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1 Introduction

The (p,q)-shifted factorial is based on the concept of twin-basic number [n](p,q) =
(pn−qn)
(p−q) . The basic number occurs in

the theory of two parameter quantum algebras and has also been introduced in combinatorics by Jagannathan et al. [1].
Several properties of this number were studied briefly in [2]. Around the same time as [2], Brodimas et al. [3] and Arik et
al. [4] also, independently, introduced (p,q)-number in the physics literature, but in a very much less detailed manner.
(p,q)-identities are, thus, derived, by doubling the number of parameters, which offers more choices for applications. It
has been observed that many of q-results can be generalized directly to (p,q)-results. If we have (p,q)-results, the
q-results can be obtained more easily by mere substitutions for the parameters instead of any limiting process, as
required in the usual q-theory [5]. This also provides a new look for q-identities.
The q-deformed algebra [6,7] and their generalization to (p,q)-analogue [2,8] have attracted much attention of the
researchers to increase the accessibility of different dimensions of (p,q)-analogue algebra. The main reason is that these
topics stand for real life problems in mathematics and physics, discussed later in the theory of quantum calculus.
In the present paper, the authors attention is towards the (p,q)-analogue of Aleph-Function with (p,q)-derivative by
using the generalization of the Gamma and Beta functions, namely (p,q)-Gamma and Beta functions.
From the theory of basic hypergeometric series [9], some basic definitions are given below:
The q-shifted factorial is given by

(a,q)n =

[

1, n = 0

(1− a)(1− aq)...(1− aqn−1),n = 1,2,3, ...
(1)

with (a1,a2, ...,ak;q)n = (a1;q)n(a2;q)n...(ak;q)n.
The q-gamma function was first introduced by Thomae and later by Jackson. The q-analogue of gamma function, which
is defined by F.H. Jackson [10], is given by

Γq(x) =
(q;q)∞(1− q)1−x

(qx;q)∞
,0 < q < 1.

∗ Corresponding author e-mail: altaf.bhat@islamicuniversity.edu.in

c© 2021 NSP

Natural Sciences Publishing Cor.

http://dx.doi.org/10.18576/jsap/100105


46 A. Jain et al.: Certain results of (p, q)-analogue of Aleph-function...

Jackson gave the general definition that is given below:

∫ b

a
f (t)dqt =

∫ b

0
f (t)dqt −

∫ a

0
f (t)dqt,

where

∫ a

0
f (t)dqt = a(1− q)

∞

∑
n=0

f (aqn)qn.

Jackson also defined an integral, i.e.

∫ ∞

0
f (t)dqt = (1− q)

∞

∑
n=−∞

f (aqn)qn

P. Njionou Sadjang [11] introduced, the so-called, the shifted factorial as follows:

(x⊖ a)n
p,q = (x− a)(px− aq)(p2x− aq2)...(xpn−1 − aqn−1) (2)

(x⊕ a)n
p,q = (x+ a)(px+ aq)(p2x+ aq2)...(xpn−1 + aqn−1) (3)

These definitions are extended as follows:

(a⊖ b)n
p,q =

∞

∏
k=0

(apk − bqk) (4)

(a⊕ b)n
p,q =

∞

∏
k=0

(apk + bqk) (5)

Let x be a complex number, the (p,q)-Gamma function is defined by P. Njionou Sadjang [12], where

Γp,q(x) =
(p⊖ q)∞

p,q

(px ⊖ qx)∞
p,q

(p− q)1−x ,0 < q < p (6)

If we put p = 1, then Γp,q reduces to Γq.
The (p, q)-Gamma function fulfils the following fundamental relation

Γp,q(x+ 1) = [x]p,qΓp,q(x)

If n is a nonnegative integer, it follows from above that

Γp,q(x+ 1) = [x]p,q!

