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Abstract: In this article, we introduce definition of quadruple Aboodh transform and its inverse. We also apply quadruple Aboodh
transform for several functions of four variables. In addition, we establish and prove some main properties and theorems related to
Quadruple Aboodh transform. Furthermore, we discuss the convolution theorem and its proof. To check the efficiency and applicability

of quadruple Aboodh transform, we apply this transform to integral and partial including fractional differential equations.
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1 Introduction

One of the most important subject in mathematics is the
topic of differential equations, both ordinary and partial
including fractional. The importance came from that
differential equations have a lot of applications in real life
science and engineering, therefore many researchers are
still working with greet efforts and have been interested in
finding the new solutions of these kind of equations.
Among the solution methods, transformation methods are
rather, popular, Hence in the literature, there are a lot of
different integral transforms like Laplace transform [1,2],
Sumudu transform [3,4], Ezaki transform[5], Mellin
transform[6], and so on. These kind of solutions have a
wide variety of applications in various area in physics,
statistics, engineering and in other sciences.

One of them is Aboodh transform([7,8,9,10] which was
derived from the Fourier integral, Aboodh transform was
introduced by khalid suliman Aboohd in 2013 to solve
ordinary ,partial and fractional differential equations in
time domain. In 2014 Aboodh introduced the double
Aboodh transform which is a higher version of simple
Aboodh transform, in 2019 S.Alfageih and T.ozis
[11]introduced the triple Aboodh transform and used this
transform to solve homogeneous and non-homogeneous
partial differential equations, Aboodh transform appeared
to be a very efficient and powerful method for solving a

wide class of partial, integral and fractional differential
equations[12,13,14,15,16,17].

The main objective of this article is to introduce a higher
version of Aboodh transform and to study its properties
with examples, several theorems and properties of
quadruple Aboodh transform are discussed in some
details, Quadruple Aboodh transform is successfully
applied to solve integral ,partial and fractional differential
equations.

2 Preliminaries

In this section, we recall the definitions of simple, double
and triple Aboodh transforms and there inverses.

Definition 2.1[7] The simple Aboodh transform of a
function f(x) is given by:

=

/f (x)e Pdx,x >0, (1)

0

1
p
and the inverse of simple Aboodh transform is given by:

| p e”K(p)dp. 2
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Definition 2.2[8] The double Aboodh transform of a
function f(x,y) is given by:

T
K(p.q) =Ay| _E//f x,y)e” P dxdy,
00

3)

and the inverse of double Aboodh transform is given by:

1 Qatioo

I eP*
2mi o floo pe

flxy) =

B+ico
I q ¢”K(p,q)dq| dp.
27 0B oo

4)
Definition 2.3[11] The triple Aboodh transform of a
function f(x,y,?) is given by:

K(p.q,r) =

1 TR
Axyl (f(xvyvt)) = _///67PX7qy7rlf(x7y7t)dXdydta
r
P4 000
(5)

and the inverse of triple Aboodh transform is given by:

3 Quadruple Aboodh transform and
Examples

In this section, we present definitions of the quadruple
Aboodh transform, its inverse and quadruple Aboodh
transform of some functions.

Definition 3.1 Let f be a continuous function of four
variables , then the Quadruple Aboodh transform
of f(x,y,z,t) is defined by :

:Ax)' (f(x Y;Z, t))

= s / / / / e~ (PHOTTES £ (v y 2.t) dxdydzdt,
0000
(6)

K(p q,1,5)

Definition 3.2 The inverse of quadruple Aboodh transform
is given by:

fxy,z.t
1 atie

):
+.1°° 1 e | Htico
— [ p q e” f re’* i [ se"K(p,q,r,s)ds|dr|dq|dp
270 g "o im

2m 2700 1y oo

where K (p,q,r,s), for all p,g,r and s must be an
analytic  function in the region defined by
Rep > a,Req > B,Rer > 7, and Res > u.

