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Abstract: In this paper, we investigate the global existence and uniqueness of a solution to a specific class of fractional differential
equations, noted by @-fractional differential equation with nonlocal condition, which Atangana—Baleanu Caputo fractional derivative
operators and compare the two studies. At first, we need to introduce a new topology in C([0,+oo[, E) with E is a Banach space. Then,
we provide the necessary hypothesis on @ and ||P||. for each problem applying Banach’s fixed point theorem. Moreover, we give
some illustrative examples which exhibited the applicability of the founded hypotheses.
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1 Introduction, motivation and preliminaries

Fractional differential equations applied and used in many fields such as physics, economics, engineering, chemistry and
biology [1,2,3,4,5,6,7,8]. There exist many papers on the existence and uniqueness of solution of fractional differential
equations within finite intervals, see for instance [9, 10, 11,12,13,14,15]. For example, A. Keten, M. Yavuz and D. Baleanu
[12] established the existence and uniqueness conditions for solutions for a nonlinear differential equation containing the
Caputo—Fabrizio operator in Banach spaces

{ CED%w(t) = Tw(t) +h(t,w(t)), 0<t<1, 0

w(0) = Jy g(§)w(§)dE.

In [9], Bai studied the existence and uniqueness of a positive solution for a nonlocal boundary value problem of fractional
differential equation

Dg+u(t)+f(tau(t)):07 OStS 17 (2)
u(0)=0, u(l)=Ppu(n),0<n<1.
Jarad et al. [16] and Syam [17] investigated the local existence and uniqueness of the general equation
{1reDga0 = fleste), 0w, 5
¥(0) = yo,

with 45D is the Atangana-Baleanu Caputo fractional derivative.

In the literature, few results have been treated the problem in unbounded domains. Arara et al. [18] have concerned
with the existence of a bounded solution of a boundary value problem on an unbounded domain for fractional order
differential inclusions involving the Caputo fractional derivative

‘D& u(t) = f(t,u(r)), teJ:=]0,+),
{ u((())) = up. “)

* Corresponding author e-mail: a-hajji @um5r.ac.ma

© 2024 NSP
Natural Sciences Publishing Cor.


http://dx.doi.org/10.18576/pfda/100303

362 NS ¥ H. Sbai et al. : Existence of solution for a new class ...

Hassouna, El Kinani and Ouhadan [19] have provided conditions of the global existence and uniqueness of the
Atangana—Baleanu Caputo fractional differential equation

{’WCD&yU%+Nb&ﬂ)=gOJOD,IGKL+wL(41)

¥(0) = yp, (42), ®

In the present paper, we investigate the global existence of a solution to the following class of fractional differential
equations, noted by ®—fractional differential equations, with nonlocal condition on an infinite interval through using
Banach'’s fixed point theorem.

{ CDa(y(t) +G(t7y(t))) :AQJ(tay(t))y(t) +f¢'(tay(t))a te [Oa+°°)’ (4]) (6)
¥(0)+8(y) = o, (4.2),
and

{ ABED%(y(1) + o (1,¥(1))) = Aa(1.3(1))y (1) + fa(1,3(1)), 1 € [0,+0), (4.1) 7
where

(1)4B€D is the Atangana—Baleanu Caputo fractional derivative.

(2) D% is the Caputo fractional derivative of order 0 < o < 1.

(3) @ : R™ — (0,d] is a bounded, continuous and decreasing function, where a > 0.

(4) 0, fp : [0,+) x E — E are continuous functions.

(5) Ap(t,x): [0,4) x E — A(E) is a bounded operator, where Z(E) denote the space of all bounded linear operators
on a Banach space E.

(6) g: C(]0,+),E) — E is a continuous function defined by

where C; are given constants, fori € {1,2,.....,p}.

To prove the existence of the solution of (6), we introduce a new norm depended on @, noted by ||.||c,,, in the space
(C[0,+o0),E) and we show the existence of the real number p > 0 such that the solution u of (6) satisfies ||u||c, < p.1i.e.,
u is an element of the ball B, = {u € (C[0,+0),E) : |[uc, < p}. To do this, we give some necessary conditions on @
in Lemma 4 and since we noted that the existence of the solution of Problem (6) is depended on ||®||.., we construct the
following set:

Hp = {¢:R" — (0,a] is a bounded, continuous and decreasing function such that || ®||c = || ||}

Then if we change @ by any ¢ € Hg with || ®@||. = |||/, the problem (6) has a solution in B,. For the problem (7), we
proceed in a similar way making use of Lemma 5. Finally, some illustrative examples are given to confirm the applicability
and the effectiveness of the obtained results.

In this section, we introduce some basic preliminaries that will be used in this paper.

Definition 1([20]). The Riemann-Liouville fractional integral of order o for function f can be written as

185(1) = ﬁ [ == s

where I is the gamma function.
Definition 2([20]). The Riemann-Liouville fractional derivative of order « for function f is defined as

d”l
Dy f(x) = 5[ (x)]
1 d"

= mﬁ/o (x—1)"" " f(t) dt,

where n = [a] + 1, with [a] denotes integer part of Q.
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Definition 3([20]). The Caputo fractional derivative of order o of a function f is defined by
1
I'h—a).

f@),

“DEF1) = [[a—spet fsyas

d}’l
— Infa -
0 (dt”

where f)(s) = % (s).
Lemma 1([20]). Let &x > 0. Then we have
‘D (L5 f(t) = f(1).