It can be also easily seen from the definition that

Γp,q(n+ 1) =
(p⊖ q)n

p,q

(p− q)n
p,q

P. Njionou Sadjang [12] also defined the (p,q)-Beta function as

Bp,q(x,y) =
Γp,q(x)Γp,q(y)

Γp,q(x+ y)

The (p,q)-derivative of the function f(x) is defined as follows [2,6]:

Dp,q f (x) =
f (px)− f (qx)

(p− q)x
,x 6= 0 (7)

Where Dp,q f (0) = f ′(0), provided that f (x) is differentiable at x= 0. The (p,q)-numbers [n]p,q and (p,q) factorials [n]p,q!
are defined [11] as:

[n]p,q =
pn − qn

(p− q)

and

[n]p,q! = [1]p,q[2]p,q...[n]p,q,

respectively. Also it happens that Dp,q(x
n) = [n]p,qxn−1.

Remark 1: Dp,q(x) reduces to Hahn Derivative dq f (x) iff p → 1.
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Remark 2: [n]p,q = [n]q (Hahn Basic Number) iff p → 1. where [n]q =
1−qn

1−q
,q 6= 1.

Note:

Dn
p,q(x

µ) =
Γp,q(µ + 1)

Γp,q(µ − n+ 1)
xµ−n,Re(µ)+ 1 > 0 (8)

In
p,q(x

µ) =
Γp,q(µ + 1)

Γp,q(µ + n+ 1)
xµ+n,Re(µ)+ 1 > 0 (9)

B.K. Dutta et. al. [13] defined the q-analogue of Aleph Function in terms of Mellin-Barnes type contour integrals in the
following manner:

ℵ
m,n
pi,qi;τi;r

[(

z;q

∣

∣

∣

∣

(a j,A j)1,n; [τi(a ji,A ji)]n+1,pi

(b j,B j)1,m; [τi(b ji,B ji)]m+1,qi

)]

=
1

2π i

∫

L

m

∏
j=1

G(qb j+B js)
n

∏
j=1

G(q1−a j−A js)πz−s

∑r
i=1 τi[

qi

∏
j=m+1

G(q1−b ji−B jis)
pi

∏
j=n+1

G(qa ji+A jis)G(qs)G(q1−s)sinπs]

ds (10)

where A j,B j,A ji,andB ji are real and positive, τi > 0, for all i, a j,b j,a ji,andb ji are complex numbers and

G(qα) =
∞

∏
n=0

(1− qα+n)−1 =
1

(qα ;q)∞
,

where L is the contour of integration, running from −i∞ to +i∞ in such a manner that all poles of G(qb j+B js);1 ≤ j ≤ m

are on the right of the path and those of G(q1−a j−A js);1 ≤ j ≤ n, are on the left. The integral converges if Re[slog(z)−
logsinπs]< 0, for large values of |s| are on contour L.
Setting τi = 1, in (10) we get basic analogue of I-Function in terms of the Mellin-Barnes type basic contour integral
introduced by Saxena et al. [14] as:

I(z) = Im,n
pi,qi;r

[(

z;q

∣

∣

∣

∣

(a j,A j)1,n;(a ji,A ji)n+1,pi

(b j,B j)1,m;(b ji,B ji)m+1,qi

)]

=
1

2π i

∫

L

m

∏
j=1

G(qb j+B js)
n

∏
j=1

G(q1−a j−A js)πz−s

∑r
i=1[

qi

∏
j=m+1

G(q1−b ji−B jis)
pi

∏
j=n+1

G(qa ji+A jis)G(qs)G(q1−s)sinπs]

ds (11)

Setting r = 1, pi = p,qi = q, in equation (11) we get q-analogue of H-Function defined by Saxena et al. [14] as follows:

Hm,n
p,q

[(

z;q

∣

∣

∣

∣

(a j,A j)1,p

(b j,B j)1,q

)]

=

1

2π i

∫

L

m

∏
j=1

G(qb j+B js)
n

∏
j=1

G(q1−a j−A js)πz−s

q

∏
j=m+1

G(q1−b j−B js)
p

∏
j=n+1

G(qa j+A js)G(qs)G(q1−s)sinπs

ds (12)

Further, if we put A j = B j = 1, equation (12) is simplified to the basic analogue of Meijer’s G-Function given by Saxena
et al. [14].