3.1 Examples

() If f(x,y,z,t) = 1 forx >0,y > 0,z> 0,7 > 0,, then:
K(p.q,r,5) =

////e*(px+qy+rz+st)dxdydzdt
rs
pq 0000

17 17 17 17 1
= —/efpxdx—/efqydy—/efrzdz—/efstdt: 5
r s
p ) q ) ) ) (pgrs)

eax+by+cz+dt7 then:

Ax) )zt

(b) if f(x,y,z,1) =

Axyzt ( eax+by+cz+dt) _

1 ////e (p—a)x 7(q b)» —(r— c)z —(s— d)tdxdydzdt
pqrs
0000

oo =) =)

_! / o (- L / byl / ~(ro)zg, L / ~(s—d)r g
170 qO 0 0

1
byr(r—c)s(s—d)’

p(p—a)q(q—

©

1
p(p—ia)q(q—ib)r(r—ic)s(s—id)
_ (p+ia)(g+ib) (r+ic) (s +id)

p(p*+a2) q(q? +02)r (2 +c2)s(s2+d?)
_ [(pg—ab)(rs—cd) —(aq+ pb) (sc+rd)]
p(p*+a2) q(q? +b2)r(r2+c2)s(s2+d?)
e [(rs—cd) (ag+bp)+ (pg — ab) (sc+rd))
p(PP+a)q (@ +b2)r (2 +c2)s(s® +d?)

Consequently,

Avvat ( ei(ax+by+cz+dt)) _

Aqyz (sin(ax+ by + cz+drt))

(rs—cd)(aq+bp)+ (pqg — ab) (sc+rd)

R R P ) e e T Ea M
Az (cos(ax + by + cz+dt))
(pg —ab) (rs — cd) — (ag + pb) (sc + rd) ©)
p(p*+a*)q(g* +02)r(r* +c)s(s* +d?)’

Ay (sinh(ax+by+cz+dt)) =
] A — )
E |:Axyzt (e(ax+b)'+cz+dt)) _Axyzt (e (ax+b)+cz+d1)):|

% [p(p —a)q(q— b])r(r* c)s(s— d)]

1 1
2 [p(p +a)q(g+b)r(r+c)s(s +d)] - 1o
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Similarly,

Ayyz (cosh(ax + by + cz+dt))

Al
2 [plp—a)glg—Db)r(r—c)s(s—d)
1

1
"2 Lﬂ(p +a)g(q+b)r(r+c)s(s —i—d)] '

(d)
yar ((xy2t)")
1 r X r n_— 1 r n_—rz 1 r n _—st
:—/e”dx /yeqydy—/ze 'dz—/te‘dt
p r s
0 0 0
_on! nl ! onl (n))* N
- pn+2 qn+2 2 gnt2 (pqrs)"” MEN.

(e)Ifa,B,y,u > —1, then:

Axyzt (.Xayﬁ Zytu)

17 1 1
= —/x e Pdx— / Be—wrgy- /zye Zdz— /t“ S dt
pO 0 0

_ F(a+ DB+ C(y+ 1) C(p+1)
- pa+2 qB+2 7Y+2 sht2
(O If f(x,y,z,t) = g(x)h(y)m(z)c(t), then:

Axyzt [f(xvyvzvt)]

17 17 17
=— [ glx efpxdx—/h e Pd —/m z)e” %dz
> [s@erax [negevay [me)
0 0
/C Ye dt
0

= Ac[g(D)] Ay [h(y)] Az [m(2)] A [e(2)]

U | o=

In particular,

2
Ana (VO2t) = {65 5505 (n
Az (cos (ax) cos (by)cos(cz)cos (dt))
1
R L T e
Ayyz (sin (ax) sin (by)sin(cz)sin (dt) )
_ abed 13
e R I R

4 Existence and Uniqueness of Quadruple
Aboodh transform

Definition 4.1 A function f(x,y,z,¢) is said to be of
exponential order a > 0,b > 0,c > 0,d > 0, on
0 < x,y,z,t < oo, if there exists a positive constant C such
thatforallx > X,y >Y,z>Zt>T

