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A GENERALIZATION OF MITTAG-LEFFLER FUNCTION AND
INTEGRAL OPERATOR ASSOCIATED WITH FRACTIONAL
CALCULUS

TARIQ O. SALIM, AHMAD W. FARAJ

ABSTRACT. This paper is devoted for the study of a new generalized function
of Mittag-LefHler type. Its various properties including differentiation, Laplace
transform, Beta transform, Mellin transform, Whittaker transform, general-
ized hypergeometric series form, Mellin-Barnes integral representation and its
relationship with Fox’s H-function and Wright hypergeometric function are
investigated and established. Further properties of generalized Mittag- Leftler
function associated with fractional differential and integral operators are con-
sidered. Also an integral operator associated with fractional calculus operators
is studied

1. INTRODUCTION

The Swedish mathematician Mittag-Leffler [5] introduced the function F,(z) de-
fined as

Ea(2) = n;) mi ey @)

where z € C and T'(s) is the Gamma function; o > 0 .

The Mittag-Leffler function is a direct generalization of exp(z) in which o = 1.
Mittag - Leffler function naturally occurs as the solution of fractional order differ-
ential equation or fractional order integral equations.

A generalization of E, (z) was studied by Wiman [14] where he defined the function
E, s(z) as

Eni) =2 2

(o, B € C; R(a) > 0, R(B) > 0) which is also known as Mittag-Leffler function or
Wiman’s function.
Prabhakar [6] introduced the function E, 4(2) in the form(see also Kilbas et al. [4]
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Bl = Z:% r<a7f+ B) o (3)

(o, 8,7 € C; R(a) > 0,R(B) >0, R(y) > 0)
Shukla and Prajapati [10] (see also Srivastava and Tomovski [13]) defined and in-
vestigated the function E}(2) as

n

»q _ Yan i
Elﬁ(z) a nz::() T'(an + 8) n! (4)

where (o, 8,7 € C; (o) > 0,R(B) > 0,R(y) > 0,9 € (0,1) UN and (y)gn, =

Ltan) qepotes the generalized Pochhammer symbol which in particular reduces

I'(y)
to ¢ [19_, (%M) ifgeN
A new generalization of Mittag-Leffler function was defined by Salim [8] as
Ei =Y I = 5
a,ﬁ(z) nzzo F(om n 6) (6)71 ( )

where (a, 8,7,0 € C; R(a) > 0,R(B) > 0,R(v) > 0,R(5) >0
In this paper , we introduce a new generalization of Mittag-Leffler function defined
as

Zn

,0, _ - Yan
Eabal?) = nZ:% L(an+ B) (6)pn ©)

where
a, B,7,6 € C;min{R(a), R(B), R(7),R()} > 0; p,g>0 and ¢ <Ra+p (7)

Equation (6) is a generalization of equations (1) -(5).

. Setting p = ¢ = 1, it reduces to Eq. (5) defined by Salim [8].

. Setting 6 = p = 1, it reduces to Eq. (4) defined by Shukla and Prajapati
[10], in addition of that if ¢ = 1, then we get Eq. (3) defined by Prabhakar [6] .

. On putting v = 6 = p = ¢ = 1 in (6) it reduces to Wiman’s function,
moreover if 3 =1 , Mittag-Leffler function E,(z) will be the result.

Some recurrence relations, derivation formulas, Laplace transform, Beta transform,
Mellin-Barnes integral of Eg‘;‘;(z) will be established, also its relationship to Fox’s
H-function and Wright hypergeometric function will be established.

The integral operator defined by

0, - »0, a
E1 s @) = [0 = 0P BT (wls = (00 (3)
a
which contains the generalized Mittag-Leffler function (6) in its kernel is investi-

gated and its boundedness is proved under certain conditions.
Theorems of composition of fractional calculus operators

x

(I¢) (2) = ﬁ / (1 — O p(t)dt ARV >0  (9)

a
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and
P) @)= (3) 9@ =BT (0

with integral operators defined in (8) are given and proved. As a matter of fact
if w=0, ¢g=1and p =1, then the integral operator corresponds essentially to
the Riemann-Liouville fractional integral operator defined in (9). The generalized
fractional derivative operator D%V known as Hilfer’s fractional derivative (see
Hilfer [2]) is written as

(D) () = (1200 4 (18079) ) @ 1)

D? yields the classical Riemann-Liouville fractional derivative DY when v = 0 ;
also if v = 1 it reduces to Caputo fractional derivative.