Lemma 2([20]). Let a > 0 and n=[o] + 1. Then

n—=1 (k)
geog o) =10~ ¥ L0k
=0 <

Definition 4([7]). The Mittag-leffler in term of the power series is as follow:

o W
E, =) ——, a>0,
a() Eof(amle) “

Definition 5([21]). Let p € [1,o0[ and  be an open subset of R the Sobolev space HP (Q)is defined by
HP(Q)={fe*(Q): DPfe*(Q) forall |B|<p}

Definition 6([3]). Let f € H'(0,1) and 0 < o < 1, the left Atangana-Baleanu fractional derivative of Caputo sense is
defined by

B(a) [t -«
ABC na @
Dy f(t) = HEg| —(t— d
5100 = g £ OFal 7= =9
where B(ot) =1— o+ —sza) > 0 is a normalization function satisfying B(0) = B(1) = 1, and
Eq is the well-known Mittag-Leffer function of one variable.

The associated fractional integral is defined by

1-«a

IS0 = O+ G, A= s

Definition 7. Let (X,d) be a complete metric space. A mapping T: X — X is said to be a contraction mapping, or
contraction, if there exists a constant k € [0;1) such that

d(T(x).T(y)) < kd(x.y) ®)
forallx,y € X.

Theorem 1. (Banach’s Fixed Point Theorem) If T : X — X is a contraction mapping on a complete metric space (X ,d),
then T has a unique fixed point x € X.

2 Main results

To prove the existence of the solution for our @—fractional differential equations (6) and (7), at first we need to introduce
anew topology of C([0,+),E). Then, we provide the necessary hypotheses.
Now, we defined the norm ||. |, depending of the function @ in C([0, +),E) by

llcs = sup@(@)ly(@),  forally € C([0, +e0), E)
=
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Lemma 3. The space (C([0,+o0),E),||.||c,) is a Banach space.

Proof.  Firstly, we show that ||.||c,, is anorm on C([0,+0),E).
For all y;,y, € C([0,+c¢),E) and A € R, we have

(i) Positivity:

[¥1llcy =0 < sup @()ly1(1)]| =0
teR+

o &) =0, forallr e R
& |yi(@)|| =0, forallt € R"
<y =0.

(i1)) Homogeneity:

[Ay1llcy = sup @(@)[[Ay: (1)

teRt
= [A] sup @(1)]|y1 (1)
teRt
= [A[[y1lce-
(iii) Subadditivity:
i +y2llce = sup @()[|y1 (1) +y2(1) || < sup D) ([ly1(1)]| + [[y2(0)]])
teR* teR*
< yilleg + 1y2lles -

Secondly, we will verify that (C([0,+e0),E),||.||c,) is complete.
Since the function ¢ is bounded, then there exist two real numbers m and M such that

m< @) <M, forallt€ [0,+o),
which implies

msup [y(1)[| < sup P(1)[|y(¢)[| < Msup|y(1)]],
>0 >0 >0

it means that
mlylles < [¥llcy < Mlylles,

where [|y[| = sup,q [|[y(¢)||. Hence ||| and ||.||c, are equivalent, and therefore (C([0,+e°),E), ||.|lc,) is a Banach
space.

Concerning Problems (6) and (7), we give the following assumptions:

(Hy) There exist two continuous and bounded functions L : [0, +o0) — R* and & : R™ — (0,a], and a positive constant A

such that
B = sup t*P(r) < +oo,
teR+
|Ag(t,u) —Ap(t,v)|| < L(t)®(t)*||u—v||, for any u,v € E and t >0,
and

Ao(t,0) < Ad(1).

(H,) There exist a continuous and bounded function p : [0, +) — R™, and a constant 17 such that
[ fo(t,u) = fa(t,v)|| < p() @) |lu =V, u,v € E, 120,

and

n= sup|| £(z,0)[| < oo
) >0

1
I'la+1
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(H}) There exist a continuous and bounded function p : [0,4e0) — R™, and a constant 1] such that

[ fa(t,u) = fo(t,v)[| < p() @) lu = v, u,v€E, 120,

_*
n] - B a)”)
e (I—-a)'(a+1)
B B(a) ’
and,
N =£€mn.

(H3) There exist two constants { > 0 and § such that
lo(t,u) —o(t,v)|| < Cllu—vl, uveE,
and
S =sup||o(r,0)| < +eoo.
>0
(Hy4) There exists a constant G > 0 such that
18(u) =Wl < Gllu=vll, u,v € C((0,+),E).

We consider the following notations

1Ll pllee A

I'loe+1)’ I'la+1)’ I'(oe+1)

o

o
M = —M = — =
1 Bla)™ Ny B(a)N’ il

o
— M, =eM, Ny = €N —¢
B((x)’y, 2 y AV2 » 2 Y

and for p > 0, we set
Bp ={y € C([0,4%),R) : [Iyllc, <P}

2.1 Global Existence and Uniqueness of a solution of problem (6) using Caputo fractional derivative

Now, we study the global existence and uniqueness of our problem by using Caputo fractional derivative operator (6).
The following lemma is nedeed to show Theorem 2 below.