If(x,y,2,1)] < Celaxtby+eztdr) (14)
and we write

f(x,y,z,t) =0 (e(ax+by+cz+dt)) as x,y,z,t—oo (15)

Theorem 4.1 If f(x,y,z,7) is continuous in every finite
intervals (0,X),(0,Y),(0,2),(0,T), and of exponential
order el@tbyteztd) - then the quadruple Aboodh
transform of f(x,y,z,¢) exists for all p,q,r,s provided

Rep>a,Req>b,Rer>c,Res>d.
proof:

<c! / o parg ) / byl / e lrozg L / o gy
P q r N
0 0 0 0

= for, Rep>a,Req>Db,Rer >c,Res >d.
P(p—a)q(q—b)r(r—o)s(s—d) P d
(16)

a

from (16) it follows that

Hl;rggwlf(p q,r,5) =0, (17)

(17) can be regarded as the limiting property of quadruple
Aboodh transform.

Clearly K(p,q,r,s) = pqrs or
K(p,q,r,s) = p* + p> +¢* +r* is not the quadruple
Aboodh transform of any function f(x,y,z,¢) since
K(p,q7 r,s) does not goes to zero as p,q,r,s — oo.

Theorem 4.2 let h(x,y,z,¢) and [(x,y,z,t) be continuous
functions defined for x,y,z,t > 0 and having the
quadruple Aboodh transform H(p,q,r,s) and L(p,q,r,s)
respectively. If  H(p,q,r,s) = L(p,q,r,s) then,
h(p,q.r.s) =1(p.q.r.s).

Proof: If we assume «, 3,7, 1t to be sufficiently large,
then since

1 Otico B+ieo

£ = — px(_ qy
[yt TR (o) ae

1 vtieo 1 Mtie
— [ re®|=— [ se"K(p,q,r,s)ds||dr)dp

27'” Y—ico 2 u joo
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we deduce that

h(x,y,z,t) =

1 Y+ico 1 U+ico
— [ reé*|=— [ se" H(p,qrs)ds|dr|dqg)dp

2mi Y—ico 2 lu joo
1 Ofioo 1 ioo
= — px qy
2ol i ﬁf,mq ¢

| vieo 1 Htico
T [ re* P [ s e L(p,q,r,s)ds|dr|dq)
Y—ioo U—ico

=1(x,,2,1)

S Some Properties of Quadruple Aboodh
Transform

(1) The triple Aboodh transform is a linear operator, that
is:
AX)’ZZ [(le+bg) (x7y727t)] =
anyzt [f(xayazat)] +beyzt [g(xayazat)]
proof: The proof is direct from definition (3.1)
(2) Changing of scale property:

1
abcd

p rs
Avsa [flax.by.cz.dn)] = ——K (2. 5.7, %)

proof:

Axyz [f(ax,by,cz,dt)] =

////eil’quyfrz*”f(ax,by,cz,dt)dxdydzdt
pqrs
0000

= L///efprqyfrz
r
P4 000

e " fax,by,cz,dt)dt | dxdydz

T p—
\8

Continue in the same manner, we get the result.

(3) Shifting property:
Ax)’Zt 67M7by7017dlf(x7yvzvt)
=K(p+a,q+b,r+c,s+d)

proof:

=

//e (a+p)x fb+q)ye (c+r)z
00

.
|:—/e Hd f(x,y,z,t)dt | dxdydz
s

0

1 77
= —///e7(a+17)xe*(b+q))’e*(c+r)zK(x,y,Z,d+s)dxdydz
pqr
000

_ / / o (atp)x,~(b+a)y
prq
0 0

/e (+r)2K (x,y,2,d 4 5)dz | dxdy
0

N | =

y
= —//e (atp)x 7b+‘7>yK(x y,¢ + r,d + s)dxdy
pPq

00

Continue in the same manner, we get the result.
(4) Multiplying by x"y"z"t#

Ay XY 2 f (x,3,2,1)] =
(7 1 )m+n+v+u am+n+v+u
[parsK(p,q,r,s)]

pqrs dpmaq"or’ost

proof:

