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Abstract: This work considers Ornstein-Uhlenbeck operator whose role in sensitivity analysis involving Malliavin calculus is of
immense importance in different fields including financial mathematics. There is need to consider Ornstein-Uhlenbeck operator for
uncorrelated random variables since certain phenomenon involve uncorrelated Gaussian random variables. Thus, we derive the operator
for uncorrelated multivariate Gaussian random variables suitable for phenomenon involving multivariate random variables.
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1 Introduction

A lot of research has been done concerning the
Ornstein-Uhlenbeck operator, whose applications are in
many fields, namely, geometry, functional calculus,
financial mathematics, analysis, etc. Chang and Feng [1]
studied the Ornstein-Uhlenbeck operator with quadratic
potentials. Otten [2] applied the operator as a basis for
proving exponential decay of rotating waves in
time-dependent reaction diffusion systems. Cai and
Zhang [3] discussed coordinated drift estimation of a
mixed fractional Ornstein-Uhlenbeck process. Harris [4]
applied abstract holomorphic functional calculus theory
and showed that the operator has a bounded functional
calculus with an optimal angle. He highlighted its
applications in the number generator of quantum field
theory, the analogue of the Laplacian in the Malliavin
calculus, the generator of the transition semigroup linked
with mean-reverting stochastic process. Casarino et al. [5]
discussed orthogonality of general eigenspaces of an
Ornstein-Uhlenbeck operator. Chen and Liu [6] derived
certain characteristics of complex-valued Wiener-Itd
multiple integrals and complex Ornstein-Uhlenbeck
operators and semigroups. Bally et al. [7] gave a
numerical algorithm for sensitivity computation in a Lévy
market using the Ornstein-Uhlenbeck operator as a
differential operator. Bavouzet and Messaoud [8],
Bavouzet et al. [9], Bally & Clement [10] and Udoye et

al. [11] used the tool of the Ornstein-Uhlenbeck operator
on jump-type market model. Metafune et al. [12] obtained
the spectrum of a probably degenerate Ornstein-
Uhlenbeck operator in R" for Lﬁ spaces where U is an
invariant measure and 1 < p < oo,

Some phenomenon involve multivariate Gaussian
random variables that are uncorrelated. Thus, applying
Ornstein-Uhlenbeck operator in such scenario will not
yield adequate model if uncorrelation nature of the
random variables are not considered. Hence, we focus on
the Ornstein-Uhlenbeck operator for uncorrelated
multivariate Gaussian random variables.

The rest of the paper is arranged as follows: Section
2 gives the Mathematical foundation for the work, results
are presented in Section 3, then conclusion is drawn.

2 Mathematical Foundation

Let (2,.7,P) be a probability space. For p > 1 and
n>1, f € CP(R") where CP(IR") is the space of functions
f:R" — R that are p times continuously differentiable.
Let Xj, ..., X, be a sequence of random variables and S, )
be the set of simple functionals such that
F = f(X1,.,Xn) € Siup)- Pnp) is the space of simple
processes U; = u;i(Xi,...,X,) of length n, where
u; € CP(RY),i=1,...,n.

The Ornstein-Uhlenbeck operator L : S, 5y — S, ) on F
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is defined as

LF = = Y [(02F) (X1 Xo) + 1368 (X o X)),

i=1

where

9i(xi) = dy; Infg(x)] = g(x)#0:1<i<n

otherwise, ¢;(x) = 0, where g; denotes the density function
of the random variables X;,i = 1,...,n.

3 Results

To derive the Ornstein-Uhlenbeck operator for
uncorrelated random variables, let the uncorrelated
Gaussian random set be given by Zi,...,Z,. Then,
Var(Z;) = E[(Z: —E(Z))?], i = 1,...,n is the variance of
Zi. The probability density function of a multivariate
Gaussian random vector Z ~ A ({1, X) is given by

1 1 T _
g(z):Wexp{—E(Z—ﬂ) z (Z—N)}
(1)

where [l € R" is a vector denoting E[Z] (expectation of
Zi, i=1,...,n), X € R"™" denotes an n X n covariance
matrix, Z = [Z1,7,...,Z,]T € R" is a Gaussian random
vector, I and det(X) denote the transpose and the
determinant of the covariance matrix, respectively.
Theorem 3.1. Let @; be the diagonal entries of an
inverse covariance matrix X~'. The density function g of
n-dimensional uncorrelated Gaussian random variables
Z1,...,Zy, satisfies the following:

l.lng(z) =7 — % |: ((Z,' — u,')Qw,',':| where

n

i=1

H = —gln(Zn) - % In(det(X)) 2)

1S a constant.
2.0, Ing(21,22, -+ 2n) = —[(zi — i) Dii]-

Proof.

1.From equation (1),

Ing(z) = —gln(27r) — %ln(det(Z))

where #” is as given in equation (2).

