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Abstract: In this paper, a four parameter generalization of Moyal distribution is obtained, with the purpose of obtaining a more

flexible model relative to the behaviour of hazard rate functions. Various statistical properties of this distribution including the density,

hazard rate functions, quantile function, mode, moments, incomplete moments, moment generating functions, mean deviation, Lorenz,

Bonferroni and Zenga curves, Rényi and continuous entropies and distribution of rth order statistics have been derived. The method

of maximum likelihood estimation has been used to estimate the parameters of the generalized Moyal distribution and the observed

information matrix is derived. Two real data sets are presented to demonstrate the effectiveness of the new model.

Keywords: Moyal distribution, inverse Pareto distribution, moment generating function, entropy and maximum likelihood estimation.

1 Introduction

The procedure of adding new shape parameters to a family of distributions to generate new distributions that are more
flexible is a well-known technique in the statistical literature. Some well-known generators are the Beta-G distributions
by Eugene et al. [1], Jones [2], Nadarajah and Kotz [3], [4], Cordeiro and Lemonte [5], Cordeiro et al. [6], Nassar
and Nada [7], [8], [9], Nassar and Elmasry [10] and Mahmoud et al. [11], Kumaraswamy-G by Jones [12], Cordeiro et
al. [13], [14], Cordeiro and de Castro [15], Elbatal and Elgarhy [16], Nassar [17] and Gamma-G distributions by Zografos
and Balakrishnan [18].

In this paper, we introduce a four parameter model, called the odd inverse Pareto - Moyal (OIP-Mo) distribution, to
extend the Moyal model for its importance and usefulness in many practical situations.

The Moyal distribution was proposed by J. E. Moyal [19] as an approximation to the Landau distribution. It was also
shown that it remains valid taking into account quantum resonance effects and details of atomic structure of the absorber.
The Moyal distribution is a universal form for the energy loss by ionization for a fast charged particle and the number
of ion pairs produced in this process. From the Topp Leone-Moyal distribution proposed by Nassar and Ibrahem [20],
we write X ∼ Mo(µ , σ) to denote a random variable X having Moyal (Mo) distribution with cumulative distribution
function (cdf), depending on the lower incomplete gamma function γ (α,x) =

∫ x
0 tα−1e−tdt, given by

G(x) = 1−
γ
(

1
2
, 1

2
e−(

x−µ
σ )
)

Γ
(

1
2

) = 1− erf




√
e−(

x−µ
σ )

√
2


 , −∞ < x,µ < ∞, σ> 0. (1)

where γ
(

1
2
,x
)
=
√

πer f (
√

x) , Γ
(

1
2

)
=
√

π and the error function er f (x) is defined by erf(x) = 2√
π

∫ x
0 e−t2

dt.

The corresponding probability density function (pdf) is

g(x)=
1√

2πσ
e

−1
2 [( x−µ

σ )+e
−( x−µ

σ )]
, −∞<x,µ<∞, σ> 0. (2)
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Let Z be a random variable following the Moyal standard pdf given by

g(z) =
1√
2π

e

−1
2 (z+e−z)

, −∞ < z < ∞ . (3)

The cdf of the standard Moyal distribution (3) is

G(z) = 1− γ
(

1
2
, 1

2
e−z
)

Γ
(

1
2

) = 1− erf

(√
e−z

√
2

)
, −∞ < z < ∞. (4)

Two generalizations of the Moyal distribution was the four – parameter Beta Moyal distribution proposed by Cordeiro
et al. [6] and the three - parameter Topp Leone-Moyal distribution proposed by Nassar and Ibrahem [20].

2 The Odd Inverse Pareto-Moyal Distribution

In this section, we introduce the odd inverse Pareto-Moyal (OIP-Mo) distribution. Some reliability functions
corresponding to the OIP-Mo distribution are also discussed. The pdf of the inverse Pareto (IP) distribution, is given by

f (x;α,β ) =
αβ xα−1

(β + x)α+1
,x > 0 ,α,β > 0. (5)

The cdf of the inverse Pareto (IP) distribution (5) is

F (x;α,β ) =

(
x

x+β

)α

,x > 0 , α,β > 0. (6)

The odd inverse Pareto-G (OIP-G) is based on the inverse Pareto distribution and the family of distributions G,
proposed by Alzaatreh et al. [21]. Then, the cdf and pdf of OIP-G family are

FOIP−G (x) = αβ
∫ G(x)

1−G(x)

0

tα−1

(β + t)α+1
dt =

[G(x)]α

[β (1−G(x))+G(x)]α
,α > 0,β > 0. (7)

and

fOIP−G (x) = αβ
g(x) [G(x)]α−1

(1−G(x))α+1

(
β +

G(x)

1−G(x)

)−α−1

=
αβ g(x)[G(x)]α−1

[β (1−G(x))+G(x)]α+1
,α > 0,β > 0. (8)

where G(x) is the baseline distribution function and g(x)= ∂G(x)/∂x is the baseline density function. Inserting Equation
(1) in Equation (7), we obtain the odd inverse Pareto- Moyal (OIP-Mo) distribution with cdf given by

F (x;α,β ,µ ,σ) =




1+

β erf

(√
e
−( x−µ

σ )
√

2

)

1− erf

(√
e
−( x−µ

σ )
√

2

)




−α

,−∞ < x,µ < ∞, σ> 0,α > 0 and β > 0. (9)

The pdf corresponding to Equation (9) will be as follows

f (x;α,β ,µ ,σ) =

αβ e
− 1

2

(
e−(

x−µ
σ )+ x−µ

σ

) [
1− er f

(√
e−(

x−µ
σ )

√
2

)]α−1

√
2π σ

[
1− er f

(√
e
−( x−µ

σ )
√

2

)
+β er f

(√
e
−( x−µ

σ )
√

2

)]α+1
(10)

where −∞ < x,µ < ∞ , σ> 0 ,α> 0 and β > 0. For µ= 0 and σ= 1, we obtain the standard OIP-Mo cdf given by

F (x) =


1+

β erf
(√

e−x√
2

)

1− erf
(√

e−x√
2

)



−α

(11)
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and the standard OIP-Mo density function given by

f (x) =
αβ e

− 1
2 (e−x+x)

[
1− er f

(√
e−x√

2

)]α−1

√
2π
[
1− er f

(√
e−x√

2

)
+β er f

(√
e−x√
2

)]α+1
(12)

Plots of the density function (10) for selected values of the OIP-Mo distribution are given in Figure 1. It is illustrated
that these plots show great flexibility of the OIP-Mo for different values of the shape parameters α and β , including the
special case in Equation (12). It is also illustrated that when the value of µ changes from -ve to +ve value, f (x) is displaced
to the +ve side of x-axis.