Ay Y2 f(x,3,2,1)]

1
= X
pqrs

///fe*(px+qy+rz+st)xnymzvt,uf(x’y7ZJ)dxddedt
0
000
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L e
p
J

qrs///e DTNV F(x,y, 2,8 )dydzdt | dx

0% 0= 0%

The expression in the bracket satisfies the property of the
triple Aboodh transform [11], that is

(_] )m+v+ll am+v+u

A}'Zt [ymzvt'uf(x7y7z7t)] = [qi’SK(x>¢1>"7 S)]

qrs qmrist
thus,
1 =z m+v+u Qi
— /x"efpx prn [grsK (x,q,r,s)]dx
p q"rs
0
(, 1 )n+m+v+u gntmtvu
= pqrs apnaqmarvasu [pquK(p,q,l",S)]-

(5)

Theorem 5.1 If K(p.q,r,s) = Az (f(x,¥,2,1)), then

Aga [f (x—a,y—b,z—c,t—d)H(x—a,y—b,z—c,t—d)] = e P=9"=5K (p g 1,5)

Where H(x,y,z,t) is the Heaviside unit step function
defined by :

H(x—a,y—b,z—

-

By definition we have:

c,t—d) =

x>a,y>b,z>c,t>d
x<a,y<b,z<c,t<d

Ax)’ﬂ [f(xfaayfbazfcatfd)H(xfaayfbazfcatfd)]

f(x_a7y_b7z_c7t_d) N
H(x—a,y—b,z—c,t—d) dxdydzdt

“\
oy

T }‘O Te—px—qy—rzfst
000

L
pqr.

0\8
o3

]‘ fe—prq_\'frzfstf (x —a,y— b7z —c,t— d) dxdydzdt
00

by lettingx —a =u; ,
d = uyg,we have

y_b:LtZa I—Cc=u3z,—

1

pqrs

0 o0 oo

///fefp"]fqurmfs”“f(ul,uz,u3, ug) duyduydusduy
0
00 0

efpafqbfrcfsd

_ efpafqbfrcfsd K (P, q, ns)

(6)

Theorem 5.2 If a function f(x,y,z,7) is periodic of periods

a,b,c,d, and if A,y [f (x,y,z,1)] exists, then

(1 _ efpafqbfrcfsd)fl

Axyzt [f(xvyvzvt)] =

a b c d

/ / / / e PRI f(x, y, 7,1 )dxdydzd
0000

By definition, we have

pqrs

Axyzt [f(xvyvzvt)]

o / / / / o~ (PxFay+rz+st) F (6, 2,1) dxdydzdr
Pa 0000
a b ¢

— " / / / / o~ (Pxtay+rztst) £y, 2,1)dxdydzdt
P4 0000

=

1 .
+ / ///e7 PYFQrst) £y 2 1) dxdydzd.
pqrs )

a b c

By putting u; +a=x,up +b=y,us+c=y,us+d=z
in the second quadruple integral, we get:

Ay [f(x,3,2,1)]

L ancd
— pqrs////e (prbaviretst) gy y 2 1) dxdydzdt
0000

+ p—Pa—gb—re=sd
pqrs

—(puy+auy+ruz+sug) o, f (i +a,u2 +bouz +cus+d)
X./,/././e X(dmduzdu;dm )
0000

a b c d
— ////e (prbayiretst) gy y 2 1) dxdydzdt
PS5 0%

+ p—Pa—gb—re=sd
pqars

o\g

w o o
e (pmtanytruz o) ¢, uy,uz,uy) duyduydusdu
1 3,us) duyduyduzduy

000

a b c

d
1
— rs////e (prbayiretst) gy 2 1) dxdydzdt
L

+ eipaiqbimimAx,vzr [f(xvy: 2y t)]