Throughout this paper , we need the following well-known facts and rules.
. Beta transform (Sneddon [11])

B{f(2);a,b} = /z“_l(l — )P f(2)dz, R(a) > 0,%R(b) >0 (12)
0

o Laplace transform (Sneddon [11])

oo

£(fNis) = [ e sz, R(s) > 0 (13)
0
. Convolution theorem of Laplace transform (Finney et al. [1])

£(f#9)( E{/ft— €)de} = £(f) ()L (9) (5);

— S5t = —, n>0 (14)

° Mellin transform (Sneddon [11])

o0
M{Fa)is) = £(s) = [ =7 1)z (15)
0
and the inverse Mellin transform is given by
1 c+ioo
f) = MTHf (shizt = 5= [ 27°f"(s)ds,  ceR (16)
c—100
. Confluent hypergeometric function (Rainville [7])

®(a,b,z) =1 Fi(a,b,z) = Za —

n=0
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. Wright generalized hypergeometric function (Srivastava and Manocha [12]).

0o HF(aZ—FAn) "
i ( ((117141)7...,((11),/417) Z> — z:l—i (]_8)
PN OB, 00 B) ) T
_ j J

Jj=1
o Fox’s H-function (Kilbas and Saigo [3])

o {z‘ (a1, 01),..., (ap, op) ]
P,q (b1,B1), ... (bqaﬂq)

L'(b; + Bjs) [I I(1 = a; — ays)

1 j=1

1 =
= 2—/ ; 5 z7%ds (19)
L H F (L=0b; = B;s) II Tla;+ajs)
Jj=m-+ j=n+1
. The generalized hypergeometric function (Rainville [7])
p
o} _Hl(ai>n P
qu(al’-~-’04p§ﬁ17~-~>5q32’):Z%H (20)
n=0 [T (B;)n
j=1
. Whittaker transform (Whittaker and Watson [15])
[ T(2 + p+0)D(L — p+v)
—t/24v—1 dt = 2 2 21
/e E W) T(1—A+0) 1)
0

where (p +v) > —1/2 and Wy ,(t) is the Whittaker confluent hypergeometric
function.

. Fubini’s theorem (Dirichlet formula) ( Samko et al. [9])
b x b b
/d:c/f(:c,t)dt: /dt/f(x,t)d:r; (22)
a a a %
i/h(ac t)dt = /gh(x t)dt + h(x,x). (23)
dx ’ ox 7 ’

2. BASIC PROPERTIES

Theorem 2.1 The series in (6) is absolutely convergent for all values of z pro-
vided that ¢ < p 4+ R(«). Moreover if ¢ = p + R(«), then Egg‘;(z) converges for
|z] < 1.

Proof.  Rewriting E’ 5’q( ) in the form of power series E”’ 9(2) = Z bpz"

(Vgn
here b, = ——————
M T Dan + ) @)
. I(z+a a—"b)a+b—-1 1
and applying F((z—i—bi — ga=b |14 ( )(22 ) L0 (%)}’

we get
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Cn+1 _ ‘ ('Y)qn-&-q (6)pn F(Oén + 6) Zmtt
Cn (fy)(an (6)pn+1p)1“(an + 51+ a) z"
+ —
= (e [1 5 2qZL o (nq)2>}

x (np)~P [1 + % +0 <(n;)2)]

_ —a28+a—-1) 1 q? n4
11 @) = ,
x (an) { + 5o + <( E |z] P
then |2+ —0asn— oo and ¢ < p+ RN(a),
Cn

which means that the function E;g‘;(z) converges for all z provided that ¢ <

p+ R(a) . Moreover if ¢ = p + R(«), then Eg‘;‘;(z) converges for |z| < 1.