2.Let X and X! be n-dimensional covariance matrix

and inverse covariance matrix, respectively. Since the
random variables are uncorrelated,

E[(Zi = pi)(Zj = pj)] =0V i # .

Hence,
y—
E(Z; — )? - E[(Z1 — wm)(Zn — )]
E[(Zs — w2)(Z1 — )] -+ E[(Z2 — o) (Zn — tn)]
E[(Zs — u3)(Z1 — )] -+ E[(Z3 — u3)(Zn — )]

E[(Zy — un)(Z1 — 1)] -+ E(Zn*ﬂn)z
E(Z] 7[.1])2 0 0
0 E(Zy — up)? -+ 0
_ 0 0 0
0 0 co B(Zy — pn)?
7 —E[Z,]
7, — E[Z,]
(- = |5 BB
Z, —E[Z,]
W) Oy -+ Oy w; 0 -~ 0
Wy W -+ Wy 0 @p--- 0
271: 031 W3 -+ W3, | _ o 0 --- 0
Wy Op2 -+ WOy 0 0 s Oy

Leti=1,...,n;n €N.
The result is trivial fori = 1.

Assume that the result is true for i = 1,2,....k. We
show that it is true fori =1, ..., k,k+ 1.

1 k+1 )
1ng(Z1,Zz7Z3,---7Zk+1)Z«%/——{Z(Zi—ui) ii]-

215

Ding( : 5 3)

lng Ly ey Th+1 1 2
_ oLyl T _ o

97 597, ((z1 — 1)~ o1
(22— ) B+ -+ (k1 — ﬂk+1)zwk+1,k+1)
=—(z1 — )@

8lng(zl,...,zk+1) o 1 4 2
— on _5(8_z2((zl — W) @1

(22— )* @ + -+ (zps1 — ﬂk+1)zwk+1,k+1)

= — (22— o) D2
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dng(zi,.zkes1) 1] 0

TS \ely etk 1) i o 2
7 5 8zk((Z' ) @1

(22— W) * @+ -+ (Tt — M) B 141

= —(2k — Mg) D

Since itis true fori =1, ..., k, respectively; there is need
to show that it is true for i = k4 1.
From equation (3),

dng(zi,.. k1) 1 0 ((

2
= — [0}
3Zk+l 2 aZkH ”]) !

+(z2— ) B+ + (T — Wes 1) B 1 k1)

]
= 3 [2(@k1 — L) B 1]

—(Thr1 — M 1) @ 1 k41

Therefore, the result is true for all 7. O
Corrolary 3.2.
1.If Z,Z,,...,Z, is a sequence of independent Gaussian

random variables, then @;; = 0 for i # j.

n
Thus, Ing(zy,...,z0n) = %,%Z(Zi,uiywﬁ and
i=1
d;Ing(z) = —(zi—
equation (2).
21f Z1,2,,...,7Z, is a sequence of independent and
standardized Gaussian random variables, then the
diagonal of the covariance matrix @; = 1 and @;; =0

fori# j. Thus,

W) @i where £ is given by

Ing(z %——Zzl and

d;Ing(z1,22,...,20) = —zi.

Theorem 3.3. Let (Q,.%,P) be a probability space.
Let F = f(Zy,...,Z,) be a functional where f : R" — R.
Assume that Zj,...,Z, is a sequence of uncorrelated
Gaussian random variables with absolute continuous law

gi(y)dy where g; are piecewise continuous for each
i=1,...,n. Then,

1.the Skorohod integral operator O : Piu1)y = S(n0) given
for simple process U € F, 1) satisfies

=Y [0U;i = (zi — i) @i Ui
i=1

where @;; is the diagonal element of the n X n inverse

covariance matrix.

U,'((x)) = ui(Zl,...,Z,,)(a)); ui:R"—=R,ieN,we Q.
2.the Ornstein-Uhlenbeck operator L : S(, ) — S,

satisfies

L,'ﬁ = — [aizl/:\— (Zi - Ni)ﬁ)'ija,'ﬁ].

Proof.

1.In general

6,',7-;(14) = —[8,~(7t,~u,~) + (mui)azi lng,'] (Zl , ...,Z,,).

Since Z;’s are Gaussian random variables, its density
function g;, i = 1,...,n is everywhere differentiable on
R; its weight function 7; = 1 and its derivative 7rl.' =0

(Bavouzet et al. (2009, [9])). Thus, we get

M:

5(U): [(n,aul—i—uan,) ( iui)azilngi](zl,...,z,,)

i=1

M=

[ + u;id;; Ingi|(Zy,....Zy).

Il
-

I

From Theorem 3.1,

_ i [8,14,- + uiazl. In {

i=

1
(2m)rdet(X)

—_

[¢]

e
o
—
\
| =
w~
\
=
S~—
3
™
/:
N
\
=i
——
——
—_

n
= — Z [8,’1/!1' + uiazl.{f — 5 Z(Zi - u,-)zw,»,-H

i=1

n

==Y [3iUi —(zi— Ni)wiiUi:| :
i=1
Following the same method, the Ornstein-Uhlenbeck
aspect is achieved.