Fig. 1: Plots of the pdf of OIP-Mo distribution for some parameter values.

We define the hazard rate function of the OIP-Mo distribution as follows,

h(x) =
f (x)

R(x)
,

where R(x) is the reliability function of the OIP-Mo distribution, by the following

R(x) = 1−F (x) = 1−




1+

β erf

(√
e
−( x−µ

σ )
√

2

)

1− erf

(√
e
−( x−µ

σ )
√

2

)




−α

.
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Then the hazard rate function of the OIP-Mo distribution (10) is given by

h(x) =

αβ e
− 1

2

(
e−(

x−µ
σ )+ x−µ

σ

) [
1− er f

(√
e−(

x−µ
σ )

√
2

)]α−1

√
2π σ

[
1− er f

(√
e
−( x−µ

σ )
√

2

)
+β er f

(√
e
−( x−µ

σ )
√

2

)]α+1




1−




1+

β erf




√

e
−( x−µ

σ )
√

2




1−erf




√

e
−( x−µ

σ )
√

2







−α



(13)

Also, the hazard rate function of the standard OIP-Mo distribution is as follows,

h(x) =
αβ e

− 1
2 (e−x+x)

[
1− er f

(√
e−x√

2

)]α−1

√
2π
[
1− er f

(√
e−x√
2

)
+β er f

(√
e−x√

2

)]α+1

(
1−
[

1+
β erf

(√
e−x√

2

)

1−erf
(√

e−x√
2

)

]−α) (14)

Plots of the hazard rate function (13) of the OIP-Mo distribution (10) are given in Figure 2 for selected values of the
parameters.

Fig. 2: Plots of the hazard rate function of OIP-Mo distribution for some parameter

c© 2021 NSP

Natural Sciences Publishing Cor.



J. Stat. Appl. Pro. 10, No. 3, 847-864 (2021) / www.naturalspublishing.com/Journals.asp 851

3 Expansions for the OIP-Mo Distribution

The pdf of OIP-Mo in Equation (12) can be expressed as

f (x) =
αβ e

− 1
2 (e−x+x)

√
2π
[
1− er f

(√
e−x√

2

)]2


1+β

er f

(√
e−x√

2

)

1− er f
(√

e−x√
2

)



−α−1

(15)

Consider the power series

(1+ dz)−q =
∞

∑
k=0

(−q

k

)
dkzk (16)

Using the expansion (16) in Equation (15), the pdf of OIP-Mo is written as

f (x) =
αβ e

− 1
2 (e−x+x)

√
2π

∞

∑
k=0

(−α − 1

k

)[
β er f

(√
e−x

√
2

)]k[
1− er f

(√
e−x

√
2

)]−k−2

For |z| < 1, the power series holds

(1− z)−q =
∞

∑
k=0

(−q

k

)
(−z)k

(17)

Applying the expansion (17) in the last equation, the pdf of OIP-Mo is written as follows

f (x) =
α e−

1
2 (e−x+x)
√

2

∞

∑
k, j=0

(−α − 1

k

)(−k− 2

j

)
β k+1(−1) j

(√
π
)k+ j+1

γk+ j

(
1

2
,

e−x

2

)
. (18)

where γ
(

1
2
,x
)
=
√

πer f (
√

x) .

4 Statistical Properties of the OIP-Mo Distribution

If X is a random variable with density function (10), we write X : OIP-Mo(α,β ,µ ,σ) .
Without loss of generality, for simplicity, we will take µ = 0,and σ = 1.
In this section, we discuss some statistical properties of the proposed distribution such as quantile function, mode,

nth moment, moment generating functions, incomplete moment, mean deviation, Lorenz, Bonferroni and Zenga curves,
Rényi of entropy and continuous entropy.

4.1 Quantile function

Theorem 1.Let X be a random variable following OIP-Mo distribution and let u ∈ (0,1) where F (x) = u and F(x) is the

cdf of the OIP-Mo distribution. Then the quantile function is given by

x = ln




1

2

[
er f −1

(
1−u

1
α

1+β u
1
α −u

1
α

)]2


 (19)

Proof.The quantile function of OIP-Mo distribution x = F−1 (u) , u ∈ (0,1) can be obtained by inverting Equation(11) as

F (x) =




1− erf
(√

e−x√
2

)

1− erf
(√

e−x√
2

)
+β erf

(√
e−x√

2

)




α

= u
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or

1− erf
(√

e−x√
2

)

1− erf
(√

e−x√
2

)
+β erf

(√
e−x√

2

) = u
1
α

Then

erf

(√
e−x

√
2

)
=

1− u
1
α

1+β u
1
α − u

1
α

i.e.

e−x = 2

[
erf−1

(
1− u

1
α

1+β u
1
α − u

1
α

)]2

Therefore, the quantile function of order u of the OIP-Mo distribution is the solution of Equation (19).

The median of the OIP-Mo distribution can be defined at u= 0.5 in Equation (19).

The OIP-Mo distribution is easily simulated from F (x) in Equation (9) using the form of the quantile function in
Equation (19).