G N—1)2—4B>M . .
Lemmad4.lf By+G+{+BN—1<0and|P|< (gg;f(\\j;gﬁﬁ\do\\lllgoﬁ&n , then the following equation

E(p) = BMp* + (BY+ G+ +BN—1)p+ [[@ll(llyoll + [ ooll + [Ig(0)]| + &) +Bn =0
has two distinct real positive roots p1 and p such

(BYy+G+L+BN—1)+VA

p1= 2BM )
and
 —(By+G+{+BN—-1)—VA
where

A=(BY+G+E+BN—1)>—4BM(|P|(llyoll + |00l + [[g(0)]| + &) + Bn).
Hence the set of solutions of E(p) < 0 is [p1,p2]-
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Proof:-We solve the equation E(p) = 0. We have

A= (By+G+E+BN—1)*—4BM(||P|([lyoll + |00l + 18(0)]| + &)+ Bn).

Since
(BY+G+C+BN—1)2—4B2Mn

[Pl <
4BM(llyoll + l[ooll + [lgoll + &)

(1) Then A > 0 and we ha
A< (BY+G+E+BN—1)%

hence

VA < |(By+G+{+BN-1)).

So
O I BYy+G+E+ BN —1> 0, then we have two solutions

_ —(By+G+{+BN-1)+ VA

p1= 2BM <0,
and
pyo JBYHGHETPN-1) VA _,
2BM
() If By+ G+ + BN —1 <0, then we have two solutions
py= ZPBYTGHEHN-)+VA
2BM
and
pyo JBYHGHETPN-1) VA _,
2BM
Q) If
+G+{+BN—1)>—4p°M
o> Br TG E+BN 1)~ 4B

— 4BM([lyoll + llooll + llgoll +8)
then A <0, and in this case the set of solution of E(p) < 0 is empty.

We conclude that the set of solutions of E(p) <0is S = [p1,p2]-
The following result gives the unique solution of the problem (6).

Theorem 2.Under the hypothesis (H), (Ha), (H3), (Hy) and (Hs) : W —1>p, forany p € [py1,p2], where
p1,p2 are the solutions of E(p) = 0. Our problem (6) has a unique solution'y € Bp.

Proof.By Lemma 1 and Lemma 2, the problem (6) becames

3(0) + 6 (t,3()) = ¥(0) + 6o + ﬁ /0 (= )% (A (5,3(5))9(5) + foo (5,3(5))) )ds.

Thus
ﬁfo (t—5)* " (Aa(5,5(s))y(s) + fa(s,5(5))))ds. )

Set Yo (1,y(t)) = A (t,y(2))y(t) + fo(2,y(¢)). Now, we consider the operator T defined by

y(t) =yo+00—g(y) —o(t,y(t)) +

(1)(6) =0+ 60— £) = (030 + Frg | 019" (oo ()

Then the integral equation (9) is reduced to y = T'y. In order to establish our existence result, we need to show that 7" has
a unique fixed point y in By, for any p € [py,p2).
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First step, we prove that T (Bp) C B,.
Lety € By, we have

1) Ty ()] = || ®(r) (yo+60)—‘1’(t)(g(Y)+G(t7y(t)))+—/(:¢(t)(t—S)"‘*“qu(s,y(S))dSllv

which implies that

[2OTYO)] £ SO0l + [0 + SOl + PO(e.30)] + g5 [ PO =) [Fols.y(6) s
< 0ol Il IO+ oDl 180)~ 601 06—
i | ot (Ao (s,5(5)) ~ Aa(5,0) + [Aa(s, ) [()]lds
g o POl =9T (Ufos.3(5) = Fo 5.0) | + [ o 50 ).
By using (H,), (H»), (H3) and (Hy), we have

|2@)Ty(@)[| < D) (|lyoll + ool + 18(0) | +8) + G (1) [y(1)[| + E () [y (1)l

1 ' a—1
+W/ @)1 =) (LY + 5 140 (5.0 ) 2(5)y(s) s

1

) b ()t — )% (p()B(5) [y + £ (5,0) ) s

So we get

SupH@( )Ty < [|@le=(llyoll + |00l + 1€ (0)[[ + 8) + Gp+ Ep + (Mp +7)Bp + B(Np +1),
and by Lemma 4, we have

Sup||<15( YOIl < BMp? + (By+ G+ + BN)p + | @l(llyoll + |00 + [|8(0)I| + &) + Bn

<p.

Then ||Ty||c,, < p. Hence T(By) C B,.
Second step, We prove that T is contraction.
For each u,v € By, we have

() (Tu(t) = Tv(r))|| = | (1) (8 () — (V) + (1) (0 (t,u(t)) — o(1,v(2)))
+ ;/0 D(1)(t —5)* (A (s,u)u(s) — Ap(s,v)v(s))ds

+ e o PO (Falo.ale) = fals.(s))s|
< B(0)](8(w) —g()]| + O (o (t,u(1) = (1.

+ F—) /Ot D(t)(t— s)“*l |Aa (s, u)u(s) — A (s,v)v(s)||ds

(a
+ F%x)/ot () (1 — )% fa(s,u(s)) = fa(s,v(s)) | ds
< @) (g(w) =gVl + 2@) (o (7, u(t)) — o t,v(1)))]]
1

(1)t —s)*"! (I\A¢(S7u)|| [lu(s) = v(s)

+
h]
G
< C\N
S

+ FL/I D(1)(t — )| foo (5,u(s)) — faoo (5, v(s))]|Ls.
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Again, by using (H,), (H), (H3) and (Hy), we have

1@ () (Tu(t) = Tv(1))[| < P()Gllu—v]| + ()& lu—v] + ﬁ /0[ P(r)(r — ) ((L(S)CD(S)IIM(S)II

1
+ mHA@(&O)HM(s)Hu(s) —v(s)| +L(s)d5(s)||u(s)||d5(s)||v(s)||)ds
+ﬁ/o D(1)(t—5)* " (p(s)P(s)||u(s) — v(s)||)ds.

