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Abstract: In this paper, the higher order moments, cumulants, spectral, bispectral and normalized bispectral density functions of zero
truncated Poisson first-order integer-valued autoregressive (ZTPINAR(1)) model are calculated. We estimated the spectrum, bispectrum
and normalized bispectrum using the smoothed periodogram method with different lag windows. Finally, we used the bispectral density
function and normalized bispectral density function in order for studying the linearity of integer valued time series models.
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1 Introduction

Integer-valued time series play an important role in
statistical researches in the last few decades. This series
are fairly common, such as the number of births at a
hospital in successive months, count of chromosome
interchanges in cells, count of accidents, number of
transmitted messages, count of patients and so on. There
have been many attempts in modeling such series through
history. Particularly attractive is integer-valued
autoregressive (INAR) model introduced by [1]. INAR
model was based on a binomial thinning operator
generated by Bernoulli distributed counting series. It
considered present number of data as the sum of those
that remained from the previous period, and those that
entered in the observed period. This model was further
developed by several authors, for example [2,3,4,5,6,7,8,
9,10,11,12,13,14]. Models based on negative binomial
thinning operator generated by geometric distributed
counting series were also considered [15,16,17,18].
Integer-valued time series generated by mixtures of
binomial and negative binomial thinning operators are
considered in [19] and [20]. Also, random coefficient
integer-valued time series are introduced [21,22,23]. The
common feature of all these models is the assumption of
independence of count variables. Some generalizations

concerning relaxing the assumption of independence can
be found in [24]. [25] introduce a new stationary
first-order INAR process with geometric marginals on the
basis of the generalized binomial thinning operator, which
contains dependent Bernoulli counting series. He relax
the assumption of independence underlying the basic
INAR model and make the model more readily available
for applications in practise. [26] study some higher order
moments, spectral and bispectral density functions for
some integer autoregressive of order one (INAR(1))
models. These models are the new skew INAR(1)
(NSINAR(1)), the shifted geometric INAR(1) typell
(SGINAR(1)-II) and the dependent counting geometric
INAR(1) (DCGINAR(1)).

In this paper, we study some higher order moments,
spectral and bispectral density functions for a new
stationary first-order zero truncated Poisson integer
valued autoregressive process which symbolized by
ZTPINAR(1). So, motivation and our interest of this
process is of such process arises from its ability in
modelling and analysis of counting point processes and
positive integer-valued time series. An example of a
situation in which the zeros often are not observed
(truncated) is the number of weekly bus trips where the
analyst in this case do not observe the entire distribution
of counts.
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As in literature, the integer-valued autoregressive time
series of the first-order INAR(1)) is given by

X[:(XOX[7|+£I,Z‘€Z, (1)
where X; is a non-negative integer-valued random variable
and the compound random variable ¢ o X;_; is defined by

X1
ooX, 1= Z Yiae (051)
i=1

(@)

where {Y;} is a sequence of i.i.d. Bernoulli r.v.’s with
parameter @ independant of X;_; and {&} is a sequence
of i.i.d. non negative integer valued r.v.’s and independent
of X;_; for i>1 with mean (. and finite variance 2. {X;}
is stationary if 0 < o¢ < 1. The operation in (2) is known
as thinning and hence o is called (binomial) thinning
operator. For more properties of o see [9].

This paper is organized as follows. In Section 2, the
construction of the zero truncated Poisson first-order
integer-valued autoregressive (ZTPINAR(1)) process and
its properties are mentioned. In Section 3, the higher
order moments and cumulants up to order three are
calculated. In Section 4, the spectral, bispectral and
normalized bispectral density functions are computed. In
Section 5, the spectrum, bispectrum and normalized
bispectrum are estimated using the smoothed
periodogram based on different lag windows (Daniell,
Tukey Hamming and Parzen lag window) and using a
generated realizations of size N=500 from the
ZTPINAR(1).

2 The ZTPINAR(1) Process

The ZTPINAR(1) model was presented by [14]. The
sequence {X;} is called ZTPINAR(1) process, which is
given by

with probability e *

with probability 1 —e~* )

&
X = ’
! {aoth+gta

where a € (0,3],4 > 0,{g} is a sequence of i.i.d.
random variables and the marginal distribution of {X;} is
zero truncated Poisson(A) distribution (denoted as
ZTP(A)), P(X, = k) = Ake ™ /(k!(1 —e ),k =1,2,....
The probability generating function of X; and & are
respectively given by

Therefore, the probability mass function of the random

variable & is given by

[(1 - &) — (—a)fjatete
k!(e* —1)

Ple =k) = k=1,2,..

The mean and variance of X; and & are then given by
respectively

A Gzilel(elflfl)
Hx ]—e*’l’ X — (61—1)2 5
~ AMatet —aet)
IJ'E - e’l 1 )
5 Al —a—et 206t — Aet — ae?t)
O = 2 2
(e* —1)
The ZTPINAR(1) that defined by (3) may be rewritten as

Xi=00X_1+§&, (4)
where { o} is a sequance of i.i.d r.v.’s independant of {X; }
and {&} with the following distribution

1
P(a,zo)zl—P(oc,:oc):—lJr”.

For more information about the model see [14] and [27].