4.2 Mode

We consider the density function of OIP-Mo distribution given in (12) and solve
d f (x)

dx
= 0 f or x, to obtain the mode of

odd inverse Pareto- Moyal distribution as follows

d f (x)

dx
=

−αβ e
− 1

2 (e−x+x)
[
1− er f

(√
e−x√

2

)]α−1

(1− e−x)

2
√

2π
[
1− er f

(√
e−x√

2

)
+β er f

(√
e−x√

2

)]α+1
+

αβ e
−(e−x+x)

[
1− er f

(√
e−x√

2

)]α−1

2π
[
1− er f

(√
e−x√

2

)
+β er f

(√
e−x√

2

)]α+2


β (α + 1)+

β (α − 1)er f
(√

e−x√
2

)

1− er f

(√
e−x√

2

) − 2


= 0

But we cannot obtain an explicit form so we calculate the mode numerically for different values of α and β .

Table 1: Mode for some chosen different values of α and β .

The values of α and βββ Mode

α=0.2 and β = 0.2 −2.1998

α= 0.5 and β = 0.5 −1.24314

α= 1 and β = 1 0

α= 2 and β = 2 2.29477

α= 2 and β = 0.2 −0.531786

α= 2 and β = 0.5 −0.252485

α= 2 and β = 1 −1.13027

α= 0.2 and β = 0.5 −2.14808

α= 0.2 and β = 1 −2.12409

α= 0.2 and β = 2 −2.10991

α= 0.5 and β = 2 −0.666869

α= 1 and β = 2 0.838473

α= 0.5 and β = 0.2 −1.5249

α= 1 and β = 0.2 −1.06015
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4.3 Moments

Theorem 2.If X follows the OIP-Mo distribution given by the pdf (18), then the nth moment of X is given by

µ
′
n =

∞

∑
k, j,m=0

n

∑
r=0

vr,m,n,k, j (α,β )Γr(m+
k+ j+ 1

2
), (20)

where

vr,m,n,k, j (α,β )=α
(
−α−1

k

)(
−k−2

j

)(
n
r

)
(−1) j+n β k+1(ln(2) )n−r

(
√

π)
k+ j+1 c

m,k+j

,

and cm,k+ j = m−1 ∑m
l=1

(−1)l ((k+ j)l−m+l)
(2l+1)l! cm−l,k+ j f or m = 1,2, . . . and c0,k+ j = 2k+ j.





(21)

Proof.The nth moment of the OIP-Mo distribution is given as follows

µ ′
n = E (xn) =

∫ ∞

−∞
xn f (x)dx .

Therefore

µ ′
n = α

∞

∑
k, j=0

(−α − 1

k

)(−k− 2

j

)
β k+1(−1) j

(√
π
)k+ j+1

∫ ∞

−∞
xn e−

1
2 (e−x+x)
√

2
γk+ j

(
1

2
,

e−x

2

)
dx.

Setting u = e−x

2
, µ ′

n reduces to

µ ′
n = α

∞

∑
k, j=0

(−α − 1

k

)(−k− 2

j

)
β k+1(−1) j+n

(√
π
)k+ j+1

∫ ∞

0
u

−1
2 (ln(2u) )n

e−uγk+ j

(
1

2
,u

)
du.

Using the binomial expansion in the last equation, we obtain

µ ′
n = α

∞

∑
k, j=0

n

∑
r=0

(−α − 1

k

)(−k− 2

j

)(n

r

) β k+1(−1) j+n

(√
π
)k+ j+1

(ln(2) )n−r
∫ ∞

0
u

−1
2 (ln(u) )r

e−uγk+ j

(
1

2
,u

)
du. (22)

Let Ir,k, j =
∫ ∞

0 u
−1
2 (ln(u) )r

e−uγk+ j
(

1
2
,u
)

du.

Using the series expansion γ(α,x) = xα ∑∞
m=0

(−x)m

(α+m)m!
,in the last equation ,we have

Ir,k, j =

∫ ∞

0
u

−1
2 (ln(u) )r

e−u

[
u

1
2

∞

∑
m=0

(−u)m

(
1
2
+m

)
m!

]k+ j

du.

Using the identity of a power series raised to an integer, namely
(
∑∞

k=0 akxk
)n

= ∑∞
k=0 ck,nxk (see Gradshteyn and

Ryzhik, [22], p.14 Section 0.314), where c0,n = an
0and ck,n = (ka0)

−1
∑k

l=1 (nl− k+ l)alck−l,n.

Hence, Ir,k, j =
∫ ∞

0 u
k+ j−1

2 (ln(u) )r
e−u ∑∞

m=0 cm,k+ ju
mdu, where cm,k+ j = m−1 ∑m

l=1
(−1)l((k+ j)l−m+l)

(2l+1)l!
cm−l,k+ j f or m =

1,2, . . . and c0,k+ j = 2k+ j.
Then Equation (22) can be written as

µ ′
n = α

∞

∑
k, j,m=0

n

∑
r=0

(−α − 1

k

)(−k− 2

j

)(n

r

) β k+1(−1) j+n

(√
π
)k+ j+1

(ln(2) )n−r
cm,k+ j J (r) (23)

where J (r) =
∫ ∞

0 um+ k+ j+1
2 −1(ln(u) )r

e−udu.
This integral J(r) in (23) can be calculated from the result given by Gradshteyn and Ryzhik, [22], (p. 578 Section

4.358 integral 5). From the definition of Γr (p) = ∂ rΓ (p)
∂ pr , we have

J (r) =

∫ ∞

0
um+ k+ j+1

2 −1(ln(u) )r
e−udu =Γr

(
m+

k+ j+ 1

2

)
.