By calculating the integrals, we get

Sugll‘P(t)(Tu(t) =Tv()[| < Gllu—vlcy + Cllu—vllcey + BM+D)lu—vlcey + BMpllu—vic, + BN|u—vlce-
>

Therefore
|Tu—Tvl|cy < ((1+p)BM +BY+G+ L+ BN) i —vlc,-

Based on (Hs), we conclude that T is a contraction from B, into B, and
(1+p)BM+By+G+{+ BN < 1.
Since
1= (By+G+C+BN)BM — M > pBM,

then
1>BMp+By+G+E+BN+BM=(1+p)BM+By+G+{+BN.

Finally, the Banach fixed point theorem guarantees that 7' has a unique fixed point y € B, which is a solution of the
problem (6).

2.2 Global existence and uniqueness of a solution of problem (7) using Atangana—Baleanu Caputo
fractional derivative

Next, we study the global existence and uniqueness of our problem (7) by using the Atangana—Baleanu Caputo fractional
derivative operator.
We need the following assertion to prove Theorem 3 below.

Lemma 5.If we have these two conditions

(i) [|19]l- < 1555 — 5% B)-

(ii) (—4eM(|[yoll + ool + |g(0)|| + &+ en) + &N +7)*) [ Pl + (= 4M 575 B([lyoll + l|oo]l + |8 (O)| + 8 +&m) +
256 BEN + 7> +2(N+ 1) (G+ L~ 1)e) [ @l + (N + 1) (505 B)* +2(N+7) 5 B(G+E = 1)+ (G+{~1)*—
4%[317 > 0.

Then the following equation

E<p’>=<|\¢|\me+% >Mp’2+<<$ﬁ+|\¢|\we><N+y>+G+c—1)p’+|\¢|\w<|\yon+||co||+|\g<o>|\+6+en>
(04
G

has two distinct real positive roots p| and p5 such that

~((5%B+ | Plle) N+ 1) +G+E— 1)+ VA

/

pr= )
1 2@t + 5% PIM
and
oy g 1Bl 41 +G+{-1) VA
: 2@t + 5% P)M |
®© 2024 NSP
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where

A= ((%ﬁﬂléllmS)(NﬂHG%f1)2*4((H¢Hm8+$ )M) (1| @ 1[0 | + Ilo0ll + [1(0) | + 8+ &m)

B(a)

Hence, the set of solution of E(p’) < 0 is [p{,p5].
Proof. We solve the equation E(p’) = 0. We have

A= ((%ﬁ + (| @) (N +7) + G+ — 1) —4((]| D]t + %ﬁw) (1@ l=(lly0 | + looll + [1g(0) | + &+ €m)

(04
5@

Since ||P|| satisfies the condition (ii), then A > 0 and we have
a

FaP HIPI-OW+ 1+ G+ 1),

A< ((
which implies that

VA < \((%ﬁﬂwénwawmww— .

From condition (i), we get ((%B +[|@[|«€) (N +7) + G+ { —1) <0, so we obtain two positive solutions

_ (Ggh Il 4P+ G- 1)+ VA
- 2@t + 5% BM |

l
1

P

and
o ~(ggh+ 2N +N+G+E-1) - VA
2 ([Pl + 5% BIM '

We conclude that the set of solutions of E(p’) <0is S = [p],p5].

Remark If ((%ﬁ +[|@[|€) (N +7) + G+ —1) > 0, we get two negative solutions

~((35B+I1Ple) N+ 1) +G+E—1) + VA
2@t + 5% BIM

Pi <0,

and
~((3%B+I1Pl-)(N+ 1)+ G+ —1) - VA

< 0.
2@t + 55 PIM

[
In the case where A < 0, the set of solution of E(p’) < 0 is empty.

The following result gives the unique solution of the problem (7).

Theorem 3.If the hypothesis (Hy), (H}), (H3), (Hs) and (HY) : 17((N2+7(2|M;m";j2%‘;g+g+ﬁ Mg p, for any

p € [p1,p3) with p},p5 are the solutions of E(p’) = 0 hold, then our problem (7) has a unique solution'y € B,.

Proof.The problem (7) becames

3(0)+ 0(0.0)) = 3(0) + 00+ Zt (A (.50 + Folt ) + gt ([ (=9 Ao la30)(0)
+ Fals3(5))ds).
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Set W (1,y(1)) = A (¢, y(1))y(1) + fa (2, y(1)). Thus

3(0) = 0+ 0~ ) = 0(0.5(0) + 010(0)) + oo (Bt 50+ gratres [1(1=9% (oo y(o)))ds

Now, we consider the operator T defined by

-« o !
Ty)(t) = yo+ 6y — —o(t,9(1)) + —— (W (1, y( +7/t—s"‘*“f’s,sds.
(1)) =30+ 00 —80) ~ 00,5(0)) + 5 (Bl 0) + grorra [ =9 (Fols.3(5)
Then the above integral equation is reduced to y = Ty. In order to establish our existence result, we need to show that T’
has a unique fixed point y in By, for any p € [p1,pa].

