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Abstract: In this paper, we prove some inequalities of Copson and converses Copson’s type by using conformable calculus and obtain
some results of special cases of fractional orders. The main results will be proved by employing Holder’s inequality for a-integrable
functions and the integration by parts rule for ¢t-integrable functions.
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1 Introduction, motivation and preliminaries

In 1925 Hardy [1] proved the continuous inequality

/Om <§/(;xf(t)dt>pdx§ (%)p/omf”(x)dx, (1)

where f > 0 and integrable over any finite interval (0,x), f7 is integrable and convergent over (0,c0) and p > 1. The
constant (p/ (p—1))? is the best possible constant. In 1927 Copson [2] proved that if f(x) >0, p > 1 and that f7(x) is

integrable over (0,), then
w [ poo p o0
/0 (/X @dt) dx < pp/o SP(x)dx. )

In 1976 Copson [3, Theorems 1 , 3], proved that: if f is a nonnegative integrable function on (0,), p > 1 and ¢ > 1,

" reo ([ romoa) aes (L5) [ g g

where A (x) = [ A(r)dt, and ifp >1land 0 <c<1,then

AC (/ At dt) dx<<1_c> / Acp))f”() . @)

Also Copson in [3] proved thatif 0 < p < 1 and ¢ < 1, then

Om jc(&)) ( /x "0 f(t)dt)pdxz ( - C)p /O ) Af(,’f()x) 77 (x)dx )
andif 0 < p <1,¢> 1 and A(x) — oo, as x — oo, then
Om jc(gcx)) ( /O 20) f(t)dt)pdxz (C P 1)p /0 ) Af(jf()x) 77 (x)dx. ©)
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In recent years, fractional inequalities using the fractional Riemann-Liouville calculus has been studied by some authors.
In particular Sarikaya et al in [4], proved the Hadamard type inequality for Riemann-Liouville fractional integrals

a+b\ _T(a+1) a fla)+f(b)
f( 5 ) < 2b—ar [J% (b) + T (a)] < -

where f : [a,b] — R, is convex and positive function with f € Li[a,b] and J% f, J* f are the Riemann-Liouville integrals
of order ¢ > 0 with 0 < a < b.
In [5], Dahmani and Tabharit proved Griiss inequality by using Riemann-Liouville fractional integral. In particular,
they proved that if f and g are two integrable functions on [0,), then for all 7 > 0 and o > 0 we have
o tO{

‘mfafg(f) —JOf(t)I%(1)| <

_m(M—m)(P—P),

where
m< ft) <M, p<g(t)<P, m,M,p,PER, 1 €[0,00),

and J%is the Riemann-Liouville integral. For some recent results connected with fractional integral inequalities see [6],
[71, [8], [9], [10], and [11].

In [12] and [13] the authors introduced the conformable calculus. The interest of this new approach was born from the
notion that makes a dependency just on the basic limit definition of the derivative. In recent years conformable calculus
has been used in various fields, such as partial differential equations, numerical analysis and mathematical models (see
[14], [15], [16], [17] and [18] ). Very recently, some authors have applied this calculus and proved some of inequalities
such as Opial’s inequality (see [19] and [20]), Hermite-Hadamard’s inequality (see [21], [22] and [23]), Chebyshev’s
inequality (see [24]) and Steffensen’s inequality (see [25]).

In this paper, we present new Copson and conversed Copson’s type inequalities via conformable calculus using a
different approach. The paper is organized as follows: In Section 2, we present some preliminaries about the conformable
calculus which will be needed in the proofs of the main results. In Section 3, we prove Copson-type inequalities and some
of its generalizations (3) and (4). In Section 4, we prove converses of Copson-type inequalities (5) and (6). We derive the
classical inequalities as special cases from our results when o = 1.

2 Basic concepts and lemmas

In this section, we present some basic definitions concerning conformable calculus. For more details, we refer the reader
to[12] and [13].