Theorem 2.2 If the condition (7) is satisfied, then

6, 5—1, zp d 5, .
EL55(2) = BLG, () = 525 Boip(2)i §#1 (24)
and
vY,0,q _ E’y,5,q d E’Y’(S’q 5
Eajsp(z) =5 a7ﬁ+17p(z)+‘w% aft1p(?) (25)
Proof. " ) 1
E'Y,(S,q 2 _E’Y,(S—l,q 2) = Y)an |: B -
a,ﬁ,p( ) @,B,p (2) nz::o Llan+ ) [ (0)pn (6 —1)pn

_ & (Wan T [ pn ] & (Mgwnz
=0 F(gn +B)T(6+pn) [1-96 1-6 =0 T(an+ 8)(0)pn
zp 5
— 77E"/7 »q
1-4dz a8.p(?)
hence (24) is proved.
E%&Q( )= 5~ (V)gnz" — i (Vgnz" (an + )

a,8,p\? ngo T'(an + L;fl)(5)pn n=o0 L'(an + 5)(0)pn (c;m + BT (an+ B)
_ Z ﬁ(y)qnz + E O‘(’Y)quz

n=o (an+ B)L(an+ B)()pn =0 (an+ B)'(an+ B)(8)pm

d
0, 6,
= 5Eg,ﬁj-l,p(z) + G’Z@El,ﬁil,p(’z)

which is (25).

Theorem 2.3 If the condition (7) is satisfied, then for m € N

d\" 6.4 _ (Vn o (7 + gm)gn (n+1)m n.
(&) Eine =G 2 G+ pmipn Tantam+p° 9

dz

d m
( ) [P B (w2)| = 2P B, (w2) (27)

dz P

Proof.

(d)mwmqnz" _ & Thtantgn) @@+,
dz) 7ZoLlan+B)(0)pn  nzo T(MI(6 +pn+pm) L(an + am + B)

n

(18
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_ W & O tamlgn (4 Dm
(5)pn n=0 (6 +pm)pn F(an +am + ﬁ)

d\"™ —117,0,9 a_m%—"Wia—
(d) [ E )] = X e e e

ap-1 §2 "G avpory _ pomo1pa
ZoTan + B —m)O)pn &2 af-mp
Theorem 2.4 If the condition (7) is satisfied, then

x

ﬁ [ =51 = 0P LS s — 0%)ds = (0 = 7L s - 0°)

=z (wz®).

t

(28)

—t
Proof. Let u= 87, then
xr—1

5 = = 0T B (s — )
:Lxx_ 5-1(1 — )01 (g — £)B—1yB~ 2 (Y)gn (x—t)"a"u
ol A (e e e D o e

=0 = (e — 0% D+ HI0G)
r'(9) n=0 I'(an+B)(8)pn T'(an+ B+ 9)
— (0= OB, (s — 0°).

;%)

In particular, setting ¢ = 0 and = 1 in (28), we get

1
1 s, 5,
7/% =) B (2ut)ds = BY R ().
()

0

3. Eg’ﬁ";( z) IN TERMS OF OTHER FUNCTIONS

In this section we write £’ ﬂqp( z) in terms of Wright generalized function, gen-
eralized hypergeometric functlon Mellin-Barnes integral and Fox’s H-function.

S n?" Iy+gn) T(@) Tn+1) 2"
EY 10,9 (’)’)q—Z = —
W55 = 2 Tant Ao z::o P T@+pmTensf)n!
hence, we can write Eg’é";(z) in terms of the Wright generalized function as
@) ~ Ly +gn) T'(n+1) 2" T(9) [ (v,a),(1,1) ]
E’y,5 q — o U s qd), (L, .
a,,B,p ’Y Z F (5—|—pn an—‘,—ﬁ) n' F(’Y) 22 (&p)?(ﬁva) e

(29)

Theorem 3.1 Let (7) be satisfied with « = k € N, then Eg’g’%(z) can be written
in terms of the generalized hypergeometric function as

5 1 LA(g,y) | 2¢*
Eﬂ/7637( ) F(ﬁ)Jl-‘rlFP-i-k (k 5) ( D, ) 7ppkk:|

(30)
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1 k—1
where A(k,n) is k— tupleznz len—i— .