First step, we prove that 7 (By) C Bp.
Lety € By, we have

P(1)(1-a)

1@ ()Ty(1)[| = [[@(t) ((vo + 00) — () + 0 (1,¥(1)))) + W%(t,y(t))

o t
— [ @@)(t—5)* " d
BTy PO s y()as,
which implies that

19)T5(0)1 < D) Ibol + [onl) + @O0+ @O0t + G e o))

+ et P9 [ lsx(5) s
< @ (1) (ol + ool + 8O + (1,0} + |5 (5) = 8(O)]| + | (1.3(1)) = (¢, )] )
+ 20U (ag ,5(1)) - Aolt.0) + 140 0]
+ 2 1 ale0) ~ o O+ (10
+ T PO (1As(s.5(5) = A0(5.0) + Aol 0 (s s
BT o POE=" (1Fals.3(6) o s.0) |+ Fa(s. 0 ).
By using (H;), (H,), (H3) and (Hy), we have
ool < ot )(Ioll + ool + lg(0)]| +8) + G (@) [y ()] + L B(o) (1)

(1) (M2 P(1)[[y (1) || + 12) @ () |y () | + N2 @ (1) [¥( )Ian)
o 1 "
+37(a)1“(a)/0 P(1)(1—5)* " (L(s)D(s) Iy (s)Il + B0 )HA<1>(S L0)[[)@(s)[1y(s)llds

o = /tdb(t)(th)OH(P(S)‘P(S)H)’(S)H+||f<1>(5a0)”)ds-

BT (@) o

So we get
SuP||<15( )Ty < || Dl (llyoll + looll + [18(0)[[ + 8) + Gp+ Cp + || || (M2p + 12) P

| Peo(N2p +12) + (Mip +11)Bp + B(N1p + M),
and by Lemma 5, we have

SUPH@() Y1) < (|@llMa + BM)P* + (BY + G+ + BNy + || Pl owNa + || ]| 12) P

+ 1@l (llyoll + [[o0]l + lg(0)[| + 8+ m2) + B
<p.
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Then ||Tyl||c,, < p. Hence, T(Bp) C Bp.
Second step, We prove that T is contraction.
For each u,v € By, we have
[P@)(Tu(t) =Tv(0))|| = [| () (g(u) —g(v)) + P(1)(a(t,u(t)) — o (t,v(1))
+ PO alrult)  Anlr ) + LD (o rue) - fov(0)
e / "B (1) (1 — )% (A (s, u)uls) — Aa(s,V)v(s))ds
BT o POE=9" oo uls) = fals.(s))s|
< @(1)]|(g(u) =g+ P()[[(a(r,u(r)) — o (t,v(2)))]l
n P(t)(1—o

W(Mdnu)u(r)A¢<r,v>v<t>|>+%w¢<r,um>f¢<t,v<t>>|>

< 00 (500)— s + SO0 )~ ST
%(Awunn (o) + IAa(r.) — Aa(r. ) VO]
+<15( (1—o)

Tﬂf@(&u@))—fzp(sav(s))H
+ et o 20E=9% (a0l u(s) = (5] + Ao(s.0) - o5 (5)])
S e ) 00— I fals.u(s) — Faloov(s) s

Again, by using (H,), (H>), (Hs) and (Hy), we have
)

D) (Tu(t) = Tv(r))[| < (
(

+

DGlu—v|[+ (1) |[u—v|
%(( (1) (t) u(r) | + ()||Aq>(t 0)[1) (1) lu(1)
+ L) D) [[u()[|[()]v(2) H)
+%<p<r>¢m|u<r>vm|>

«

s 00— (oo o)

+

—v()]|

+

1
T30 1Aa (s, 0)[[)@(s)[[u(s) — v(s)I| + L(S)CP(S)IIM(S)IICP(S)IIV(S)II)ds

o

+W/o P()(t=9)* " (P()P(s)lluls) = v(s)Il)ds.

By calculating the integrals, we get

fgop [P (#)(Tu(t) — Tv(t

O < Gllu=vlice+ Ellu—=vice + | Plle(M2 + 12) [lu = vllcy +Mal|Pllwpllu—viic,

+ || @[eoNa[ = vl[cg + B(M1+ 1)t — Ve + BMipllu—vlicy + BNillu—vllc,
Therefore

1Tu—Tv||cy < ((|P|M2+BM)p+ (Mo +No+ 1) Pl + BMy + BYi + G+ E+ BN |Ju—v||cy
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Based on (H:), we conclude that T is a contraction from B, into B, and
([ PlleeM2 + BM1)p + (M2 + N + 12) | P[0+ M1 + BYi + G+ S+ BN < 1.

Since
1 — (My+ Ny +9)||®@|eo — (BM1 + By + G+ 4 BNy) > (|| @||-M> + BM))p,

then
> (| @l M2+ BMy)p + (Ma 4Ny + 1) | P || + BM1 + Byi + G+ £+ BN

Finally, the Banach fixed point theorem guarantees that 7' has a unique fixed point y € B, which is a solution of the
problem (7).