Definition 1. Let f : [0,00) — R. The conformable derivative of order o of f is defined by

1-o
Daf(t):;ij)%f(t+8t . )7f(t>,

forallt >0and 0 < o <1, and Do f(0) = lim,_,g+ Do f(2).
Let a € (0,1] and f, g be aa—differentiable at a point ¢. Then
Do (f8)(t) = f(t)Dag(t) +&(t)Daf(1). @
Further, let o € (0,1] and f, g be or—differentiable at a point 7, with g(¢) # 0. Then

Dy (J_() (t) _ g(t)Daf(t) _f(t)Dag(t)_ (8)
8

g (1)
Remark. If f is a differentiable function, then

df(t)
dr
Definition 2. Let f : [0,00) — R. The conformable integral of order a of f is defined by

Dof(t) =1'7¢

Taf ()= [ = [ 5o ©

forallt >0and 0 < a < 1.
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Now, we state an integration by parts formula (see [12] and [13]) which will be used later.

Lemma 1. Assume that u, v : [0,00) — R are two functions such that u, v are o.—differentiable and 0 < o < 1. Then for
any b > 0, we have

b b
/0 u(x)Dv(x)dgx = u(x)v(x)[ 7/0 V(x)Dgu(x)dgx. (10)

Next, we state the Holder type inequality that will be needed in the next sections (of course it is the usual Holder
(a—1) (a—1)
inequality for the functions considered (i.e. x 7 f(x) andx ¢ g(x)).

Lemma 2. Let f, g: [0,00) = R and 0 < o < 1. Then for any b > 0, we have

[ irwsttdas< (150 |Pdax>’l’(/ob|g<x)|qdax);, an

where 1 /p+1/q=1 (provided the integrals exist (and are finite)).

Throughout the paper, we will assume that the functions are nonnegative locally a—integrable and the integrals
throughout are assumed to exist (and are finite i.e. convergent).

3 Inequalities of Copson’s type
In this section, we begin with the fractional version of the classical Copson type inequality.

Theorem 1. Let x*~! f(x) is continuous on [0,0), lim, .. t>*~! f(¢) = 0 and fo d s <oo If p>1, then

[ ) s (g)p/:(xa"f(ﬂ)pdaxa (42
)= [,

Proof. Integrating the term [J F?(x)dqx by the parts formula (10) with

where

(04

u(x) = FP(x), and v(x) = %

we get (with Dgv(x) = 1) that

ot FP a |t X%
/ FP(x)dox = T2 / 2 DaF? (x)dgx
JO o o Y0 (04
FP(x)x*|'
= % L / XFP~ (X)F (x)dgx.

f(s)

N

Now by using the fact [0 das < oo, we get

t O!Fp
/ FP(x)dgx = / XFP T ()F (x)dgx.
0
Let t — oo, and noting that

lim @ F (1) = tim LSS 1)

t—>o0 t—boo I~ 100 —pp— 1

1 l 200—1 _
_zlgg(a)t ft) =0,
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then
/Fp(x)dax:—g/ prfl(x)F/(x)dax.
0 aJo

From the definition of F, we see that
F(x) = —x*72f(x).
Substituting into (13), we obtain

B 4 °<))cocf1 X “x)dgx
/O FP()dar =2 /0 FOFP (x)dx.

(13)

(14)

Applying Hélder’s inequality (2) on the term on the right hand side of (14) with indices p and p/(p — 1), we see that

| Frwdar< 2 ( / °°Fp<x>dax) v (/0 (xa'f(X))pdax) g

then,

(o) g (6t ) g

/OwFP(x)dax < (g)p/w (xailf(x))pdax,

0

So that

which is the desired inequality (12). The proof is complete.

Remark. In Theorem 1 when o = 1, then we obtain the classical Copson inequality (2).

Theorem 2. If p > 1 and [ 2518 dys < oo, then

/OOOX(X) (/“’ %cﬁm)pd(ﬂ < Pp/ooo/'i(x)f”(x)dax,

JX

where

Alx):= /Oxx(s)das, and F (x) := /xw %das.

Proof. Integrating the term f;” A (x)F? (x)dqx, by parts formula (10) with
u(x) = FP(x), and v(x) = A (x),
we get that
/0 CAOF? () dax = ARFP()[S — /0 AP (0)F (x)da.
= /Om/\ (x)x' % pFP N (x)F (x)dgx,

where
A(0) =0, A(e0) < oo, F(0) < o0, and F(o0) = 0.