3 Higher Order Joint Moments and
Cumulants Up to Order Three

Theorem 1.Let {X;} be a stationary process satisfying
(3), then:
The second-order joint moment are calculated as
At (142)
Ho)=—a=
ts) = (a(l—e*)) Tug) — ug] + ug
_ A (M) (a—aeh) A2PA[ad(1—e )i -1]
- et —1 (A —1)2
The second order joint centeral moment (cumulant) is
calculated as
Cz(s) = (OC(] —eil))SCQ(O

s Aet (er—A—
= (a(l—e)) W

The third-order joint moments are
Aer (A2 43A41)
Kooy =g

Ho.5) = (0t(1— ™)) [1(0.0) — Moy Hx] + H(o)bx

_ 22 A+ At (a—ae A (3r—et—2AeP 1A%+ 1)
) et —1 Tp (eF-1)? ’
= Arq2 2(,—A s
Ox (s a1’ iy = Aet(A +3/1+e1l)£71a (e*—1))
Ae* (A—e* +1)(a+er +2ar —ae +2Ae* —2alet —1)
Pe(s) = — ,‘Pf(s) B (F=1)3(a—1) *
et (l—eMox(1—a+as)
As
Sl S (—0(e™* = 1))~ (@—ae ™))
(] _efl)el(lfowras)
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22 A+ (0P M -1)) 1)

@12 s then,
u};,mh: [506 (il— et ))f""(ﬂy,@ - ﬂ<s>l(ix) + 7@-)”}){-
The third-or erjomt central moments(cumulants) are C — _ 2
5(0,0) = At BA+e —2e* —3pe* 4224224 1) 2(5) = Ry — K
3 (1) , At (A (a—ae ) Arerat(1—et) 1]
C3(0,5) = (ae(1—e*))*C3(0,0) N et —1 (et —1)2
_ At (a(l—e"*))S(3A+e?t —2et —3Aet 422422  +1) 12
(eh—1)° ’ _
Ci(s,s) = (1—e2)?
—A\)s 2 —A\)s
(02(1—e74))°C3(0,0) + gCo(0) =i Al (o—ae ) (et —A—1)
_ At (—at(e A ) BA+er—2eh 3r A2 A2 1) B (e* —1)2
N (1)} A(A
et (P +20A—1) (A=t + D)[(—0(e A 1))~ (a—cte )] — (o ae*l)sﬂ’e (" —A-1)
(e —1)3(a—1) ) (el _ 1)2
C3(S,T) - afisc3(sas)' _ aS(l e )L)SCZ(O)
Proof. i g) 1s computed by
Koy = (Xz) = E[(0goX,_i + 8;)2] H(o,0) is calculated by
=E(aoX;— ) +2E(0g o X;— I)I,LS—I—E(S,) X ;
= (1= e MEX? ) +a(l e HEX) Hoo = E(X) = El( o X1 +a)]
_ 3 3 2
—02(1—eMEX_1)+20(1 —e ™ E(X,_ ) e =E(goX,1)" +E(&)+3E((0 0 Xi—1)"&)

+3E[(g 0 X, 1)¢/]
=a*(1—eMEX ) +3a*(1—e MEX2)

—3a3(1—eME(X2 )

+la(l—e?) =301 —e )+ 203 (1 —e ) x

+E()
= o (1—e M)+ a(l—e Mux —a(1—e)ux
+2a(1— e Muxpe +E(g])
a(l—e Mux —a?(1—e *)ux

N 1—0o2(l—e?) E(X,—1)+E(&) +3ue[a*(1—e ME(X2 )
2001 — e M) ux e + E(€2) +a(l—eMEX,_1)—a?(1—eMEX,_ )]
I—o?(l—e?) +3a(l —e ME(X,_)E(e2)
_At(1+2) — 31— e M0 +302(1— e P

=30’ (1—e "))

o o o1 — e )~ 302(1 — e )
et (144 2,24 rer (et —A—1 +lo(l—e") =30 (1 —e
G(0) = Ho) _M)Q( = el(ji L (3&,1)2 = (il,l)z >' 3 1 3
12031 —e MEX, )+ E(e)

M) is obtained by
+3pefo(1— e H)uy)

+o(l—eMuy —o?(1—e ) uy]

Uiy = EXiXi15) = E(X; (04150 X514 E15))