3 Examples

3.1 Examples associated to Caputo fractional derivative

We study the two following problems using Caputo fractional derivative operator:

1 .
cp? y()le”" e in(6+]y(®)]) 2 sin(t) D (1)
{ Dé ( ()+2( )+5)) 5 ¢(t) y(t)+5(\y(t)\2+l)’ t>07 (]O)
¥(0) + tcos(y(1 )) 0,001,
with &(1) = ]J;\/; ord(r)=e " or P(t) = l+r And
1 3
. 1o o cas(!‘+l) bl 1 ble@ , 1
D 0) + Jsin(r +3(0) = e @b In(() 0+ BEG + >0
¥(0) + gsin(y(1)) = 0,01,
with &(r) = 1+iw-
Example 1. Consider the following & — Fractional functional differential equation.
1 .
cp? (@) e in(6+y(®)]) 2 sin(t) (1)
D2 (y( ) )+5)) 5 ¢(t) y(t)+5(\y(t)\2+l)’ t>07 (]2)
(0)+ cos( ( )) 0,001.
Let
1
D(t)=——+
0= 7o
e 'ln(6+ |y[)
Ap(t)y) = ————F7-
<I>( ay) 5(14’[\/5)2 )
yle™
G t’y = 7’
)= 21+9)
folt,y)= sinlt)

51 +1va)(IyP+1)°
1
8(y) = geos(y(1)).
For all x,y € R and r > 0, we have

—t

|—5(1+\/

—t

(1+t\f)| =l

|Ag(t,x) —Ap(t,y) |In(6+x) — In(6+y)|
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Thus the operator A (¢,) satisfies the hypothesis (H;) with

1 In(6) 1 _ 2In(6) oaiT
IE| 30° 57 15ﬁ’ 5¢m’ B < l+a

< 1.

On the other hand, we have

jsin(0)] | 1 !
|f¢(t,x)—f<1>(ta)’)| < 5(1+t\/l:) (x2+1) a (y2—|—1)

|sin(t))|
~10(1 +1v1)

b —yl.

So (H,) is satisfied with

For the hypothesis (Hz), we obtain

bl
2 [(k+5) (bl +5)

—Ix yl.

Then (H3) is satisfied with

C: cp=0et 6=0.

1
10’
Moreover, we have

86— ¢ < gh—l.

Hence the assumption (Hy) is verified, with G = 1.
Finally, we verify Hypothesis (Hs). We have

2n(6) 1 1 1
sV 810 5va

Lemma 4 implies that the set of solution of the following inequality

1, 26 11 1o
LI P TI ) B
sve’ TSz Ts 0 tsE Ve 000t a) <

is [p1,p2], with py = 1.1 and p, = 7.5. Moreover, for any p € [p1,pz], we get

1 - (By+G+C+BN)
BM

—1>p.

Consequently, the assumption (Hs) is obtained. We conclude that the problem has a unique solution in B, for any p €
[1.1,7.5].

Example 2. Consider the following @ — Fractional functional differential equation.

1 —t —t .
{ cD2 (y ( )Jrz )) Z"(6H)()‘)¢(I)2y(t)+ sin(t)P(t) >0, (13)

5(v(@)P+1)°
¥(0) + Leos(y ( 1 20,001,
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Let
D(t)=e",
Aolty) 73tln(65+ [v( |), >0, ycR
e
o) = 3 73)
_ sin(t)et
Jo ) = S0P+

Forall x,y e R

=3t
[Aa(t.0) = Aa(1.y)] < 5= |In(6-+x) — In(6-+y)|

—3t

o
ol
So the hypothesis (H) ) satisfies, with
1 In(6 1 2In(6
e = g5 A= = Ly = 2O
30 5 157 Nz

[Pl <1, B<a% *<I.
For the hypothesis (H), we have

|sin(t)]e™ 1 1
|f¢(tax)7f¢>(tay)|§ 3 (x2+1)7(y2+])
|sin(t)]e™

<= —yl.
<70 lx —y|

Then (H>) is holds with

o

1 1
1Pl = N=c7=,n=

107 5y

Concerning (H3), we get
—t

lo(t.2) = o(03)| = 5|7

< Loy
_10x Y-

xX D
x| +5)  (Iy[+5)

So (H3) is satisfied with
1
{=—,00=0et0=0.

For the hypothesis (Hy), we have

and then |
G=.
8
In the end, since 251:} + + 15 10 +3 f — 1 < 0 and by Lemma 4, the set of solution of the following inequality
1 ,  2In(6) 1 1 1
st—+—F- 0,001
sva’ TGyE TR +5f Dp (0,001 +3 +5\F)

— 1> p, for all p € [p1,p2]. So the
hypotheses of Theorem 2 holds, and therefore the problem has a unique solution in B, for any p € [1.1,7.5].

is [p1,p2], with p; = 1.1 and p, = 7.5. Furthermore, we obtain %&W
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Example 3. Consider the following @ — Fractional functional differential equation.

1 .
cp2 e e 'n(6+[y(1)]) 2 sin(1) P(t)
D (v ()+2(b(f)+5)) s 2OV spemay >0
Y(0)+ cos(y(1)) =0,001.
Let
e*l
@ =
®) 1+¢
e Mn(6+y())
Ap(t,y)=———— ", t>0 R
@( 7)7) 5(1+t)2 = ,)’E ’
|yle”
ot,y)=———,
=303
sin(t)e”t
ty) =
Jolt)) = SmE D+
1
8(y) = geos(y(1)).
For all x,y € R, we have
6731
_ < - _
A0 (1.0~ A0(1.9)| € 51— lIn(6) = In(6-+)
—3
< —x— V.
< 30(1+t)2|x vl
Thus the operator A(z,y) satisfies the hypothesis (H; ), with
1 In(6) 1 20n(6)
Llw=—, A =22 M= L y= O.<1,B<1.
Ll = 55 &= 252 M= 5z 7= 5o @l <1 B <
Moreover, we can get
|sin(t)]|e”" 1 1
t — t < —
|f¢>( 7X) f(I)( 7y)| = 5(] +t) (X2+]) (y2+1)
|sin(t)|e™!
=10(1+1) b=l

So (H,) is satisfied, with

1 1
w=—N=—— n=—r.
Ipll-= 75 NN
As for the hypothesis (H3), we have

I

[0 =0t =5 | 35 " hI+9)

< sl
—x
10 y

Then (H3) is satisfied with

1
C—E, Go—Oet5—O.

For the condition (Hy), we have
1
8(0) =gl < gl —vl,

and then
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On the other hand, we have
2[n(6) n 1 n 1 n 1 )
51 8 10 5y«

From Lemma 4, the set of solution of the following inequality

1, 2mE) 111 o
L 1p+(0,001 424 ——) <0
sv? TGz st s a D000 a) <

18 [pl,pz], with

pr=1.1,
P2 = 7.5.
In addition, for any p € [p1,p2], we obtain
—(By+G+E+BN)
BM 1>p.