This yields the nth moment given in Equation (20).
Putting n=1 in Equation (20), we easily obtain the mean of OIP-Mo distribution.
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4.4 Moment generating function

Theorem 3.If X follows the OIP-Mo distribution given by the pdf (18), the moment generating function (mgf) of X is given

by

Mx (t) = 2−t ∑∞
k, j,m=0 wk, j,m (α,β )Γ

(
m+ k+ j+1

2
− t
)
,

where wk, j,m(α ,β )=α(−α−1
k )

(
−k−2

j

)
βk+1

(
√

π)k+ j+1
(−1) jcm,k+ j ,

and cm,k+ j is defined in Equation (21)





(24)

Proof.The mgf of OIP-Mo distribution is defined by

Mx (t) = E
(
etx
)
=

∫ ∞

−∞
etx f (x)dx

Using Equation (18), the mgf of OIP-Mo distribution reduces to

Mx (t) = α
∞

∑
k, j=0

(−α − 1

k

)(−k− 2

j

)
β k+1(−1) j

(√
π
)k+ j+1

∫ ∞

−∞
etx e

−e−x

2 e
−x
2

√
2

γk+ j

(
1

2
,

e−x

2

)
dx

Substituting u = e−x

2
,we have

Mx (t) = α2−t
∞

∑
k, j=0

(−α − 1

k

)(−k− 2

j

)
β k+1(−1) j

(√
π
)k+ j+1

∫ ∞

0
u−t− 1

2 e−uγk+ j

(
1

2
,u

)
du

Let At,k, j =
∫ ∞

0 u−t− 1
2 e−uγk+ j

(
1
2
,u
)

du

Following similar steps of Theorem 2, Mx (t) takes the form

Mx (t) = α2−t
∞

∑
k, j,m=0

(−α − 1

k

)(−k− 2

j

)
β k+1(−1) j

(√
π
)k+ j+1

cm,k+ j

∫ ∞

0
um+ k+ j+1

2 −t−1e−udu

which yields the result (24).

4.5 Mean deviations

Theorem 4.Let X follow OIP-Mo distribution given by the pdf (18). The mean deviation of X about the mean µ ′
1 and the

median M are defined, respectively, by

δ1 (x) = 2µ ′
1F
(
µ ′

1

)
− 2T

(
µ ′

1

)

and δ2 (x) = µ ′
1 − 2T (M) where T (q) is given by

T (q) =
∞

∑
k, j,m=0

1

∑
r=0

vr,m,1,k, j (α,β )Γr

(
m+

k+ j+ 1

2
,

e−q

2

)
, (25)

and vr,m,1,k, j (α,β ) is defined in Equation (21) for n = 1.

Proof.The mean deviations of X about the mean and the median are given by

δ1(x) =
∫ ∞

−∞

∣∣x− µ ′
1

∣∣ f (x)dx = 2µ ′
1F
(
µ ′

1

)
− 2T

(
µ ′

1

)

and

δ2 (x) =
∫ ∞

−∞
|x−M| f (x)dx = µ ′

1 − 2T (M) ,

where T (q) =
∫ q
−∞ x f (x) dx, F (M) = 1

2
and F (µ ′

1) can be easily calculated from Equation (11)
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Using Equation (18), we write T (q) in the following form

T (q) = α
∞

∑
k, j=0

(−α − 1

k

)(−k− 2

j

)
β k+1(−1) j

(√
π
)k+ j+1

∫ q

−∞
x

e−
1
2(e−x+x)
√

2
γk+ j

(
1

2
,

e−x

2

)
dx.

Again setting u = e−x

2
, we have

T (q) = α
∞

∑
k, j,m=0

(−α − 1

k

)(−k− 2

j

)
β k+1(−1) j+1

(√
π
)k+ j+1

∫ ∞

e−q

2

u
−1
2 ln(2u) e−uγk+ j

(
1

2
,u

)
du.

Following similar steps of Theorem 2, T (q) takes the form

T (q) = α
∞

∑
k, j,m=0

1

∑
r=0

(−α − 1

k

)(−k− 2

j

)(
1

r

)
β k+1(−1) j+1

(√
π
)k+ j+1

(ln(2)) 1−r
cm,k+ j

∫ ∞

e−q

2

um+ k+ j−1
2 (ln(u)) r

e−udu.

From the last equation

∫ ∞

e−q

2

um+ k+ j−1
2 (ln(u)) r

e−udu =
∂ r

∂
(

m+ k+ j+1
2

)r

∫ ∞

e−q

2

um+ k+ j+1
2 −1e−udu.

=
∂ r

∂
(

m+ k+ j+1
2

)r Γ

(
m+

k+ j+ 1

2
,

e−q

2

)
= Γr(m+

k+ j+ 1

2
,

e−q

2
).

This yields the T (q) given in Equation (25).
Therefore the measures δ1(x) and δ2(x) are determined from Equation (25).

4.6 Incomplete moments

Theorem 5.If X follows the OIP-Mo distribution defined in Equation(18), then the nthincomplete moment is given by

mn (z) =
∞

∑
k, j,m=0

n

∑
r=0

vr,m,n,k, j (α,β )Γr

(
m+

k+ j+ 1

2
,

e−z

2

)
, (26)

where vr,m,n,k, j (α,β ) is defined in Equation (21).

Proof.The nthincomplete moments denoted as mn (z) can be obtained as follows:

mn (z) =

∫ z

−∞
xn f (x)dx

From Equation (18), we have

mn (z) = α
∞

∑
k, j=0

(−α − 1

k

)(−k− 2

j

)
β k+1(−1) j

(√
π
)k+ j+1

∫ z

−∞
xn e−

1
2 (e−x+x)
√

2
γk+ j

(
1

2
,

e−x

2

)
dx.

Using the transformation u = e−x

2
, we have

mn (z) = α
∞

∑
k, j,m=0

(−α − 1

k

)(−k− 2

j

)
β k+1(−1) j+n

(√
π
)k+ j+1

∫ ∞

e−z

2

u
−1
2 (ln(2u) )n

e−uγk+ j

(
1

2
,u

)
du.