- ( ) (XIXI+S l)+.uXI'Ls L 5
13a(l — e MEX,_E(e?)
a(l—e Mg 1)+ HxHe Aq2
. A A243A+1)
:wufmeo+mM“*““*)) ST
v = (a(l=eH)
= (a(1—e 1)) o)+ px (1 — (1 —e ) ux then,
1—(a(l—e ™)
_ P
1=(a(1 Ae ) . . C3(0,0) = pi(o,0) — 3tx to) + 21z
= (a(1=e™)) ko) + g (1 = (a1 —€))) A(A243A+1) 3A2A(1+A) ., A
= (a(1—e 1)) [0y — ug) + 1z B e —1 (1) (=)
Aer(14+2)(a—ae ™) B A2 ot (1 —e ) —1] A (BA+ e —2eh —3her + A2+ A% + 1)
B et —1 (e —1)2 ’ B (e* —1)3 ’
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H(o,s) is proved by +a(l—a)(1—e MEX X 451)
+E(X)E (&)
+20(1— e MEX X 15 1)E(&1s)

=a’(1— e%)ﬂ(sfl,sfl) +a(l—o)(1 - efl)ﬂ(sfl)
+uxE(€) +20(1 — e )y e

Ko.s) = E(Xe X Xi+s)

= E(X; X [0150 X151+ &+s])

=a(l—e MEXXX s 1) +EX)E(&+s)
=a(l- efl)ﬂ(o,sfl) + Ho)Me

= (a(1 =€) 1o.0)+ Kooy e el LTl 0 e el)g(“ls‘) Tl 0‘2)(1 Y
; 1—a(l—e ) +20(1 —e ") uelu1) + uxE(e%)
— (a1 = M) o)+ oyx 1 — (@(1 — e )] — (1= e Yy gy + [0l — @)(1— )
= (a(1 — 1)) [10,0) — Koyt + Ko +2a(1—e M)l [(a(1—e ) i) — 1z
After substituting about W), M) and My and TH )2( I+ “XE(EZ)
simplifying, we get =a’(1—e M iy +lal—a)(l—e?)
”(0#‘)=Az(il,(?;gl) _lel((xf(xe’l)5((63117716;2“72lel+12+l) 7 1201 — e M) e (a1 —e )y e W]
hence, +la(l—a)(1—e ) +20(1 — e M)l
C3(0,5) = E[(X — 1) (Xess — )] + uxE(e?)
= o, — 2hx H(s) — Mx o) + 2#)3( By using the iterations, we get
= (e Do +hoke o = (21— M) o) + o1~ o) (1 - )
—2ux[a(l —e M) g1+ pxpe] — px o) + 213 -1 '
= a(l—e M) 1)+ o) (x — 02 +20(1 e ) e [1g0) — 15 i;)(o‘z(l —e M)
—20u(1 — e M) x s 1) — 2 e — Fix Ho) + 215 x (a(1—e*)) =D 4 [[a(1— o) (1 —
1

=a(l—e Mo, 1)—20(l —e M) uxp ) 5= .
5 3 +2a(1 — e ) el g + uxE(e?)] (0‘2(1*67’1))]
— QA o) — 2y He +21x

j=0
= a(l = e Mg, = 20(1 = e :< 2(1— )Y o) +[@(1 - @)(1 =)
— ki) = 25 (x — 0R) + 2415 2a(1—e l)ue][ gl
= a(l—e M, 1) —2a(1 —e Muxp ) ( (1—e M) —(a (1*9 M)
— QA o) = 215 + 20 U5 + 25 a(l —et)—a?(l—e?)
_a Ao +([a(l—a)(1—e ! +20(1 — e H el g
= a(l—e ) H,s-1) = 2MxHi-1) — 7777 5 s
p ¢ (e (@0 =)
2213 Hx —o2(1—eh)
1 —e*A]
hence,
et
=o(l—e ") os1) = 2MxHs—1) — 77— — 1M(o) C3(s,8) = E[(X; — 1) Xpss — 1)
2264 2) = Wss) — 2Uxls) — MxE (X7 ) + 205
A HX VIR ) A
_a 3 = (1 e ).u(s 15— 1)+[(X(1 e )
= ol —e ") [Wo,s—1) = ZHxH(s—1) — Hx (o) + 21x] C (e M)+ 2a(l — e Mgl + E(E)
= a(l - 1
all = )Ca(0,5 1) ol — e >u<x,l>+uxug]
Hs.s) is proved by — HxE[(000 X1+ &4)°] + 205
= aQ(] _eil)u(sfl,sfl) + [(X(l _eil) - aZ(] _eil)
His,s) = E(Xlthﬂ) = E(X;[Q+5 0 Xi5-1 +8t+S]2) +2a(1 _eil)ﬂe —2px (1 _eil)]u(sfl)
— & (1—e MEMXX7 1) + UxE(€%) + 25 — 2443 e
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— (1= e MEXE, ) +a(l—e MEX )
—a*(1— eiA)E(XHs?l) +E(g%)
+20(1— e ME(X;15-1)E(&45)]

=’ (1—e Moy on +a(l—e ) = (1—e )

M —a(l—e*)ux

M)+ uxE (e 2)+2ﬂ)3(
—2u3 (1 — a1 —e*A))—az(l MxE (X 1)
705(1767)“)[1;2(1”%2( )”X UxE(€?)
72a(1fe*’1)(17a(1*€4))ﬂx

=o?(1—e Murn+la(l—e ) —a(1-e?)

