same as the derivative operator, from the theoretical
point of view it does not affect, in fact what it does is
complicate expressions and some elementary properties.

3 Applications to differential equations

The fractional derivative present here is local by nature,
hence any comparison with classical fractional derivatives
is erroneous, because we are considering mathematical
objects of different kinds. Our operator is local and the
derivatives of Caputo, Riemann-Liouville, etc. are global
(in [22] a comparison of this type is presented).

Next, to simplify the calculations, we will use our
generalized derivative with two indices in this section. We
know that in the classical fractional case

. . T
DY (sin (12t)) = 75’ sin (‘L’gt+ Z) ,
but what’s up if @ = 2—1” n €N, and 7» = —1? However
using our definition, and Theorem 2-(f), we have no
problem

+t

D=
D=

)

(SIS

</VV< ) (sin(—t)) = —e 2 cost,
with n =1 and
V(tap, ) = e~
In addition, there are functions like
w(t) = ell-@)t ™

whose fractional derivative in the classical sense is very
difficult to calculate, if not impossible, while using our
definition is very easy, so we have

(/;/V(Oflm) (6*((17(11)&5"2)) _ ((1 o) — 062’(7%71).

)

Consider the very simple differential equation

Dw+w = tf(alJrg_?) oY,

This is a differential equation, whose independent term is
a biparametric function, very common in different
applications. If we try to solve it using classical
derivatives D% as the Caputo or Riemann-Liouville
definition, then must use either the Laplace transform or
the fractional power series technique. By other hand, if
D% is our definition, we rewrite it as a generalized
derivative with two indices, like this

3

(/‘/\/((Zl-,a2>w +w= tf(a]Jrgl]) S
easily we obtain that
w(t) = *i tf(a]Jr%) ot 2t [fi‘%f%ﬁ)
ay

is a particular solution. We would like to add an additional
application of our fractional derivative to solve ordinary
differential equations. Thus, consider the following linear
first-order differential equation:

W+ ((oy f1)+(thfafl)W:e(lf‘xl)t“wﬁtr, reR.

(15)
It is clear that this equation can be written this way:

(/‘/V<0‘170‘2> {W(f) e(l—a1)t+t*°‘2} _ (/‘/V<05170‘2> [tr]
According to Corollary 1, we easily obtain that:
w(t) -t 2 —yry ¢

From where the general solution sought can be obtained
without problems.
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4 Conclusion

The FDg — DP has been investigated in this work in
detail. The investigation of this particular equation
provides us with a powerful tool in modeling most
scientific phenomena without the need to remove most
parameters which have an essential role in the physical
interpretation of the studied phenomena. FDg — DIP has
been studied on a time scale under some B.Cs. An
application that describe the motion of a particle in the
plane has been provided to support our results’ validity
and applicability in fields of physics and engineering.
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