Consequently, Hypothesis (Hs) is verified. So the hypothesis of Theorem 2 hold, then the problem has a unique solution
in Bp, for any p € [1.1,7.5].

Example 4. Consider the following @ — Fractional functional differential equation.

D, (1) + dsinlr+3(1)) = <2 @ n((2)t o+ 1)y(e)+ B2+

1
Is(14ryh)3 i 1972 T 107 t>0, (14)
¥(0) + +sin(y(1)) = 0,01.
Let
1
O(t) = —
0=
cos®+1) 2 bl )
A‘I’(tay) = 7| |31n((7)3 +1)(D(t) ) tZO, yGRv
15(1 +t\/)% 141yt
1
o(t,y) = gsin(t +y(t)),
_ e 1
ffp(tay)* 19+€2[ 107
1.
8(y) = sin(y(1)).
For all x,y € R, we have
cos(t* +1) x| 1 2 | 1
|Aa(t,%) — Aa(t,y)] <~ T (12 x| Fn((— )3 + 1) — |y n(( )3 +1)
15(1+1/7)2 141yt 141yt
cos
< D g2y
15(141+/1)2
Hence the condition (H) holds, with
1 2
Ljfow=—, A=00M=—~, 7=
L= 5 A =0 M = == 7 =0

a

o a+1
Dll.<1,p<—<1.
@) <1, B < <
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On the other hand, we get

Fo.5) = £o(0.9)] < 75500 =]

1

< ——P(t)|x—y|.

So (H,) is satisfied with
2

1 1
w=—N=—— n=——.
Ipll== 55 oy 1T 5m

Concerning the hypothesis (Hz), we have
lo(t,x) — o(z,y)] |sm t+x) —sin(t +y)|

< 5 |x -yl
Then (Hj3) is satisfied with
1
{==,00=0and é = 5
And for assumption (Hy), we obtain
1
1800) =gl < 7 k=L,

it is obvious that

G=-.
4
Finally, si lOi/ﬁ + }L + % — 1 < 0. Then, by using Lemma 4, the set of solution of the following inequality
2, 1 1 1 1 2
0,01 <0
szt TGoyz Tats e 0045+ 52)

is [p1,p2], with p; = 1.02 and p, = 5.9. Additionally, we get %ﬁfﬂm —1> p, forany p € [p1, ], which implies
that assumption (Hs) is satisfied. So the hypotheses of Theorem 2 hold, and therefore the problem has a unique solution

in B, forany p € [1.0,5.9].

3.2 Example associated to Atangana-Baleanu Caputo fractional derivative

Now, we consider the following problems using Atangana-Baleanu Caputo fractional derivative operator:

DL Y3

)3+ 1)y() +

y|P( 1
ot 1o (>0,

1
ABCI2 1. _ cos(P+1)
D3 ((0)+ bainfe+30)) = <22y
¥(0) +gsin(y(1)) = 0,01,

<"

with @(z) l+1\ﬂ'
And
3 (t)|e™! 'In(6+ sin(t)®
AECDEL (1) + sigesy) = TG D)) + 5. >0,
y(0)+ %cos(y(l)) = 0,001,
with @(r) = Ht[

Example 5. Consider the following @ — Fractional functional differential equation.

1 3
ABC 1.: _ cos(CH1) ] \’\‘1’(!) 1
D5+(y(f)+§sm(f+y(f)))fIS(HW% (1) |y|3ln(( ¢)3+1) y(t)+jorr g0 >0,
(0) + Lsin(y(1)) = 0,01.

15)

(16)

a7)
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Let
Bt) = —— D=1
RN =
cost®+1) x| :
A‘i’(tay):7| |31 (( ) +1)(D(t) 9 tZO,yGR,
S(1+rypi eV
|
(1) = Ssin(e +3(0),
@) 1
ffp(tay)* 19+€2[ 107

§0) = gsin(y(1).

For all x,y € R, we have

cos(t> +1) x| .1 2 Iy 1
Aa(t,2) — Aa(t,y)| < ————-d(t)2||x| Fin(( )3+ 1) =y in(( )3 +1)
15(1+t\ﬁ)] 1+t 141yt
cos
< D ey
15(141+/1)2
Then the condition (H;) holds, with
1 2
Ljow=—,A=00M=——,7=0
el =5 2 =0 M= 22 v =0,

o e+t
Pll.<1,B<—<1.
@l <1, p <1

In addition, we have

M|44

t - t
|f¢( )‘x) f@( )y)| — 19+ 2[
1
< —P(t)|x—y|.
e L L
So (Ha) is satisfied with
Pl = g N == 1= =
Ple=30" = Tovm 1~ 57
Concerning the hypothesis (H3), we have
lo(t,x) —o(t,y)| ‘sm t4x) —sin(t+y)|