From the definition of F, we see that

Substituting into (16), we obtain

/O T AW FP () dax = p /O " A 3 5 ) (1)

5)

(16)

A7)
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Applying Hélder’s inequality (2) on the right hand side of (17) with indices p and p/(p — 1), we see that

/000 A(x)FP(x)dgx

_, (/0 (7;( )f(())> dax)”(/o‘“(ﬁ@ml(x))p'dm) :

_ ( dax)’_l’ ( /:;L(x)FP(x)dax) ’

1

([ rwr ) "< ([ 20reaa)".

/wﬂ,(x)Fp(x)dax <p? /wﬂ,(x)fp(x)dax,
0 0

which is the desired inequality (15). The proof is complete.

Then

and so that

Remark. In Theorem 2 when o = 1 and A (x) = 1, we obtain the classical Copson inequality (2).

Theorem 3. If p, ¢ > 1 and p > c— 1, then

e x) FP(x)dgx < <Cf 1>p/0°° A?(p() )fr’( X)dax, (18)
where
/x Vs, F(x /A $)des, F(o0) < oo, and A(x) — oo as x — oo.
Proof. Integrating the term

by parts formula (10) with
u(x) = FP(x)A™¢(x), and v(x) = A (x),

where
Dou(x) = x' " %(pF"" (x)F (x)A~(x) — cF? (x)A~*"1(x)A"(x)), and Dgv(x) = A(x)

we obtain,

T A(x —e o
[ A P s = AP0

— /Ot)clfo‘(prfI (x)F

/

(X)AC(x) = cFP(x)A ™ (1) A" (x)) A (x)d .
By using
A(0) =0, A(e0) =0, F(0) =0, F(o0) < oo, and ¢ > 1,

and noting that

¢ XA (%) f(x
lim A 7 (x)F(x) = AX)f(x)

x—0t x—0t (A(X )C;pl 7x%0+ % (A(x))cli_,lflxaflx(x)
.
R
x—0t c—1
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we obtain

Ac *docx =

_ /O‘Ooxlfoc(pF”*l (X)F'(x)A lfc(x) — cFP(x)A™(x) A’ (x))dx.

Since

F'(x) = x* "A(x) f(x), and A’ (x) = x* ' A (x),

we have that

0 Ac(x)
p /O T AWAT () f)FP (x)dex + /0 ; jc(g‘x)) FP(x)dgx,
and then
= A(x
|| Ao e = (19)

_p-1 p—1

<1lic) /Om ( j%) p l(X)A'C(x)f(x)GC((xx))) ,, FP7 (x)dgx.

Applying Hélder’s inequality (2) on the right hand side of (19) with indices p and p/(p — 1), we see that

1

[ wegroen< (c_ 1) ([ reoar e

p—1

( - AC dax) "
( " ff{‘j)F%x)dax)"’ < (C_ 1) ( [ @A e >dax) '

[ A prwdar < (27) [ heoar < )

which is the desired inequality (18). The proof is complete.

This implies that

and so that

Remark. From Theorem 3, we see that if x* 11 (x) f(x) and x*~' A (x) are continuous on [0, ) replaced by either

el
(). x* A (x) f(x), x*~1A(x) continuous on (0,0) and lim,_,o+ (A (x))I " fx)=0,
or

@ii). lim,_,o+ A'=¢(x)FP(x) =0,

then (18) is again true.

Remark. In Theorem 3 when oo = 1 and A (x) = 1, we have the Hardy - Littelwood inequality

o | P poo
/O ;F”(x)dxﬁ(c%]) /O X (x)dx, (20)

which is Theorem 330 in [26] where F (o) < oo, with ¢ > 1.

Remark. In Theorem 3 when ot = 1, A(x) = 1, and ¢ = p, we have the classical Hardy inequality

/Ow (@)pdxﬁ (ﬁ)p/:f”(ﬂdx, @1

where F(e0) < oo.
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Theorem 4. If 0 <c < 1 and p > 1, then
> Ax) [ [ b p

<
b A (/x ),(s)f(s)das) dax < (1

/7L Ydgs, and F(x /7L $)dgs.