Gm,n
p,q

[(

z;q

∣

∣

∣

∣

a1,a2, ...,ap

b1,b2, ...,bq

)]

=

1

2π i

∫

L

m

∏
j=1

G(qb j+s)
n

∏
j=1

G(q1−a j−s)πz−s

q

∏
j=m+1

G(q1−b j−s)
p

∏
j=n+1

G(qa j+s)G(qs)G(q1−s)sinπs

ds (13)
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Altaf et al. [15] gave the alternative definition of q-analogue of Aleph-function by using q-Gamma function as:

ℵm,n
pi,qi;τi;r

[(

z;q

∣

∣

∣

∣

(a j,A j)1,n; [τi(a ji,A ji)]n+1,pi

(b j,B j)1,m; [τi(b ji,B ji)]m+1,qi

)]

=
1

2π i

∫

L

m

∏
j=1

Γq(b j +B js)
n

∏
j=1

Γq(1− a j −A js)πz−s

∑r
i=1 τi[

qi

∏
j=m+1

Γq(1− b ji−B jis)
pi

∏
j=n+1

Γq(a ji +A jis)Γq(s)Γq(1− s)sinπs]

ds

Where L is the contour of integration running from−i∞ to +i∞ in such a manner so that all poles of Γq(b j+B js);1≤ j ≤m

are to right of the path and those of Γq(1− a j −A js);1 ≤ j ≤ n, are on the left. The integral converges if Re[slog(z)−
logsinπs]< 0, for large values of |s| are on contour L.

2 Main Results

(A) In this section we will find the (p,q)-analogue of Aleph-function.
Swati Pathak and Renu Jain [16] defined the (p,q)-Gamma function as follows:

Γp,q(x) =
((p,q);(p,q))∞(p− q)1−x

((px,qx);(p,q))∞
,(0 < p < q). (14)

When x = n+ 1 with a non-negative integer, this definition is simplified to

Γp,q(n+ 1) = [n]p,q! (15)

And

Γp,q(x+ 1) = [x]p,qΓp,q(x),

we can deduce that Γp,q(1) = 1.
Now we shall make use of (p,q)-Gamma function for defining (p,q)-analogue of Aleph-function, which is as follows:

ℵ
m,n
pi ,qi+1;τir

[(

z(p−q)∑m
t=1 βt−∑n

t=1 αt+∑r
i=1 τi[∑

qi
t=m+1 βti−∑

pi
t=n+1 αti];(p,q)

∣

∣

∣

∣

(a j,A j)1,n, ..., [τi(a ji,A ji)]n+1,pi

(b j,B j)1,m; [τi(b ji,B ji)]m+1,qi
(1,1)

)]

=
1

2πi

∫

L

m

∏
j=1

G(pb j+B js,qb j+B js)
n

∏
j=1

G(p1−a j−A js,q1−a j−A js)(p−q)s[∑m
t=1 Bt−∑n

t=1 At+∑r
i=1 τi[∑

qi
t=m+1 Bti−∑

pi
t=n+1 Ati]]πz−s

∑r
i=1 τi[

qi

∏
j=m+1

G(p1−b ji−B jis,q1−b ji−B jis)
pi

∏
j=n+1

G(pa ji+A jis,qa ji+A jis)G(ps,qs)G(p1−s,q1−s)sinπs]

(16)

On multiplying equation (16) by

(p− q)∑n
t=1 at−∑m

t=1 bt+m+n−1+∑r
i=1 τi[∑

pi
t=n+1 Ati−∑

qi
t=m+1 Bti−Ai]G(p,q)∑t=1 npt+qt−(m+n−1)

and then making use of identity

Γp,q(x) =
G(px,qx)

(p− q)x−1G(p,q)
, | q

p
|< 1 (17)

where

G(pα ,qα) =
∞

∏
n=0

(pα+n,qα+n)−1 (18)