+2a(l—e
—2“)(06(1 —e

—20%(1 —e M) ux + 200y — 2006 * iy
+20%e (1 — e My —2uxo(1 — e*)“)]u(S 1)
+ UxE(€%) +2p3 — 203 +20(1 — e M)
— (1 —e ME(XY, ) — (l—e Mug
(1 —e M)l — B (e?) — 204
+202(1 —e Mg +20e i — 202 (1 —e Mg
=o’(l—e A)[Ns Lsmt) = 2Mx M1y — MxE (X7, )
+2ud]+a(l—e M) (1 - )[N(sfl)—ﬂx]
+20%Ae” A[u uy
=a*(1—e )L)C3(s—1 s—1)+[a(1—a)(1—e4)
+20° e ]Cz(s—l
—o?(l—e" A)C3(s—1sfl) +la(l—a)(1—e )
+20%Ae M (a1 —e )"y (0)
For simplicity, take g = at(1 — at)(1 — e *) 4+ 2a?Ae*

and by using the iterations, we get

Cs(s,5) = (o 4))*C3(0,0) + ¢Co(0)

s—1

Z(a(l 7671))5'7(i+1)'(a2(1 76‘71))1.

i=0
= (o (1 —e*))°C3(0,0) + gC2(0) x
(a(l—e ) —(a?(1—e )
a(l —e ) —o2(1 —e?)

Hs,z) 1s calculated as

(1—e

= (a(1— )" )+ Mgy ax [1 — (ae(1 — e 1))
= (1= &™) " (ks 5) — Hisybix) + Hs) b
and then,

Ci(s,7)

= U(sr) — Mx(s) — Mxti(z) — MxE (XeoXivs) + 23

= (1 — e M) (som 1) + Mo e — HxHgs)

—px[a(l—e l)ﬂ(rfl) + Ux U]

— UXE[(00 X, 1t 1)Xo1s] + 243

= a(l —e M er) + i (1 — (1 —e *))ux

— uxps) — (1 — e Muxpry — R (1 — a(l—e ™))
— (1 — e MV UXE(Xpy o1 Xeys) — BHe + 243

= ol —e Mooy — o1 —e Mg x

Myux ey + (1 — e Hug

—a(l— e M UxEXppo1Xess) + (1 —e )i
= a(l— e M)ty em1) — MxH(s) — HxH(z—1)

— UxE (X e 1 Xops) + 205
—a(l—eMCi(s,7—1)

= (o(1— )T C3(s, ).

—a(l—e

)
H)

4 Spectral and Bispectral Density Functions

The non-normalized spectral density function fyx(®) of
ZTPINAR(1) is calculated as (see [14])
1—o?(1—e*)?

fxx(@) = 2n(14+02(1—e )2 —2a(l —e

Mcosw)
()
The normalized spectral density function gxx(®) is
calculated as

gxx(0) =
At (et —A—1)(1—a?*(1—e?)?)
2m(er —1)2(14+02(1 —e*)2—2a(l —e-

Mcosw)

(6)

Theorem 2.The bispectral density function fxxx (@i, @)
of ZTPINAR(1) is calculated as

1

fxxx (o1, @) = ax) [C5(0,0) +C5(0,0) x
Usr) = E(XiX15Xr+7) = E(Xi X5 (G100 X o1 + E41)) {Hi(-o1) + Hi(- ) +I(-:Il ((c)ol + o)}
= (X(l - eil)E(XtXH»SXhL‘L’fl ) +E(XtXt+s)”8 + (C3 (070) - (X(l — e,lg) 2((13(1 — e*l) ) X
= a(l—e ")+ B te = (00(1—e ) e (Ho(@) + Ha () + Ho(— @1 — @)}
1—(a(l—e )T (0
T HoHe l—o(l—e?) +(a(1_efitg) _Z(Ocl(]_el))x
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{Hi(o))+H () +Fi(—0; — )}
2C2(0)
GO0 —en e
{Hy(— ) — 0p)H (—) + Hy(—0) — n)H  (— 1)

+ Hy(@2)Hy (— ;) + Ha () Hy (— @)

+Hy(w)H (01 4+ @) + Hy (o) Hi (01 + o) }
gC>(0) )

a(l —et)—o2(1 —e?)

X {H{(—o_w)H | (—w) + Hi(—w; — ax)H (— o)

+ Hy (o) H (— ) + Hi (02)H (— 1)

+Hi(w)H (01 4+ @) + Hi (02)Hi (01 + o) }],

+(

(N

where

a(l —e el
1— ol —e*)eix

Hl(a)k) =

and

a?(1— e”l)e"“’k
1—(a2(1 —e *)eion’

Hy(ay) = k=1,2.