< —|x—y|.
_5|x yl

Then (H3) is satisfied with

1
&= ,Go:Oand5:§

Furthermore, we can get

it is obvious that
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Also, Wehave(x:%, B(a) = (1+ ) [lyoll = 0,01, |lg(0)||=0, 8:2(\/%+]),and lloo]] = 0.
Then, the inequation (if) of Lemma 5 becames

(—4eM(|lyoll + ool + lg(0)|| + 8+ &n) +e(N+7)*) | ]2+
(*4M$3(HYO|| + ool + 11g(0)|| + 6 +en)+

ZE%EBdN+w2+%N+VMG+C*U@H¢W+

N+ (5 2 B 2(N+ ) B(G+ L — 1)+

) B(a)

G172 42
(G+E-1)"—45 @ Bn
= —0.14766811 < 0.
Therefore, in this case, the problem does not admit a solution.

Example 6. Consider the following @ — Fractional functional differential equation.

{A“Déow

e’ e 'In(6+ sin(t)®
st ) = SR @ (r)2y(r) + ST 1> 0,

ly
2( S(y(OP+1)° (18)
¥(0) + tcos(y(1)) = 0,001.
Let
@ ' e
)= 177 @]l =1
e Min(6+|y(r)))
A = U 4> R
@(tvy) 5(1+t)2 I_O,)’E ’
yle”
(o tvy = A7 =
)= 50y53)
sin(t)e™t
f@(tvy) = ( )

SO+ 1D)(1+1)°
1
8(y) = geos(y(1)).
For all x,y € R, we have
e 3t
Agp(t,x) —Ap(t <— | —1
A0 (t.0) = Ao(t.3)] < 57l +5) ~In(6-+)
o3

< —x—y|.

Sk ETEL
Thus the operator A(t,y) satisfies the hypothesis (H; ), with

1 In(6 1 2In 1 2 —1
R LUNE ul

M= = Pll.=1, = —).
o A= M= e =S el =1 B =5 ew( )
Moreover, we can get
|sin(t)]|e”" 1 1
t,x)— t, < -
elt.x) = fe )l < S0y | @e D)~ e D)
|sin(t)]|e”" eyl
=101+ T
So (H,) is satisfied, with
1 2
o 7N = —-—, = —
Ipll-= 15N =577 1= 577
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As for the hypothesis (H3), we have

e A 1yl
lo(t,x) —o(t,y)| = —- -
2 1 (x+5) (v[+3)
<15kl
=70 X =)l
Then (H3) is satisfied with
1
C:m, cp=0er 6=0.

For the condition (Hy), we have
and therefore

)

In addition, we have e = 1, B(a) = 3(1+ ﬁ), [[yoll = 0,001, [|g(0)| =4
Then the inequation (if) of Lemma 5 becames

€= m, and HG()” =0.

(—4eM(|[yoll +lloo]l + Ig(0)| +8+en) +e(N +7)?) || |2+
o

(=45 B ol + ol + 120} + 8-+ &m)+
Z%ﬁE(N+V)2+2(N+Y)(G+C* 1)e) | @]+
N+ 12 (g B 20+ D s BG+E =Dt
(G+Cfl)2f4$lfn

= —0.04339712468866 < 0.

In this case, we conclude that the problem does not admit a solution. But if we change || @[« = 1 by ||®|| = 3 ( for

example, we take & (1) = 3f—:t) then, we get

(—4eM(|lyoll + llool + Ig(0)lI + 8 +€n) + (N +7)°) [ @I

+ (=4 Bloll + ool + 15(0)] -+ 8+ em)+
2o BENH D 2N 4 NG +E = )e) |t
N+ 92 (g B+ 20N+ D s BG+E =Dt
(G+C*1)2f4$13n =0.17 > 0.

In this case, the A = 0,17 > 0 of the equation E(p’) = 0. Hence the problem admit a solution.

Remark

From Lemmas 4 and 5, and Theorems 2 and 3, we remark that our @ —fractional differential equations problems depend
only on || D ||, which is illustrated by our examples. This leads us to introduce for any bounded, continuous and decreasing
function @ : R* — (0,a], where a > 0, a set for each problems (6) and (7) as follows:

Hp = {¢ :R" — (0,d] is a bounded, continuous and decreasing function such that || ® || = || @]« }.

Then, it is evident to see that if we change @ by any ¢ € Hg which satisfies the hypotheses of Lemma 4 and Theorem 2,
in our problem (6), (respectively of Lemma 5 and Theorem 3 in our problem (7)), then this last admits an unique solution
in By, where p € [p1, p] the set of solutions of E(p) < 0, (respectively p € [p{, p5] the set of solutions of E(p") <0).
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4 Conclusion

As we have seen, we are introducing a new class of fractional differential equations named by @ —fractional differential
equations and we are interested in the study of the existence and uniqueness of the solution of this class for the both
Caputo and Atangana—Baleanu Caputo derivative operator. Moreover, we successfully proved the global existence and
uniqueness of the solution that depend on ||®||.. see Lemma 4 and Theorem 2 for the study with the Caputo derivative
operator and Lemma 5 and Theorem 3 for the study with Atangana—Baleanu Caputo derivative operator. In addition, in
the above remark, we presented the set Hg associated to our problems. Finally, we gave some examples that confirmed the
applicability of the assumptions defined in Theorem 2 and 3. Examples 4 and 5 (respectively 2 and 6) provide a comparison
between the study of the same problem with the Caputo derivative operator and the Atangana—Baleanu Caputo derivative
operator.
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