Following similar steps of Theorem 2, mn (z) takes the form

mn (z) = α
∞

∑
k, j,m=0

1

∑
r=0

(−α − 1

k

)(−k− 2

j

)(n

r

) β k+1(−1) j+n

(√
π
)k+ j+1

(ln(2)) n−r
cm,k+ j

∫ ∞

e−z

2

um+ k+ j−1
2 (ln(u)) r

e−udu.

which is similar to the integral in Section 4.5
Therefore, this reduces to the result in Equation (26).
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4.7 Lorenz, Bonferroni and Zenga curves

These curves have different applications in many fields such as medicine, insurance, reliability, demography and
economics.

The Lorenz, Bonferroni and Zenga curves are defined, respectively, as follows:

L(F(z)) =
1

E(z)

∫ z

−∞
x f (x)dx =

m1 (z)

µ ′
1

,

B(F (z)) =
L(F(z))

F (z)

and

A(z) = 1− M−(z)
M+(z)

where

M− (z)=
1

F (z)

∫ z

−∞
x f (x)dx , M+ (z)=

1

1−F (z)

∫ ∞

z
x f (x)dx

Therefore, using Equations (20) and (26), we obtain the Lorenz curve as follows

L(F (z)) =
∑∞

k, j,m=0 ∑1
r=0 vr,m,1,k, j (α,β )Γr

(
m+ k+ j+1

2
, e−z

2

)

∑∞
k, j,m=0 ∑1

r=0 vr,m,1,k, j (α,β )Γr(m+ k+ j+1
2

)
, (27)

From Equations (27) and (11), we find the Bonferroni curve as

B(F (z)) =
∑∞

k, j,m=0 ∑1
r=0 vr,m,1,k, j (α,β )Γr

(
m+ k+ j+1

2
, e−z

2

)

[
1+

β erf
(√

e−z√
2

)

1−erf
(√

e−z√
2

)

]−α

∑∞
k, j,m=0 ∑1

r=0 vr,m,1,k, j (α,β )Γr(m+ k+ j+1
2

)

, (28)

Hence, the Zenga curve can be defined as follows

A(z) = 1−









1+

β erf
(√

e−z√
2

)

1− erf
(√

e−z√
2

)




α

− 1




∑∞
k, j,m=0 ∑1

r=0 vr,m,1,k, j (α,β )Γr

(
m+ k+ j+1

2
, e−z

2

)

∑∞
k, j,m=0 ∑1

r=0 vr,m,1,k, j (α,β )γr(m+ k+ j+1
2

, e−z

2
)




, (29)

where

M− (z) =
∑∞

k, j,m=0 ∑1
r=0 vr,m,1,k, j (α,β )Γr

(
m+ k+ j+1

2
, e−z

2

)

[
1+

β erf
(√

e−z√
2

)

1−erf
(√

e−z√
2

)

]−α ,

M+ (z) =
∑∞

k, j,m=0 ∑1
r=0 vr,m,1,k, j (α,β )γr

(
m+ k+ j+1

2
, e−z

2

)

{
1−

[
1+

β erf
(√

e−z√
2

)

1−erf
(√

e−z√
2

)

]−α} ,

and

γr

(
m+

k+ j+ 1

2
,

e−z

2

)
=

∂ r

∂
(

m+ k+ j+1
2

)r γ

(
m+

k+ j+ 1

2
,

e−z

2

)
=

∂ r

∂
(

m+ k+ j+1
2

)r

∫ e−z

2

0
um+ k+ j+1

2 −1e−udu

=

∫ e−z

2

0
um+ k+ j+1

2 −1(ln(u)) r
e−udu .
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4.8 Rényi entropy

The entropy of a random variable represents the amount of variation of the uncertainty. The Rényi entropy has broad
applications in different areas such as statistics, physics and ecology as the index of diversity. The Rényi entropy is
defined as

JR (ξ ) =
1

1− ξ
log(I (ξ )) ,

where I (ξ ) =
∫

f ξ (x)dx , ξ ≥ 0, and ξ 6= 1.
Using this notion, we deduce the Rényi entropy of a random variable following the OIP-Mo pdf (15), in Theorem 6.

Theorem 6.Let X be a continuous random variable following the OIP-Mo distribution given by Equation (15). The Rényi
entropy of X is given by

JR (ξ ) = (1−ξ )−1

{
ξ log (α) + log

[
∞

∑
k, j,m=0

(
ξ (−α −1)

k

)(−k−2ξ

j

)
cm,k+ j

(−1) j β k+ξ

(π)
k+ j+ξ

2

ξ
−
(

m+ ξ+k+ j

2

)

Γ (m+
ξ +k+ j

2
)

] }

(30)

Proof.Setting the pdf of OIP-Mo (15) in the definition of Rényi entropy given above, we have

I (ξ ) =
αξ β ξ

(2π)
ξ
2

∫ ∞

−∞

e−
ξ
2 (e

−x+x)

(
1− erf

(√
e−x√
2

) )2ξ



1+

β erf
(√

e−x√
2

)

1− erf
(√

e−x√
2

)





ξ (−α−1)

dx

Using the series expansion (16) in the last equation, we obtain

I (ξ ) =
αξ

(2π)
ξ
2

∞

∑
k=0

(
ξ (−α − 1)

k

)
β ξ+k

∫ ∞

−∞
e−

ξ
2 (e

−x+x)