Proof. Let a =k €N, then " ;
ELG(2) = ,§0 r@%qg(a)pn - F(lm ,:0 <£73ﬁi’<’§>m
o qWIi<”+;1>nunyz
) nz—:oppn]ﬁl <6 +;f 1) kknrﬂl (ﬂ +]: — 1> ol

_ ﬁ,qHFpM [ (]1 BA)(" ?7 5 ;]ﬁ}

Now in order to write £’ B,p(z) in terms of Fox’s H-function, we first express

EY» g'fo( ) as Mellin-Barnes type integral

Theorem 3.2 Let (7) be satisfied, then E;’g'i)(z) is represented in the Mellin-
Barnes type integral as
1 I'(s)I'(1 — s)I'(y — —z)~°
Ry = [ TN e, )

@B.p 2mi '8 — as)I'(6 — ps)
L

where |arg(z)| < m; the contour of integration begins at —ico and ending at ico,
and intended to separate the poles of the integrand at s = —n for all n € N (to the

for all n € NU {0} (to the right).

left) from those at s =n+ 1 and at s = ytn

q
Proof. Simply, by writing the Wright generalized function in (29) in terms of
Mellin-Barnes integral, we get

oy L@) x~T(y+gn) T(n+1) 2" T(3) (v, (1,1)
Fasal?) T(7) & T(6+pn) T(an+ ) n! — T(y) 2‘1’2[ (6,p), (B,a) ]
_ A IO IO Tl ea,,

2mi () J (8 — as)I'(§ — ps)
_T@ e | OD.(1-%0)
‘rw>23[ m&%OB@LO&M}' (52)

The last equation is just a representation of £7°%4

a757p(z) in terms of Fox’s H-function.

4. INTEGRAL TRANSFORMS OF E7 ‘;‘;( )

In this section, the image of Egg‘;(z) under Beta, Laplace, Mellin and Whit-
taker transforms with some special cases are proved in the following theorems

Theorem 4.1 (Beta Transform)
Vb (. oY, _ LOr() (v,9), (a,0),(1,1)
BB 0} = Tre % | (50) (), (a2 O

where (7) is satisfied and R(a) > 0,R(b) > 0
Proof.
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1
B{EL5 (027)a,b) = [ 24 (1= 2 L (020 d

a,8,p\%

Wt s (e atonl0)
s Tan + B)8)n 7" = 2 Tan + B)()pn T(at on +b)
TOrw o[ w1 "

3¥3 | (50, (5,p), (@t b,0) 17"

Theorem 4.2 (Laplace Transform)

a—1 ,0, AW _ F((S)Sia (77q)a a,g),(l,l) x
ﬁ{ EY5 (22 ),s} =10 .3\1/2{ Gy s B9

Proof. -
£{ a-l1pgT ?3’30 z");s} = sz “lems2 g 5";(:52 )Ydz
_ = (7)qn$n 7 at+on—1_,—sz
= X Tant @i o
_ qmﬂra+0m f+”’1,}__Fwﬁ_a (v, @), (a,0),(1,1) =z

E: L'(an + B8)(8)pn {ITG40”yS - I(y) 52 (B,a),(6,p) s

Theorem 4.3 (Mellin Transform)

e\ T TN - TG —gs) _,
MEELG 0o} = 50 TG ) (39

Proof. According to Theorem 3.2 and using (31), Eg’ﬁ’i( wz) can be written as

ia o L TG) [DOMQ-9( g9, -
E""Z’p(iwz) T 21T (v) / (8 — as)I'(§ — ps) (w2) 2mi F /f ds
L

L(s)I'(1 = s)I'(y — gs)
h * =

where f*(s) L8 — as)I'(d — ps)w®
begins at ¢ — ioc0 and ends at ¢ — io0; ¢ € R.
Hence

and L is the contour of integration that

0.0 _TO) it pegay.
Ea,Z,p(*wZ) = WM l{f (s); 2}

Now applying Mellin transform to both sides, we obtain

70,9 L) I(s)I(A — s)(y — gs)
M{E ”gp( wz),s} - T(y) T(B— as)l'(5 —ps)
which proves (35).