2.The Ornstein-Uhlenbeck operator L = D3 : S, 5) —
S(n,0) satisfies

LF =— i{ N(Zis.s Zn)

7(Z,’*[J,’)(Dj,’(aif)(zl,...,Zn) . [l

4 Application

The results are to be employed in sensitivity computations
using Malliavin calculus in a financial derivative whose
underlying is an interest rate with the dynamics

= u(r)dt + 2”: o' (t)dzi(1),

i=1

dr(r)

where i(¢) is the drift of the interest rate, 6(t) denote
the volatility function of the interest rate and Z; is the ith
Gaussian process. The stochastic noise is assumed to be
determined by n uncorrelated Gaussian process. The result
will also be employed in a phenomenon driven by a multi-
dimensional jump-diffusion process for future research.
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5 Conclusion

Uncorrelated random variables are very common in real
life situation. We have derived the Ornstein-Uhlenbeck
operator for such random variables. The extended
operator derived above provides a better model when
working on phenomenon with uncorrelated random
variables, including, in sensitivity analysis.

The authors are grateful to the anonymous referee for a
careful checking of the details and for helpful comments
that improved this paper.

Conflict of interest

There is no conflict of interest.

References

[1] D-C. Chang and S-Y. Feng, Geometric analysis on Ornstein-
Uhlenbeck operators with quadratic potentials, The Journal
of Geometric Analysis, 24, 1211-1232 (2014).

[2] D. Otten, Exponentially weighted resolvent estimates for
complex Ornstein-Uhlenbeck systems, Journal of Evolution
Equations, 15, 753-799 (2015).

[3]C. Cai and C. A. Zhang, A note on inference for the
mixed fractional Ornstein-Uhlenbeck process with drift,
AIMS Mathematics, 6(6), 6439-6453 (2021).

[4] S. Harris, Optimal angle of the holomorphic functional
calculus  for  the  Ornstein-Uhlenbeck  operator,
arXiv:1812.08300v2, (2019).

[5] V. Casarino, P. Ciatti and P. Sj 6gren, On the orthogonality of
generalized eigenspaces for the Ornstein-Uhlenbeck operator,
arXiv:2103.09698v1 (2021).

[6] Y. Chen and Y. Liu, Complex Wiener-Itd chaos
decomposition revisited, Acta Mathematica Scientia 39(3),
797-818 (2019).

[7] V. Bally, M-P. Bavouzet and M. Messaoud, Integration by
parts formula for locally smooth laws and applications to
sensitivity computations, The Annals of Applied Probability,
7(1), 33-66 (2007).

[8] M.-P. Bavouzet-Morel and M. Messaoud, Computation of
Greeks using Malliavin’s calculus in jump type market
models, Electronic Journal of Probability, 11(10), 276-300
(2006).

[9] M.-P. Bavouzet-Morel, M. Messaoud and V. Bally. Malliavin
calculus for pure jump processes and applications to finance,
in Handbook of Numerical Analysis: Mathematical Modeling
and Numerical Methods in Finance XV, Giulia Di Nunno,
Bernt @ksendal, Frank Proske, Ed. Springer, 255-279,
(2009).

[10] V. Bally and E. Clément, Integration by parts formula and
applications to equations with jumps, Probability Theory and
Related Fields, 151(3), 613-657 (2011).

[11] A. M. Udoye, C. P. Ogbogbo and L. S. Akinola, Jump-
diffusion process of interest rates and the Malliavin calculus,
International Journal of Applied Mathematics, 34(1), 183-
202 (2021).

[12] G. Metafune, LP-Spectrum of Ornstein-Uhlenbeck
Operators, Ann. Scuola Norm. Sup. Pisa CI. Sci., XXX,
97-124 (2001).

Adaobi M. Udoye
received the PhD degree
in Financial Mathematics
at University of
Ibadan, Ibadan, Nigeria.
Her research interests
are in the areas of
stochastic processes,
Lévy processes,
Malliavin calculus
and mathematical
modelling.

Chisara P. Ogbogbo

received a PhD in Financial
Mathematics from the
University of Ibadan, Nigeria.
Her research interests
are Financial Mathematics,
Computational Finance,
Applied Mathematics,
and Mathematical Modelling.
She is a senior lecturer in the
Department of Mathematics,
University of Ghana.

Ralph A. Twum
received his PhD from
Howard University in 2012.
His thesis was on applications
of category theory to finding
induced representations
of Lie algebras. His current
interests span category
theory, representation theory
of Lie algebras, financial
mathematics, and differential
equations with applications.

@© 2021 NSP
Natural Sciences Publishing Cor.



	Introduction
	Mathematical Foundation
	Results
	Application
	Conclusion