Y t))
c) /0 A“I’(x)fp(x)do‘x7 @2)

where

Proof. Integrating the term

A(x)

Acx

Fp dOC X,
by parts formula (10) with
u(x) = FP(x)A™¢(x), and v(x) = A (x),

where
Dou(x) =x'"%(pF"  (x)F'(x)A~¢(x) — cFP(x) A=< (x)A’(x)), and Dgv(x) = A(x),

and we obtain,

A AC((xx))Fp(x)dax: ATC(x)FP (x ‘:

_ /0 T pF ()F (A () — cFP()A T (1) A (x))A (x)deer.

By using
A(0) =0, F(0) <o, F(0) =0, and A (o) < oo,

then we have

(x)

F” Ydox = — /Oooxlfa(pF[H (X)F"(x)A~¢(x) — cFP(x) A~ (x) A’ (x))A (x)dgx.

AC (x)

Since

F'(x) = x* "2 (x)f(x) and A’ (x) = x*"A(x)
we obtain

A‘ Fp dax—p/ (X)AC (%) f(x)FP~ (x)dgx
(x)
te / Ac(x) FPx)dax,
and then
) p
A AC(x)F (x)dax (23)

p—1

w2 ()AL A P
_ P / (x) (x)]:‘(x) (x) prl (x)dax.
1-¢)Jo T\ Ac()
A(x)
(%)
Applying Hélder’s inequality (2) on the right hand side of (23) with indices p and p/(p — 1), we have
(x)

Ac(x)
p—1

) (o) ([ Hgorons)”

P ()

(e
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and so

<. QmA)LC(()C;)FP(x)d""“)% = <1—c> (/ (AP () 7 (x )dax>l’.

[ pr e < (1) [ 20A7 (s )

which is the desired inequality (22). The proof is complete.

Hence

Remark. In Theorem 4 when o = 1 and A (x) = 1, we have the Hardy - Littelwood inequality

./()W%Fp(x)dx < (1 pc)” (/wapcfp(x)dx) . (24)

which is Theorem 330 in [26] with ¢ < 1.

Remark. In Theorem 4 when oo = 1, A(x) = | and ¢ = p, we have the classical Hardy inequality
o /[ F p p oo
/ <ﬁ> dx < <L> (/ ff’(x)dx>. (25)
0 X I-p 0

4 Reversed inequalities of Copson type

In this section, we prove the fractional version of the reversed Copson type inequalities (5) and (6) by using conformable
calculus.

Theorem 5. If p <1 and c <1, then
" A / A(s)f(s)dat dax > / () SP(x)dgx (26)
0 AC (x) 1 —c AP (x) ’

/k Ydos and F (x //’L 8)dgs.

where

Proof. Integrating by parts formula (10) the term

AC x)dox,

with

u(x) = FP(x)A™(x), and v(x) = A(x),
where - ,

Dou(x) =x'"*(pF"" (x)F (x)A™(x) — cFP(x) A~ (x)A" (x)), and Dgv(x) = A(x)
we obtain
[ 2 ohas = A0,
- [ (MW%W@M*M—JWMC'UA@)(MM
By using
A(0)=0, F(0) < oo, F(e0) =0, and A (e0) < oo,

and

© 2019 NSP
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we get that
AC F” dax—p/ ()AL (x) f(x)FP~  (x)dgx
() g
+e /O - (x)F (¥)da
Then A0
= Al _(. P \/[ I—c —1
0 Ac() FP(x)dgx = (] — C) /0 AX)A T f()FP (x)dgx,
which can be rewritten in the form
1 p
= AX) L )p_ (L)” = (Ax)f(x)” !
( 0 Ac(x) F (x)d(xx = 1—c A A”(Cfl)(x)Fp(lip) (x) dox . 27)
Applying Holder’s inequality
1 1
/ D(x)¥ (x)dgx < </ @“(x)dax> ' </ ‘I’V(x)dax) - (28)
Jo 0 0

with indicesu = 1/p and v =1/(1 — p), where

x)f(x X I=p p(1—p
D (x) = (A(x)f ()" and ‘P(x)(l()> F ),

AP ()PP (x) A%e)
we get that
» e (A(x)f(x))P % p
</ 1) dax) = (/0 (AP(C')(X)F”“”)(X)> dax)