[
erf

(√
e−x

√
2

) ]k (
1− erf

(√
e−x

√
2

) )−k−2ξ

dx

Again using the expansion (16) and er f (
√

x)=
γ( 1

2 ,x)√
π

, we obtain

I (ξ ) =
αξ

(2)
ξ
2

∞

∑
k, j=0

(
ξ (−α − 1)

k

)(−k− 2ξ

j

)
β ξ+k(−1) j

(π)
k+ j+ξ

2

∫ ∞

−∞
e−

ξ
2 (e−x+x)γk+ j

(
1

2
,

e−x

2

)
dx

Substituting u = e−x

2
, we have

I (ξ ) = αξ
∞

∑
k, j=0

(
ξ (−α − 1)

k

)(−k− 2ξ

j

)
β ξ+k(−1) j

(π)
k+ j+ξ

2

∫ ∞

0
u

ξ
2 −1 e

− ξ u

γk+ j

(
1

2
,u

)
du

Following similar steps of Theorem 2, we have

I (ξ ) = αξ
∞

∑
k, j,m=0

(
ξ (−α − 1)

k

)(−k− 2ξ

j

)
cm,k+ j

β ξ+k(−1) j

(π)
k+ j+ξ

2

∫ ∞

0
um+ ξ+k+ j

2 −1 e
− ξ u

du

where cm,k+ j is defined in Section 4.3. The integral in the last equation can be easily calculated. Hence,

I (ξ ) = αξ
∞

∑
k, j,m=0

(
ξ (−α − 1)

k

)(−k− 2ξ

j

)
cm,k+ j

β ξ+k(−1) j

(π)
k+ j+ξ

2

ξ
−
(

m+ ξ+k+ j
2

)

Γ (m+
ξ + k+ j

2
)

Finally, the Rényi entropy can be expressed as in Equation (30).
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4.9 Continuous entropy

The Continuous entropy defined by Marsh [23] is as follows

h(x) = E [−ln( f (x)) ] =
∫

−ln( f (x)) f (x)dx

Theorem 7.Let X be a continuous random variable following the OIP-Mo distribution given by Equation (15). The

Continuous entropy of X is given by

h(x) =−ln(α)−ln(β )+
1

2

[
ln(2π)+ Mx(−1)+ µ ′

1

]
− 2α

∞

∑
k,r=0

(
−α−1

k

)(
k
r

)
β k+1

(r− k− 1)2
(−1)r+1 +

α + 1

α
(31)

Proof.Substituting the pdf of OIP-Mo (15) in the definition of the Continuous entropy given above, we have

h(x) =

[
−ln(α)−ln(β )+

1

2
ln(2π)

]
I1 +

1

2
I2 +

1

2
I3+2 I4 +(α + 1) I5 (32)

I1 =
∫ ∞
−∞ f (x)dx = 1 (i)

I2 =
∫ ∞
−∞ e−x f (x)dx = Mx(−1) (ii)

I3 =
∫ ∞
−∞ x f (x)dx = µ ′

1 (iii)
Also,

I4 =

∫ ∞

−∞
ln

[
1− erf

(√
e−x

√
2

) ]
f (x) dx

=

∫ ∞

−∞
ln

[
1− erf

(√
e−x

√
2

) ]
αβ e

− 1
2 (e−x+x)

√
2π
[
1− er f

(√
e−x√

2

)]2


1+β

er f
(√

e−x√
2

)

1− er f
(√

e−x√
2

)



−α−1

dx

Let v = 1− erf
(√

e−x√
2

)
, then we have

∫ ∞

−∞
ln

[
1− erf

(√
e−x

√
2

) ]
f (x) dx = αβ

∫ 1

0
ln(v) v−2

[
(1+β

1− v

v
)

]α−1

dv

= α
∞

∑
k=0

(−α − 1

k

)
β k+1

∫ 1

0
ln(v) v−k−2 (1− v)k

dv

= α
∞

∑
k,r=0

(−α − 1

k

)(
k

r

)
β k+1(−1)r

∫ 1

0
ln(v) vr−k−2dv

Integration by parts yields

I4 =
∫ ∞
−∞ ln

[
1− erf

(√
e−x√
2

) ]
f (x) dx = α ∑∞

k,r=0

(−α−1
k )

(
k
r

)
β k+1

(r−k−1)2 (−1)r+1
(iv)

Now the last integral will give

I5 =

∫ ∞

−∞
ln


1+β

er f
(√

e−x√
2

)

1− er f

(√
e−x√

2

)


 f (x)dx

=

∫ ∞

−∞
ln


1+β

er f

(√
e−x√

2

)

1− er f
(√

e−x√
2

)


 αβ e

− 1
2 (e−x+x)

√
2π
[
1− er f

(√
e−x√

2

)]2


1+β

er f

(√
e−x√

2

)

1− er f
(√

e−x√
2

)



−α−1

dx

Now, we have
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∫ ∞

−∞
ln


1+β

er f
(√

e−x√
2

)

1− er f
(√

e−x√
2

)


 f (x)dx = αβ

∫ 1

0
ln

[
v+β −β v

v

]
vα−1

(v+β −β v)α+1
dv

Let z = v+β −β v, in the last integration

∫ ∞

−∞
ln


1+β

er f
(√

e−x√
2

)

1− er f
(√

e−x√
2

)


 f (x)dx =

αβ

(1−β )α

∫ 1

β
ln

[
1−β

1− β
z

]
z−2

[
1− β

z

]α−1

dz

And let w = 1− β
z
, in the last integration

∫ ∞

−∞
ln


1+β

er f
(√

e−x√
2

)

1− er f
(√

e−x√
2

)


 f (x)dx =

α

(1−β )α

∫ 1−β

0
ln

[
1−β

w

]
wα−1dw

Therefore, I5 =
∫ ∞
−∞ ln

[
1+β

er f

(√
e−x√

2

)

1−er f
(√

e−x√
2

)

]
f (x)dx = 1

α (v)

Substituting (i), (ii), (iii), (iv) and (v) in Equation (32), the Continuous entropy can be expressed as the result (31).

5 Order Statistics

Order statistics play an important role in probability and statistics. Let X1:m ≤ X2:m ≤ ·· · ≤ Xm:mbe the order sample from
a continuous population with pdf f (x) and cdf F(x). The pdf of Xk:m, the kth order statistic is given by

fXk:m
(x) =

m!

(k− 1)!(m− k)!
f (x) [F(x)]k−1[1−F(x)]m−k

;k = 1,2, . . . ,m.