—S

Theorem 4.4 (Whittaker Transform)

:fo *% Pt4C— 1W>\ u(d)t)El g";(wt")dt
_T@o¢ L[ ra) (L) G+ ut o). (G —ptCo)  w
T ) By 60, (L A4 0) FAICD

where (7) is satisfied and R(¢) > 0, R(¢) > 0
Proof. Setting v = ¢t , then we get
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a,B,p

5 N I'(gn +7) w " —5,,(ton—1
zz: T{an + BT (pn +9) (¢U> /e v Wi, u(v)dv

T~ Tlgn+I(n+1) (w
T'(v) T;) I'(an + B)I'(pn + 0)n! (qb"

’ = S Py )
TR (G B G (wio)dt = [ e 3 <¢> Wanl) X T T B o™
0

"TA+p++on)l(E —p+(+on)
I'l—X+¢+on)

L(9)¢* i P(gn+)0(n+ DE(G +p+ ¢ +on)l(5 — p+¢ +on) <¢”>
L'(y) = T(an+ B)T'(pn+0)I'(1 — A+ +on) n!

which directly yields (36).
5. INTEGRAL OPERATORS WITH GENERALIZED MITTAG-LEFFLER FUNCTION IN
THE KERNEL

In this section, we consider composition of the Riemann-Liouville fractional in-
tegral and derivative and Hilfer’s fractional derivative (9) - (11) with Mittag-Leffler
function defined by (7).

Theorem 5.1 Leta € Ry, «, 5,7,0, A, w € C, min {R(a), R(B), R(v), R(H), R(N)} >
0 and p,q > 0, then for z > a we have

DY |t = @) T ELSS Tt - 0)*]] () = (0 — ) TELSY, fwie — )] (37)

I'(3)
LB+ A)

0o w" (t —a an+8—1
I {(t—a)ﬁ 1E76‘1[ (t—a)o‘]} (@) = I}, [Z (V) gnw™ (t — a) ] .

Proof. Beginning with I, [(t — a)’~!] (z) = (x — a)#*+*~1 then

n=0  L(an+5)(0)pm

() gnw™ a)an+6—1 I'(an + B) ot Bir—1
; oerﬂ)( Jon  D(an+ B+ N) (z —a) (38)
( )/3+>\ 1Eg7gi/\,p[ (x _ a)a]

Now making use of (9), (27) and (38) yields

D, [ie- o Bzt - @0 = () [ -0 Bt - )] @)

- (di) (2= @) BT (e — )] = (@-a) A UEL fu(z—a))

Now, making use of the formulas in (27) and (38), we can get the following result
contained in
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Theorem 5.2 Let a € Ry, «, 5,7, 0, w € C, min {R(a), R(B), R(v),R()} >0, 0 <
u<l 0<v<0, R(B)>u+v—wvand p,q > 0, then for z > 0 we have

DY |t —a)P T BT [w(t — a)a]} (z) = (z — a)* " EYSL, w(z —a)®]. (39)

Consider the integral operator defined in (8) containing the Mittag—LefHer func-
tion Eggq (2) in the kernel. First of all we will prove that the operator EW’ﬁ’p w.at
is bounded on L(a,b).

Theorem 5.3 Let «, 3,7, 0, w E C, min {R(a),R(B), R(7),R()} > 0, b > a and
p,q > 0, then the operator £7°% is bounded on L(a,b) and

a,B, P w,at

€258 wase], < Bllel (40)

where | » )|
B=(b-a)®® Vanl (b —a) 41
S T A R 7 ”

Proof. First of all, let C,, denote the n'" term of (41), then

et | _ ‘ (Vantq||_Tlan+B) ’ (Opn_ || Rla)n+R(5) ‘ (e — )@
cn (Van [ T(an+ B+ a) || (0)pntp | | R(a)n + R(a) + R(B)

[r0(b = a)™] (gn)e
(Il )R (pn)»
— 0 as n — oo, which means that the right hand side of (41) is con-

as n — oo , provided that ¢ < p + R(a) . Hence

Cn+41
Cn
vergent and finite under the given condition.