Proof-We can write fyxx(m;,®,) as (see [14]):

Sfxxx (01, @ Jemiltort202)

(t1,1)e
=0n=t

—i(tj 0+ @)

+Z Z C3l2t1

=0t1=n+1

oo —1
+ Z Z C3(*t2,l‘] 7t2)67i([1w1+t2w2>

1:012:700

—1 t—1

+ Z Z C3(l‘]7t2,7t2)e

H=—o0ty=—00

—i(ty 01+ 0%)

—1

+ Z Y G—n,—t)e”

ty=—ocot] =—o0

i(t| @ +12 @)

+ Z ZC3 tl,tz—tl)e*i(llﬂ)1+t2a)z)]

===

using the symmetry properties of the third-order cumulants
(see [9]) in the equation above, then

fxxx (o, an) = [C5(0,0)

1
(27)
+ i G (0, T){efirwl _f_efirwz +eir(w1+a>2)}

=1

+ i C3(‘L', T){e”w' +eira>2 _i_e*l"r(a)hta)z)}
=1

oo

Z i s s+ T —is® —i(s+T)

te —isy—i(s+7)w; Jrezsw]firwzeiswzfirw]

+eirw1 +i(s+7)n +eira>2+i(s+r)w] }]

Using expressions of C3(0,7),C3(7,7) and C3(s,s+ 7) =
(a(1 —e *))*Cs(s,s) given by Theorem 1, we get

fXXX((DI,wZ):(Z ) [C300 +Z ]_e }L))rx
C3(0,0){e T 4 o717 +e’f<wl+wz>}
+ Z 2(1—e74))7C3(0,0) + gC2(0) x
(@1 —e )= (@1 —e M)
a(l —e ) —o2(1—e?)
{eirwl +eirw2 +e—ir(w1+wz)}
+i 2(0‘(1 —e M) [(e?(1—e))°C3(0,0)
+g0y(0) @z - (@1 —e b))

X
a(l —e ) —o2(1 —e?) ]
{efisa)lfi(err)wz Jrefisa)zfi(sdrr)wl Jreisa)lfim)z

Jreisaozfi‘z:col +eirw1+i(s+1:)a)z +eim)2+i(s+r)col }]
)

All these summations can be evaluated as follows, for
example

(a(l _efl)refirw —

agk

i 1 —e 71w|)T

_a(l—e” A)e i
N 1—o(l —e*)eion’

7=1

so after some calculations and compuations for all
summations, we have
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fxxx (o, ) = ﬁ[@(o,o) +C3(0,0)x

a(l—et)eion a(l—et)eion
l—a(l—e e i 1 —q(l—e?)eion
a(l 7671)61‘((0&@2)
1 — o1 —e)eil@itm)
8c2(0) )x
a(l—e*)—a?(l1—e )
a2(1—eH)ein a2(1—eH)ei®
1—02(1—eH)ei® = 1—a2(1—eH)ei®
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1—(02(1 — e *)ei
the proof is complete.

The normalized bispectral density function
gxxx (1, @) is calculated as

_ fxxx (@1, 0)
V fxx (@1) fxx (o) fxx (@1 + @)

where fyxx(®;,®,) and fxx(®;) are defined in (5) and
.

The bispectral density function provides us useful
information about the non-linearity of the process. For
continuous non- Gaussian time series the modulus of the
normalized bispectrum is flat. The bispectral density
function is a complex valued function takes the form

gXXX(wlaa)Z) ) (8)

Sxxx (01, @) =r(o, @) +ig(w), 0),

The modulus and phase of the bispectral density
function are given respectively, by

|[fxxx (@1, )| = \/”2(0)170)2) +q* (o, @),  9)

1 (q(wh a)Z) )
r(or, )

Fig.1 illustrate the simulated series of the
ZTPINAR(1) model at A = 1 and o = 0.35. From Fig.1,
we conclude that the process is stationary and values of
the simulated series are non negative integers, so the plot
satisfy the definition of the ZTPINAR(1) model. The
theoretical spectrum fyx(®), theoretical bispectrum
fxxx(@;,@) and normalized bispectrum modulus
gxxx (1, @) are respectively computed by setting A = 1
and o = 0.35 in (5), (7) and (8), and they are represented
by Fig.2, Fig.3 and Fig.4, respectively.

phase =tan~ (10)

5 Estimation of Spectrum and Bispectrum

Estimates of the spectral, bispectral and normalized
bispectral density functions are calculated using the
smoothed periodogram method with different lag
windows (as Daniell, Tukey Hamming and Parzen lag
window) and simulated series {X;,# = 1,2,...,500} from
the ZTPINAR(1) model that defined by (3). Generally if
X1,X,...,,Xy be a relizations of a real valued third order
stationary process {X;} with mean u, autocovariance
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Fig. 1: The simulated series of the ZTPINAR(1) model at A = 1
and a = 0.35.

0.25

0.2

Theoretical spectrum

0.1

Fig. 2: The theoretical spectraum of the ZTPINAR(1) model at
A=1land ot =0.35.

Cy(s) and third cumulant Cs(sy,s;). The smoothed
spectral and bispectral density functions are respectively
given by (see [26])

. 1 Nl . ,
fo)= 5 ¥ G
s=—(N—-1)
1 e R
=— Y As)Ca(s)cosws, (11)
e

450 500

B
v

o
Il

"3

Fl

Theoretical bispectrum modulus

Bo
¥

Fig. 3: The theoretical bispectral of the ZTPNAR(1) model at
A =1and o =0.35.