> Jo P)¥(x)dax
(fo W'T”(x)dax) )

oo A(x)f(x)? A) NP op(i-p)
B (Y

1 I—p =~
0 Alx - P ) J =»
(f <(AC(()2)) F0 (x )> daX)
This implies that

1 p
(£ () =) <0 )
Substituting (29) into (27), we get

O o) = (2 ) (F Lfﬁf’)
(1 () preaas) -

(U Arondes) > (2

which is the desired inequality (31). The proof is complete.

=

Y

Hence

) [

© 2019 NSP
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Remark. In Theorem 5 when @ = 1 and A (x) = 1, we have the inequality

oo P oo
/ X °FP(x)dx > ( P ) / xP7€ fP (x)dx, (30)
0 1 0

—c
which is Theorem 347 in [26] with ¢ < 1.

Theorem 6. If p <1, ¢ > land p < c— 1, then

/0°° jc(&)) FP(x)dax > (C_pl)”./o'w A?(;C()x)fp(x)d“x’ 31

where

Alx) = /Oxl(s)das, Flx) = /(;xk(s)f(s)das and F(x) — 0 as x — o.

Proof. Integrating by parts formula (10) the term

® A
/0 AeQ) FP(x)dgx,

with

u(x) = FP(x)A~¢(x), and v(x) = A (x),
where

Dau(x) = )clfo‘(prfI (x)F (x)A™¢(x) — cFP(x)A ! (x)A/ (x)),
and Dgv(x) = A(x),
we have
> A(x) il o
|} Ao P = AR,
— /0 x! ¢ (pF’F1 (X)F'(x)A~¢(x) — cFP(x)A—"! (X)A(x)) A(x)dgx.
By using
A(0) =0, A(e0) < oo, F(0) =0, and F (o) =0,

and

/

F'(x) =x*"A(x)f(x) and A" (x) = x*' A (x),

and noting that

lim AGOF™ () = fim 05 A0 xjfll’l(x)
x—0F =0T (F(x))eT =07 Lo (F(x)) e x* 1A (x) f(x)
e DEE)
ST 0
we get
= (%)
/0 e e
= —p [ AW WA W [ )
and then
® Ax) (PN [ . _
[ pr o= (22) [TA0AT <) P
®© 2019 NSP
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which can be rewritten in the form

1 p
([ g (e (1 (st o)

Applying the Holder’s inequality (28) with indices 1/p and 1/(1 — p) where

sy (AN
*0 = ey ™ 0= () 7O

we see that

(/Owcp"’ (x)dax)p

I
~
O\g
7N
>
=
?A
— | &
— |~
==
\./&,s
=
=
T‘\./
~ ]
~_—
~i=
Y
=
\—/
~

Y

Then,

[ (g ) ) = ([ 5
([ (o) Fp(x’d‘”")pl |
Substituting (33) into (32), we get
([ 2 = (2 ([ 22050)-
([ ()

(/; jc((xx)) F p<x)dax) = (Cp 1),, | %dﬁ,

which is the desired inequality (31). The proof is complete.

Hence

Remark. From Theorem 6 we see that if x* ' A (x) f(x) and x*~'4(x) are continuous on [0, ) replaced by either
-

@A). x* A (x) f(x), x*~1 A (x) is continuous on (0, o) and lim,_,+ % =0,

or

(ii). lim,_,o+ A'=¢(x)FP(x) =0,

then (31) is again true.

Remark. In Theorem 6 when o = 1 and A(x) = 1, we have the inequality

/wxchp(x)dx > ( P 1)p/:xpCfp(x)dx,

0 c—

which is Theorem 347 in [26] where F (x) — 0 as x — oo with ¢ > 1.

(32)

(33)

(34)
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