Then , the pdf of the kthorder OIP-Mo random variable Xk:mcan be obtained using Equations (11) and (15) in the last
equation to give

fXk:m
(x) =

m! αβ e−
1
2
(e−x+x)

(k−1)!(m−k)!
√

2π
[
1−erf

(√
e−x√
2

) ]2


1+β

er f
(√

e−x√
2

)

1−er f
(√

e−x√
2

)




−αk−1

1−


1+β

er f
(√

e−x√
2

)

1−er f
(√

e−x√
2

)



−α



m−k

Using the binomial expansion, we obtain

fXk:m
(x) =

m! αβ e−
1
2 (e

−x+x)

(k− 1)!(m− k)!
√

2π

[
1− erf

(√
e−x

√
2

) ]−2
∞

∑
i=0

(
m− k

i

)
(−1)i


1+β

er f

(√
e−x√

2

)

1− er f
(√

e−x√
2

)




−α(k+i)−1

From the series expansion (16), we have

fXk:m
(x)=

m! α e−
1
2 (e

−x+x)

(k− 1)!(m− k)!
√

2π

∞

∑
i, j=0

(
m− k

i

)(−α (k+ i)− 1

j

)
β j+1(−1)

i

[
erf

(√
e−x

√
2

) ] j [
1− erf

(√
e−x

√
2

) ]− j−2

Again, using the binomial expansion,

fXk:m
(x) =

m! α e−
1
2 (e

−x+x)

(k− 1)!(m− k)!
√

2π

∞

∑
i, j,r=0

(
m− k

i

)(−α (k+ i)− 1

j

)(− j− 2

r

)
β j+1(−1)

i+r

[
erf

(√
e−x

√
2

) ] j+r

Therefore ,the pdf of the kth order OIP-Mo random variable Xk:m is as follows

fXk:m
(x) =

m! α e−
1
2 (e

−x+x)

(k− 1)!(m− k)!
√

2

∞

∑
i, j,r=0

(
m− k

i

)(−α (k+ i)− 1

j

)(− j− 2

r

)
β j+1(−1)

i+r

π
j+r+1

2

γ j+r

(
1

2
,

e−x

2

)
(33)
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Also, the nthmoment for the kthorder statistic with pdf fXk:m
(x) is given by

µ
(n)
k:m =

∫ ∞

−∞
xn fk:m(x)dx

Then , the nthmoment for the kthorder OIP-Mo random variable Xk:mcan be obtained using Equation (33)

µ
(n)
k:m =

m! α

(k−1)!(m−k)!
√

2

∞

∑
i, j,r=0

(
m−k

i

)(−α (k+ i)−1

j

)(− j−2

r

)
β j+1(−1)

i+r

π
j+r+1

2

∫ ∞

−∞
xn e−

1
2
(e−x+x)γ j+r

(
1

2
,

e−x

2

)
dx

Again, using u = e−x

2
, we have

µ
(n)
k:m =

m! α

(k− 1)!(m− k)!

∞

∑
i, j,r=0

(
m− k

i

)(−α (k+ i)− 1

j

)(− j− 2

r

)
β j+1(−1)

i+r+n

π
j+r+1

2

∫ ∞

0
[ln(2u)]nu

−1
2 e−uγ j+r(

1

2
,u)du

which yields

µ
(n)
k:m =

m! α

(k− 1)!(m− k)!

×
∞

∑
i, j,r=0

n

∑
z=0

(
m− k

i

)(−α (k+ i)− 1

j

)(− j− 2

r

)(
n

z

)
β j+1(−1)

i+r+n

π
j+r+1

2

[ln(2) ]n−z
∫ ∞

0
u

−1
2 e−u[ln(u) ]zγ j+r

(
1

2
,u

)
du

Set Br, j,z =
∫ ∞

0 u
−1
2 e−u[ln(u) ]zγ j+r

(
1
2
,u
)

du

Using the series expansion γ(α,x) = xα ∑∞
m=0

(−x)m

(α+m)m!
and the identity of a power series raised to an integer,

namely
(
∑∞

k=0 akxk
)n

= ∑∞
k=0 ck,nxkin the last equation, we have

Br, j,z =
∞

∑
s=0

cs, j+r

∫ ∞

0
us+ j+r−1

2 e−u[ln(u) ]zdu

where cs, j+r is defined in Section 4.3.

The integral in Br, j,z can be calculated from the result given by Gradshteyn and Ryzhik. [22], (p. 578, Section 4.358,

integral 5). From the definition of Γr (p) = ∂ rΓ (p)
∂ pr ,we have

Br, j,z =
∞

∑
s=0

cs, j+rΓz(s+
j+ r+ 1

2
)

This yields the nth moment of Xk:m given by

µ
(n)
k:m =

m! α

(k− 1)!(m− k)!

∞

∑
i, j,r,s=0

n

∑
z=0

(
m− k

i

)(−α (k+ i)− 1

j

)(− j− 2

r

)(
n

z

)
β j+1(−1)

i+r+n

π
j+r+1

2

[ln(2) ]n−z
cs, j+rΓz(s+

j+ r+ 1

2
) (34)

6 Estimation of Parameters

In this section, we describe the maximum likelihood estimators (MLEs) and the observed information matrix of the
OIP-Mo distribution. Let X1,X2, . . . ,Xn be an independent random sample from the OIP-Mo distribution, then the log-
likelihood function is given by

l = n

[
ln(α)+ ln(β )− ln(σ)− 1

2
ln(2π)

]
− 1

2

n

∑
i=1

e
−
(

xi−µ
σ

)

− 1

2

n

∑
i=1

(
xi − µ

σ

)
+
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(α − 1)
n

∑
i=1

ln


1− er f




√
e
−
(

xi−µ
σ

)

√
2





 − (α + 1)

n

∑
i=1

ln


1− er f




√
e
−
(

xi−µ
σ

)

√
2


+β er f




√
e−(

xi−µ
σ )

√
2





 (35)

Then

∂ l

∂α
=

n

α
+

n

∑
i=1

ln


1− er f




√
e−(

xi−µ
σ )