18 «
1.6 4

14

Theoretical normalized bispectrum modulus

Fig. 4: The theoretical normalized bispectral of the ZTPINAR(1)
model at A = 1 and o = 0.35.

Z Z Msl»52)63(81,s2)e"'51‘°1—iSzwz’
(12)

where C»(s) and Cs(si,s,) the natural estimators for
estimators for C(s) and C3(s1,s2) are, respectively, given
by

A

G(s) =

1 N—|s| B B
- ; X = X)Xy —X),  (13)
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_o1 iV:
X == Xta
Nz:l
. 1 =Y _ _ _
Gs(s1,82) = N (X = X) X5, = X) Kigs, —X) (14)
=1
where si,82 > 0,y = max(0,s1,82),s =

0,£1,£2,...,+(N — 1),—n < o, < 7w A(.)"s
one-dimensional lag window and “A(sy,s2)” is
two-dimensional lag window.

The normalized bispectrum is estimated by

f(wl ) (DZ)
V(@) (@) + o)

g(o, ) = (15)

To compare the spectral estimates with different lag
windows With each other and with the theoretical
spectrum, we used the sample mean square errors
criterion for measuring the accuracy of f (w) as an
estimate of fxx(®). This sample mean square error
(M.S.E) is defined as

k
M.S.E = % Y (f(@) — fex ()

i

where f(a),) and fyx(w;) are given by (11) and (6)
respectively. k is the number of frequencies ;. As for the
bispectral case, the M.S.E is defined as

MS.E = (If (o1, @) — | fxx (01, 0))])?,

x| —
gl
gl

i=1j=1

where | f(@;, ®;)] is the modulus of the bispectral density
estimate and |fyx(w;, ;)| is the theoretical bispectral
modulus. k is the number of frequencies ®; or ®; and
K = k? is the total number of these frequencies (@, ;).
Firstly using the Daniell lag window, [28] introduced
Daniell lag window as

As) = iGr) (16)

where M is window parmeter or number of frequencies
used in smoothed. In this paper we choose M=7 for all
different lag windows. The two dimensional lag window
A(s1,s2), given by [29] is given by

l(sl,SZ) :),(sl)l(sz)),(sl —Sz) (]7)

Fig.5 represent the theoretical spectrum and the estimated
spectral density function using Daniell window with M=7
from (11) and (16). Fig.6 and Fig.7 represents the
estimate of the bispectrum and normalized bispectrum
modulus using Daniell window at M=7 as in (12), (17)
(16) and (15).

Secondly using the Parzen lag window, [30] proposed the
Parzen lag window

1—652+6|s |s| < %
21—l L<ll<1,  a®)
0 Is| >1

A(s) =

and A(sy,s2) is given by (17). Fig.8 represent the
theoretical spectrum and the estimated spectral density
function using Parzen window with M=7 from (11) and
(18). Fig.9 and Fig.10, represents the estimate of the
bispectrum and normalized bispectrum modulus using
Parzen window at M=7 as in (12), (17) (18) and (15).
Thirdly and finally using the Tukey Hamming window
which reduced from [31] and given by

_ [ 0.54+0.46cos(57) [s| <M
’I(s){o Is| > M

and A(s,s2) is given by equation(17). Fig.11 represent
the theoretical spectrum and the estimated spectral
density function using Tukey Hamming window with
M=7 from (11) and (19). Fig.12 and Fig.13, represents the
estimate of the bispectrum and normalized bispectrum
modulus using Tukey Hamming window at M=7 as in
(12), (17) (19) and (15).

19)

0.28
1l ! ! ! ' — — smoothed spectrum
- % —theoretical spectrum
- A\ M.S.E=0.000995

0.24
0:22

021
018
0.16
0.14

012

01

3.5

Fig. 5: Estimated spectrum using Daniell window at M=7 and
theoretical spectrum.
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Table 1: Theoretical bispectrum modulus of ZTPINAR(1) with A = 1 and a = 0.35.

@ | 0.00r 0057 010r 0157 020x 025z 030x 035z 0407 0457 0.50z  0.557  0.607  0.657 0707 0757 0.807  0.857 0907 0957 %
]