=
1

((pα ,qα);(p,q))∞

The R.H.S. of equation (10) becomes

=
1

2π i

∫

L

m

∏
j=1

Γp,q(b j +B js)
n

∏
j=1

Γp,q(1− a j −A js)πz−s

∑r
i=1 τi[

qi

∏
j=m+1

Γp,q(1− b ji−B jis)
pi

∏
j=n+1

Γp,q(a ji +A jis)Γp,q(s)Γp,q(1− s)sinπs]

ds
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Special Cases:
Taking τi = 1, in above equation we will get the (p,q)-analogue of I-Function defined by Altaf et al. [17] as follows:

Im,n
pi,qi;r

[(

z;(p,q)

∣

∣

∣

∣

(a j,A j)1,n;(a ji,A ji)n+1,pi

(b j,B j)1,m;(b ji,B ji)m+1,qi

)]

=
1

2π i

∫

L

m

∏
j=1

Γp,q(b j +B js)
n

∏
j=1

Γp,q(1− a j −A js)πz−s

∑r
i=1[

qi

∏
j=m+1

Γp,q(1− b ji−B jis)
pi

∏
j=n+1

Γp,q(a ji +A jis)Γp,q(s)Γp,q(1− s)sinπs]

ds (19)

Taking r = 1, in equation (19) we will get the (p,q)-analogue of Fox’s H-Function defined by Altaf et al. [17] as follows:

H
m,n
P,Q

[(

z;(p,q)

∣

∣

∣

∣

(a j,A j)1,P

(b j,B j)1,Q

)]

=
1

2π i

∫

L

m

∏
j=1

Γp,q(b j +B js)
n

∏
j=1

Γp,q(1− a j −A js)πz−sds

Q

∏
j=m+1

Γp,q(1− b j −B js)
P

∏
j=n+1

Γp,q(a j +A js)Γp,q(s)Γp,q(1− s)sinπs

(20)

If we take A j = B j = 1, in equation (20) we will get the (p,q)-analogue of Meijer’s G-Function defined by Swati Pathak
et al. [16] as follows:

G
m,n
P,Q

[(

z;(p,q)

∣

∣

∣

∣

a1,a2, ...,aP

b1,b2, ...,bQ

)]

=
1

2π i

∫

L

m

∏
j=1

Γp,q(b j + s)
n

∏
j=1

Γp,q(1− a j − s)πz−sds

Q

∏
j=m+1

Γp,q(1− b j − s)
P

∏
j=n+1

Γp,q(a j + s)Γp,q(s)Γp,q(1− s)sinπs

(21)

Put p = 1, the above results of (p,q)-analogue change into well known results of basic analogues of Aleph-function,
I-function, H-function and G-function [15].

(B) In this section, we will evaluate the (p,q)-derivative operator involving (p,q)-analogue of Aleph-function.
Theorem 1: Let the parameters pi,qi be non-negative integers satisfying the inequality 0 ≤ n ≤ pi,0 ≤ m ≤ qi and τi >
0; i = 1,2,3, ...,r is finite and a j,b j,a jiandb ji are complex numbers, then

zDp,q

[

z1−a1ℵ
m,n
pi,qi;τi;r

[(

z;(p,q)

∣

∣

∣

∣

(a j,1)1,n, ..., [τi(a ji,1)]n+1,pi

(b j,1)1,m, ..., [τi(b ji,1)]m+1,qi

)]]

= z1−a1ℵm,n
pi,qi;τi;r

[(

z;(p,q)

∣

∣

∣

∣

(a1 − 1,1)(a j,1)2,n, ..., [τi(a ji,1)]n+1,pi

(b j,1)1,m, ..., [τi(b ji,1)]m+1,qi

)]

(22)

Where z 6= 0,0 < q < p and ω =
√−1.