Now according to (8) and (22)

b|b
(EZJZ’,‘;,w,ale :af {x—t VLB [w(x — 1) ¥p(t)dt| da
b
= [f (o= 1)~ [ELj4 ot — 0] dw]i (0] dt = | [f RO | B3 o] du] ()| dt

[

—a

_ 4,
Ofum(ﬁ) 1‘E3’3i[wua]

IN

e 8

du] lp(t)] dt.

But we have

a

R(B)—1 ‘EV B4 @

Y)gn! lw|" / R(a)n+R(8) -1 4
u=0B
Z < [1( an+5 [1(6)pnl

YR(@) ’

O\T

‘ B S |(7)gnl ’w(b—a
sothat B = (b= )™ Y e B 3)y] () + T(B)

Hence

b
0,
€28 ware|, < T Ble®Idt =B ell;
a
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Equality (28) can simply be written by means of the operator £’ BZ) wat 35

Corollary 5.4 Let «, 3,7,6,(,w € C, min {R(a), R(B), R(7), R(), R(A)} > 0 and
p,q > 0, then

(€259 et = )] (@) = T(Qa — )P ELS w(r— 0] (42)

6. COMPOSITION OF FRACTIONAL CALCULUS OPERATORS AND INTEGRAL
OPERATOR WITH GENERALIZED MITTAG-LEFFLER FUNCTION IN THE
KERNEL

We consider now composition of the Riemann-Liouville fractional integration op-

erator I\, with the operator g%ﬁ,p ot

Theorem 6.1 Let o, 8,7,0, A, w € C, min {R(«),R(5),R(y), R(S),R(A)} > 0 and
p,q > 0, then

v,8,q v,0,q _ ov6q
ga Bypw,a+P =&, BN pw,a+P = ga,ﬁ,p,w@-ija“o (43)

holds for any summable function ¢ € L(a,b) .
Proof.

(Ii\“c"%ﬁ’p w a+(p) (x )

- I fe—w

letting 7 = w — ¢ implies

ﬁf r—up ! [f(u B w(u - t)a]ap(t)dt] du
Hu—

a

051 75 fuy(u — t)&]du} o(t)dt

x

—Op(t)dt = [ [PPELS, wre]| et

T x—t
A 4 A—1_6—1 1,6, a
(Ia+52753)7w (H_cp) { { e of r—t—T1) 18 E50 [wr ]d’r} o(t)dt
} * o f+Ap

= f]o {Tﬁ lEﬂ’ 55(; [wT®
a

x

= [ [ = 0P P B (e = %] e(t)dt = (255 pnare) @)

a

Similarly, we can prove the other side .

Theorem 6.2 If the conditions of Theorem 6.1 is satisfied, then

( 8’7’2";@ a+<p) (x) = (57:211/\,1) w’a+@> (z). (44)

Proof. Let n=[R(\)]+ 1 and using (9), we get
d n
(D823 mare) 0= () (16050 ) (@)

- <CZE>n (57’21" Ap,w, a+(p> (z)
= <d> f [(x — t)ftn=A= 1E”,Zin Ap[ w(z — t)oﬂ o(8)dt

de )

Since the integral is continuous, (23) yields
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d\" %0
<D>\+£;l:g§7,w a+<p> ( ) = (d(E) f aix [ T — t)B+n A 1EZ7B+7L )\p[ (J} - t)a]:| ()O(t)dt

—i—hm(x—t)ﬁ“'" A= 1E7’ﬁ+n aplw(@ —1)°]

<£)nlw et (5 e S ) et

J
(;;)n af[ £)B+n—A- 2E”,‘;’in N 1p[w(x—t)a]] o(t)dt

Repeating this process (n — 1) times, then we get

x

(D2 €25 ar0) @) = [ [(@ = 0 A ELE, e = )7 p(t)at

a

(5775 \,pw, a.;,.@) (@).

Theorem 6.3 Let o, 8,7,6,w € C, min{R(a),R(B),N(7),N(H)} >0 0 < u<
1, 0<v <1, R(B)>u+v—wuvand p,q > 0, then

(D ELs ) @) = (257 e #) () (45)
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