√
2




−

n

∑
i=1

ln


1− er f




√
e
−
(

xi−µ
σ

)

√
2


+β er f




√
e
−
(

xi−µ
σ

)

√
2





 (36)

∂ l

∂ µ
=

n

2σ
− 1

2

n

∑
i=1

e
−
(

xi−µ
σ

)

σ
− (α − 1)

n

∑
i=1

e−
1
2 e−(

xi−µ
σ )

√
e−(
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σ )

√
2πσ

[
1− er f

(√
e−(

xi−µ
σ )

√
2

)]

+(α + 1)
n

∑
i=1

e−
1
2 e−(
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σ )

√
e−(
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σ ) (1−β )

√
2πσ

[
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(√
e
−
(
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σ

)

√
2

)
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(√
e
−
(
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σ

)

√
2

) ] (37)
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∂σ
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∑
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∑
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∑
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√
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√
2

) ] (38)

and

∂ l

∂β
=

n

β
− (α + 1)

n

∑
i=1

er f

(√
e
−
(
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σ

)

√
2

)

1− er f

(√
e
−
(

xi−µ
σ

)

√
2

)
+β erf

(√
e
−
(
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σ

)

√
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) (39)

The MLEs
(

α̂, β̂ , µ̂ , σ̂
)

of the parameters (α,β ,µ ,σ) are obtained by solving the system of nonlinear equations (36),

(37), (38) and (39). These equations cannot be solved analytically, but can be solved using numerical techniques such as
Newton-Raphson method.

For interval estimation and testing of hypotheses of the parameters(α,β ,µ ,σ) , we require the 4×4 unit observed
information matrix.

J(ψ) =




∂ 2l
∂α2

∂ 2l
∂α∂β

∂ 2l
∂β ∂α

∂ 2l
∂β 2

∂ 2l
∂α∂ µ

∂ 2l
∂α∂σ

∂ 2l
∂β ∂ µ

∂ 2l
∂β ∂σ

∂ 2l
∂ µ∂α

∂ 2l
∂ µ∂β
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whose elements are given by the following.
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=− n
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∂ 2l
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n
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B

D
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∂ 2l
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where A = e−(
xi−µ
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7 Applications

In this section, we introduce two applications of OIP-Mo distribution to two real data sets. The first data set is given by
Linhart and Zucchini [24], which represents the failure times of the air conditioning system of an airplane: 23, 261, 87, 7,
120, 14, 62, 47, 225, 71, 246, 21, 42, 20, 5, 12, 120, 11, 3, 14, 71, 11, 14, 11, 16, 90, 1, 16, 52, 95.

The second data are vinyl chloride data obtained from clean up gradient monitoring wells in mg/L. The data are: 5.1,
1.2, 1.3, 0.6, 0.5, 2.4, 0.5, 1.1, 8, 0.8, 0.4, 0.6, 0.9, 0.4, 2, 0.5, 5.3, 3.2, 2.7, 2.9, 2.5, 2.3, 1, 0.2, 0.1, 0.1, 1.8, 0.9, 2, 4, 6.8,
1.2, 0.4, 0.2. This data was used by Bhaumik et al. [25].
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We use these two data sets to compare the fit of the new model OIP-Mo with Beta Moyal (BMo) and Moyal (Mo). First,
we obtain the maximum likelihood estimates (MLEs) for the unknown parameters of each model and then compare the
results via goodness -of- fit statistics AIC (Akaike information criterion), AICC (corrected Akaike information criterion),
CAIC (consistent Akaike information criterion) and BIC (Bayesian information criterion).

Table 2: MLEs for OIP-Mo, BMo, Mo models and the statistics AIC, AICC, CAIC, BIC for the first data set

Model α̂ β̂ â b̂ µ̂ σ̂ −ℓ AIC AICC CAIC BIC

OIP-Mo 4.20888 0.18603 —- —- 15.0458 22.6501 139.87 287.74 289.34 289.34 285.648

BMo —- —- 3.38285 0.760179 -14.425 13.9304 144.927 297.854 299.454 299.454 295.76

Mo —- —- —- —- 24.645 22.9871 159.426 322.852 323.296 323.296 321.8

Table 3: MLEs for OIP-Mo, BMo, Mo models and the statistics AIC, AICC, CAIC, BIC for the second data set

Model α̂ β̂ â b̂ µ̂ σ̂ −ℓ AIC AICC CAIC BIC

OIP-Mo 0.494299 0.921582 —- —- 1.63958 0.742177 59.6542 127.3084 128.688 128.688 125.434

BMo —- —- 0.486451 0.0242931 -26.235 0.353301 167.795 343.59 344.969 344.969 341.715

Mo —- —- —- —- 0.886804 0.678708 1322.56 2649.12 2649.51 2649.51 2648.18

The best model corresponds to the smallest AIC, AICC, CAIC and BIC values where,

AIC = 2K − 2l

AICC =AIC+
2k(k+ 1)

n− k− 1
,

CAIC =
2kn

n− k− 1
− 2l,

BIC = k logn − 2l,

l denotes the log – likelihood function evaluated at MLEs, k is the number of parameters and n is the sample size.

8 Conclusion

In this article, we proposed a new distribution namely the odd inverse pareto - Moyal (OIP-Mo) distribution which is
considered a new extension of the Moyal distribution. We provide a mathematical treatment of the new distribution
including the density, hazard rate functions, quantile function, mode, nth moment, moment generating functions, mean
deviation, incomplete moment, Lorenz, Bonferroni and Zenga curves, Rényi entropy and continuous entropy and the
moments of order statistics. The parameters of the new distribution are estimated by using the method of maximum
likelihood and the information matrix is derived. Two real data sets are applied to demonstrate that the odd inverse pareto
- Moyal (OIP-Mo) distribution can provide a better fit than the Moyal (Mo) and beta Moyal (BMo) distributions.
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