Proof: To prove theorem (1), when a1 > 0, we apply equation (8)

L.H.S.= zDp,q

[

z1−a1
1

2πω

∫

L

m

∏
j=1

Γp,q(b j + s)
n

∏
j=1

Γp,q(1− a j − s)πz−sds

∑r
i=1 τi[

qi

∏
j=m+1

Γp,q(1− b ji− s)
pi

∏
j=n+1

Γp,q(a ji + s)Γp,q(s)Γp,q(1− s)sinπs]

]

= z
1

2πω

∫

L

m

∏
j=1

Γp,q(b j + s)
n

∏
j=1

Γp,q(1− a j − s)πDp,q[z
1−a1−s]ds

∑r
i=1 τi[

qi

∏
j=m+1

Γp,q(1− b ji− s)
pi

∏
j=n+1

Γp,q(a ji + s)Γp,q(s)Γp,q(1− s)sinπs]
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=
1

2πω

∫

L

m

∏
j=1

Γp,q(b j + s)
n

∏
j=1

Γp,q(1− a j − s)π [1− a1− s]p,qz1−a1−sds

∑r
i=1 τi[

qi

∏
j=m+1

Γp,q(1− b ji− s)
pi

∏
j=n+1

Γp,q(a ji + s)Γp,q(s)Γp,q(1− s)sinπs]

Since

Γp,q(1+ a) =
pa − qa

p− q
Γp,q(a) = [a]p,qΓp,q(a)

∴ [1− a1− s]p,qΓp,q(1− a1− s) = Γp,q(1− (a1− 1)− s)

Thus

L.H.S.=
1

2πω

∫

L

m

∏
j=1

Γp,q(b j + s)Γp,q(1− (a1− 1)− s)
n

∏
j=2

Γp,q(1− a j − s)πz−sz1−a1ds

∑r
i=1 τi[

qi

∏
j=m+1

Γp,q(1− b ji− s)
pi

∏
j=n+1

Γp,q(a ji + s)Γp,q(s)Γp,q(1− s)sinπs]

= z1−a1ℵ
m,n
pi,qi;τi;r

[(

z;(p,q)

∣

∣

∣

∣

(a1 − 1,1)(a j,1)2,n, ..., [τi(a ji,1)]n+1,pi

(b j,1)1,m, ..., [τi(b ji,1)]m+1,qi

)]

Hence the result.
Theorem 2: Let parameters pi and qi be non-negative integers satisfying the inequality 0 ≤ n ≤ pi,0 ≤ m ≤ qi and

τi > 0; i = 1,2,3, 1
2
,r is finite, and A j,B j,B ji and B ji are positive real numbers, and a j,b j,a ji and b ji are complex numbers,

then

Dµ
p,q

[

ℵm,n
pi,qi;τi;r

[(

pxλ ;(p,q)

∣

∣

∣

∣

(a j,A j)1,n;(a ji,A ji)n+1,pi

(b j,B j)1,m;(b ji,B ji)m+1,qi

)]]

=
(−1)µx−µ

(pq)µ(µ−1)/2
ℵ

m+1,n
pi,qi+1;r

[(

pxλ ;(p,q)

∣

∣

∣

∣

(a j,A j)1,n;(a ji,A ji)n+1,pi

(µ ,λ )(b j,B j)1,m;(b ji,B ji)m+1,qi
(0,λ )

)]

(23)

Where x 6= 0,0 < q < p, and ω =
√−1.

Proof: For λ ≥ 0, the left side of above equation becomes

L.H.S.= Dµ
p,q

[

ℵ
m,n
pi,qi;τi;r

[(

pxλ ;(p,q)

∣

∣

∣

∣

(a j,A j)1,n; [τi(a ji,A ji)]n+1,pi

(b j,B j)1,m; [τi(b ji,B ji)]m+1,qi

)]]

=
1

2πω

∫

L

m

∏
j=1

Γp,q(b j +B js)
n

∏
j=1

Γp,q(1− a j −A js)πDp,q[(pxλ )−s]ds

∑r
i=1 τi[

qi

∏
j=m+1

Γp,q(1− b ji−B jis)
pi

∏
j=n+1

Γp,q(a ji +A jis)Γp,q(s)Γp,q(1− s)sinπs]

That is

=
1

2πω

∫

L

m

∏
j=1

Γp,q(b j +B js)
n

∏
j=1

Γp,q(1−a j −A js)πΓp,q(λ s+µ)p−sx−λ s−µ ds

∑r
i=1 τi[

qi

∏
j=m+1

Γp,q(1−b ji −B jis)
pi

∏
j=n+1

Γp,q(a ji +A jis)Γp,q(λ s+1)(pq)µλ sΓp,q(s)Γp,q(1− s)sinπs]