0.00% 3604 3221 2433 1719 1215 0884 0667 0521 0420 0348 0296 0258 0229 0206 0189 0.176 0.166 0159 0.55 0152 0.15]
0.057 3221 2646 1933 1365 0979 0725 0556 0441 0361 0303 0261 0229 0205 0.8 0072 0061 0153 0148 0.144 0142 0.142
0.10% 2433 1933 1411 1010 0736 0554 0432 0347 0287 0244 0212 0187 0169 0155 0144 0136 030 0126 0124 0123 0.124
0.157 1719 1365 1010 0735 0545 0416 0329 0267 0224 0191 0168 0150 0136 0.125 0.117 0112 0107 0105 0103 0103 0.105
0.20% 1215 0979 0736 0545 0410 0317 0253 0208 0176 0152 034 0120 0110 0102 0096 0092 0089 0087 0087 0087 0.089
0257 0.884 0725 0554 0416 0317 0248 0200 0166 0.141 0123 0109 0099 0091 0085 0081 0078 0076 0075 0075 0076 0078
0307 0667 0556 0432 0329 0253 0200 0163 0136 0117 0103 0092 0084 0077 0073 0069 0067 0066 0065 0066 0067 0.069
0357 0521 0441 0347 0267 0208 0.166 0136 0115 0099 008 0079 0072 0067 0064 0061 0060 0059 0059 0060 0061 0.064
0.407 0420 0361 0287 0224 0176 0141 0117 0099 008 0077 0070 0064 0060 0057 0055 0054 0054 0054 0055 0057 0.060
0457 0348 0303 0244 0191 0152 023 0103 0088 0077 0069 0063 0058 0055 0052 0051 0050 0050 0051 0052 0055 0058
0507 0296 0261 0212 0168 0134 0109 0092 0079 0070 0063 0057 0054 0051 0049 0048 0048 0048 0049 0051 0054 0057
0.557 0258 0229 0187 0150 0120 0099 0084 0072 0064 0058 0054 0050 0.048 0047 0046 0046 0047 0048 0050 0054 0058
0.607 0229 0205 0069 0136 0110 0091 0077 0067 0060 0055 0051 0048 0046 0045 0045 0045 0046 0048 0051 0055 0.060
0.657 0206 0186 0155 0125 0102 0085 0073 0064 0057 0052 0049 0047 0045 0044 0044 0045 0047 0049 0052 0057 0.064
0707 0189 0172 0.44 0.117 009% 0081 0069 0061 0055 0051 0048 0046 0045 0044 0045 0046 0048 0051 0055 0061 0.069
0757 0176 0161 0136 0.112 0092 0078 0067 0060 0054 0050 0048 0046 0045 0045 0046 0048 0050 0054 0060 0067 0078
0.807 0166 053 030 0.107 0089 0076 0066 0059 0054 0050 0048 0047 0046 0047 0048 0050 0054 0059 0066 0.076 0.089
0.857 0159 0148 026 0.105 0087 0075 0065 0059 0054 0051 0049 0048 0048 0049 0051 0054 0059 0065 0075 0087 0.105
0.907 0155 0144 0124 0103 0087 0075 0066 0060 0055 0052 0051 0050 0051 0052 0055 0060 0066 0075 0087 0103 0.124
0957 0152 0142 023 0103 0087 0076 0067 0061 0057 0055 0054 0054 0055 0057 0061 0067 0076 0087 0103 0.23 0.142

P 0151 0142 0124 0105 008 0078 0069 0064 0060 0058 0057 0058 0060 0064 0069 0078 0089 0105 0124 0142 0.151

Table 2: Theoretical normalized bispectrum modulus of ZTPINAR(1) with A = 1 and o = 0.35.
© | 0.00r 0057 010r 0157 020r 0257 030r  0.35r  040% 0457 0.50r  0.557  0.60r  0.65r 0707 0757 0.80r  0.857 0907 0957 1
[}

0.007 1654 1615 1526 1434 135 1297 1252 1218 1192 1172 1156 1144 1135 1127 L1121 1117 1113 1110 1109 1108 1.107
0.057 1615 1551 1461 1377 1309 1257 1218 LI8§ 1165 1147 1133 1122 L114 1107 1102 1098 1.095 1093 1091 1090 1.090
0.107 1526 1461 1381 1307 1247 1201 1165 1139 1118 1102 1089 1079 1072 1066 1061 1057 1055 1053 1052 1051 1052
0.157 1434 1377 1307 1241 LI87 1145 L1I3  1.089 1070 1055 1.043 1034 1027 1021 1017 1014 1011 1010 1009 1009 1.010
0207 1356 1300 1247 LI87 LI38 1099 1069 1046 1028 1014 1004 0995 0988 0983 0979 0976 0974 0973 0973 0973 0974
0257 1297 1257 1201 1145 1099 1063 1034 1013 099 0982 0972 0964 0958 0953 0949 0947 0945 0944 0944 0945 0947
0307 1252 1218 1165 L1I3 1069 1034 1007 098 0970 0958 0948 0940 0934 0930 0927 0924 0923 0923 0923 0924 0.927
0357 1218 LI88 1139 1089 1046 1013 098 0966 0951 0939 0929 0922 0916 0912 0909 0907 0906 0906 0907 0909 0912
0.407 1192 1165 1118 1070 1028 0996 0970 0951 0936 0924 0915 0908 0903 0.899 0896 0895 0.894 0895 0896 0.899 0.903
0457 LI72 1147 1102 1055 1014 0982 0958 0939 0924 0913 0904 0897 0892 08389 0887 0836 0886 0887 0889 0892 0.897
0507 1156 1133 1089 1043 1004 0972 0948 0929 0915 0904 0.896 0889 0885 0.882 0830 0879 0.880 0832 0885 0889 0.896
0.557 1144 1122 1079 1034 0995 0964 0940 0922 0908 0897 0.889 0883 0879 0.877 0875 0875 0.877 0879 0883 0.889 0.897
0.607 L35 LI14 1072 1027 0988 0958 0934 0916 0903 0892 0885 0879 0876 0873 0873 0873 0876 0879 0885 0892 0.903
0.657 1127 1107 1066 1021 0983 0953 0930 0912 0899 0839 0882 0877 0873 0.872 0872 0873 0.877 0882 0889 0899 0912
0707 LI21 L102 1061 1017 0979 0949 0927 0909 0896 0887 0880 0875 0873 0872 0873 0875 0880 0887 0896 0909 0927
0757 L117 1098 1057 1014 0976 0947 0924 0907 0895 0836 0.879 0875 0873 0.873 0875 0879 0.88 0895 0907 0924 0.947
0.807 113 1095 1055 1011 0974 0945 0923 0906 0894 088 0880 0877 0876 0877 0880 0836 0894 0906 0923 0945 0974
0.857 110 1093 1053 1010 0973 0944 0923 0906 0895 0887 0882 0879 0879 0882 0887 0895 0906 0923 0944 0973 1010
0.907 1109 1091 1052 1009 0973 0944 0923 0907 0896 0839 0.885 0883 0885 0.889 0896 0907 0923 0944 0973 1009 1.052
0.957 1108 1090 1051 1009 0973 0945 0924 0909 0899 0892 0889 0889 0892 0899 0909 0924 0945 0973 1009 1051 1.090