=
(−1)µ x−µ

(pq)µ(µ−1)/2

1

2πω

∫

L

Γp,q(µ +λ s)
m
∏

j=1
Γp,q(b j +B j s)

n
∏

j=1
Γp,q(1−a j −A j s)π

pxλ

(pq)−µλ

−s

ds

∑r
i=1

τi [Γp,q(1−0+λ s)
qi
∏

j=m+1
Γp,q(1−b ji −B jis)

pi
∏

j=n+1
Γp,q(a ji +A jis)Γp,q(s)Γp,q(1− s)sinπs]

=
(−1)µx−µ

(pq)µ(µ−1)/2
ℵm+1,n

pi,qi+1;r

[(

pxλ ;(p,q)

∣

∣

∣

∣

(a j,A j)1,n;(a ji,A ji)n+1,pi

(µ ,λ )(b j,B j)1,m;(b ji,B ji)m+1,qi
(0,λ )

)]
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Hence the result.

Special Cases:

By putting τi = 1 in (23) and (24), we get the (p,q)-analogue of I-function defined by Altaf et al.[17] as mentioned below:

zDp,q

[

z1−a1Im,n
pi,qi;r

[(

z;(p,q)

∣

∣

∣

∣

(a j,1)1,n;(a ji,1)n+1,pi

(b j,1)1,m;(b ji,1)m+1,qi

)]]

= z1−a1Im,n
pi,qi;r

[(

z;(p,q)

∣

∣

∣

∣

(a1 − 1,1)(a j,1)2,n;(a ji,1)n+1,pi

(b j,1)1,m;(b ji,1)m+1,qi

)]

(24)

Dµ
p,q

[

Im,n
pi,qi;r

[(

pxλ ;(p,q)

∣

∣

∣

∣

(a j,A j)1,n;(a ji,A ji)n+1,pi

(b j,B j)1,m;(b ji,B ji)m+1,qi

)]]

=
(−1)µx−µ

(pq)µ(µ−1)/2
I

m+1,n
pi,qi+1;r

[(

pxλ

(pq)−µλ
;(p,q)

∣

∣

∣

∣

(a j,A j)1,n;(a ji,A ji)n+1,pi

(µ ,λ )(b j,B j)1,m;(b ji,B ji)m+1,qi
(0,λ )

)]

(25)

By putting p = 1, the above results of (p,q)-analogue change into well known results of basic analogue of I-function [18]
as mentioned below:

zDq

[

z1−a1Im,n
pi,qi;r

[(

z;q

∣

∣

∣

∣

(a j,1)1,n;(a ji,1)n+1,pi

(b j,1)1,m;(b ji,1)m+1,qi

)]]

= z1−a1Im,n
pi,qi;r

[(

z;q

∣

∣

∣

∣

(a1 − 1,1)(a j,1)2,n(a ji,1)n+1,pi

(b j,1)1,m;(b ji,1)m+1,qi

)]

(26)

Dµ
q

[

Im,n
pi,qi;r

[(

xλ ;q

∣

∣

∣

∣

(a j,A j)1,n;(a ji,A ji)n+1,pi

(b j,B j)1,m;(b ji,B ji)m+1,qi

)]]

=
(−1)µx−µ

(q)µ(µ−1)/2
I

m+1,n
pi,qi+1;r

[(

xλ

(q)−µλ
;q

∣

∣

∣

∣

(a j,A j)1,n;(a ji,A ji)n+1,pi

(µ ,λ )(b j,1)1,m;(b ji,1)m+1,qi
(0,λ )

)]

(27)

3 Conclusion

The results proved in this paper give some contribution to the (p,q)-algebra and are believed to be new and fruitful for
(p,q) analogue and are likely to find certain applications to the solution of the (p,q)-integral equations involving various
(p,q)-hypergeometric functions.This research is certainly not complete and should be a starting point of many other
researches.
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