P 1107 1090 1052 1010 0974 0947 0927 0912 0903 0897 0896 0897 0903 0912 0927 0947 0974 1010 1052 1.090 1.107

M.5.E=0.1056 M.S.E=0.1459

tn
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Fig. 6: Estimated bispectrum modulususing Daniell window at Fig. 7: Estimated normalized bispectrum modulus using Daniell
M=7. window at M=7.
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Fig. 8: Estimated spectrum using Parzen window at M=7 and
theoretical spectrum.

Estimated bispectrum modulus

M.S.E=0.0710

Fig. 9: Estimated bispectrum modulus using Parzen window at

M=7.

—Depending on M.S.E which appears on each image, we
find that

—When comparing the smoothed spectrum based on
Daniell, Parzen, Tukey Hamming lag windows
with each other and with the theoretical spectrum
that calculated at A = 1 and o = 0.35, we
conclude that using the Parzen window is the
approriate window among the other lag windows
in Figures 5, 8 and 11, since the smoothed
spectrum using Parzen window is closer to the
theoretical spectrum than the smoothed spectrum
based on Daniell or Tukey Hamming window.

—Also, Figures 6, 9 and 12 show that the parzen
window is the appropriate window among the

M.S.E=0.1822

Estimated normalizes bispectrum modulus

Fig. 10: Estimated normalized bispectrum modulus using Parzen
window at M=7.

0.28 T T T T
— — smoathed spectrum
= theoretical spactrum

026 ™~
\ M.5.E=0.000636

35

Fig. 11: Estimated spectrum using Tukey Hamming window at
M=7 and theoretical spectrum.

M.S.E=0.0025

Estimated bispectrum modulus

Fig. 12: Estimated bispectrum modulus using Tukey Hamming
window at M=7.
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M.S.E=0.1663

Estimated normalizes bispectrum modulus

Fig. 13: Estimated normalized bispectrum modulus using Tukey
Hamming window at M=7.

other lag windows for estimating the bispectrum
modulus, scince the smoothed bispectrum using
Parzen window to the theoretical bispectrum
modulus than the smoothed bispectrum based on
Daniell or Tukey Hamming windows.

—Moreover, Figures 7, 10 and 13 show that the
Daniell window is the appropriate window among
the other lag windows for estimating the
normalized bispectrum modulus, scince the
smoothed bispectrum using Daniell window to the
theoretical bispectrum modulus than the smoothed
bispectrum based on Daniell or Tukey Hamming
windows.

—From Fig.3 and Fig.4 and Tabel 1 and Tabel 2, the
normalized bispectrum modulus of the ZTPINAR(1)
is more flat than the non-normalized bispectrum
modulus, since the values of the normalized
bispectrum modulus lies between (0.8,1.7) and the
non-normalized bispectrum modulus lies between
(0,4). This indicates that the test of linearity given by
[32] can be used for integer valued time series models.

6 Conclusions

We studied in this paper, some higher order moments,
cumulants, spectrum, bispectrum and normalized
bispectrum density functions of the ZTPINAR(1) model.
The spectrum, bispectrum and normalized bispectrum are
estimated using a smoothed periodogram based on the
different lag windows (Daniell, parzen and Tukey
Hamming lag windows) and using a simulated series
from this process. The normalized bispectrum modulus of
the mentioned model is more flat than the non-normalized
bispectrum modulus, so the test of linearity given by [32]
can be used for integer valued time series models.
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