Consequently,

Axyzt [f(xayazat)] =
(1 o efpafqbfrcfsd)fl

X
pqrs

a b c d

////eil’quyfrz*”f(x,y,z,t)dxdydzdt. (7
0000

Theorem 5.3 If f(x,y,z,7) is continuous on [0,e0) and of
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6 Convolution Theorem of quadruple
Aboodh transform

exponential order, then f, only can be recovered from
AX}’ZY [f(x7y727t)] as

Theorem 5.1 If at the point (p,q,r,s) the integral

flx,y,z,0) =
Gl ( 7q7r,s) =

(_ 1 )m] +my+m3—+my

lim 0 00 00 oo
) \mn! | | .
my,my,m3ma—eo mylmylms!lmy! _(prtaytrest) dndvded
mo+1 m3+1 e 81 (X,y,ZJ) xXayaz ta
my my+1 my ms my my+1 pqrs .
— — — — 0000
X y < t . . tion if
omHmatm-+my { o (mm mymy is converge and in addition i
pqrs |- oo e oo
dp™ dqgmorsdsms x y z t Gy (p.q,r.s) = 1 ////e—(,).r+q}'+"l+ﬂ)gz(Xﬁ)nzﬁ[)dxdydzd[ﬁ
pars
0000

proof: similar to proof given by[17]. is absolutely converge, then the following expression

to check the efficiency and applicability of theorem (5.3)
we give the following example let
flx,y,2,t) = e @ by=cz=di " the quadruple Aboodh
transform is

G(p,q,r,s):pqrsGl(p,q,r,s)Gg(p,q,r,s) (18)

is the quadruple Aboodh transform of the function

g(x,y,z,t) =

! ////81)6 X1,y = Y1,2— 21t — 1) %

p(p+a)q(g+b)r(r+c)s(s+d)
g2(x1,y1,21,11 )dx1dy1dzidty

K(p.q,r,s) =

thus, we have and the integral

G =
am1+m2+m3+m4 (p7q7r,S) pqrs

apm|aqmzarm3asm4 [PCIVSK(P7¢I7";S)] 0 00 oo oo
(71)m1+n12+m3+m4 / ///ei(pxwyﬂﬁmg(x,y,z,t)dxdydzdt
0000

- n !mzlm3!m4!
= (p+a)ml+l(q+b)m2+l(r+C)m3+l(s+d)m3+1-

is converge at the point (p,q,7,s).
proof:

By using theorem (5.3), we get
G (p’ q) r7 s) =

f(x7y7Z,t): 1 ////e px+q}+rz+ﬂ)g(x,y,z,t)dxdydzdt
pqrsO 000

) m|+l my my+1 m3+1 Mg\ matl
lim — (—)
my mo,m3 ,m4%oo y t

e
( )
"ez)

. a
= lim —
my ,my,m3,ny—roo my

—m3—1 dt —my—1
(1 + 5) (1 + —) .
ms my

By applying the logarithm and and L?Hopital?s rule we
have:

log f(x,y,z,t) = —ax — by — cz — dt,

f(xayaz,t) = efax*bY*szdt.

_ 1 7 }o ofOfoe7(px+qy+rz+sz)
I:qrsb 000
4 X
|:.f0 [()Zf(; .fO gl()C*X],yfyl,Z

g2(x1,y1,21,11 )dx1dy dzidty

—at =) } dxdydzdt

By using Heaviside unit step function

©0 00 00 0o

ffffgz(xl7y1,217t1)dX1dy1d21dt1
0000

{pqrs fo fo fo f(;o B Px+q)+r1+°’)g1 (x—x1,y=y1,2— m,tft])}
H(x—x1,y—y1,2—21,t —t)dxdydzdt

thus,

0\3

0 o0 ()
///gz(¢,<P,%n)e*”¢*‘”’*’””Gn (p,q,r,5)dodpdydn
000

=pq

qrsG1(p,q,1,5)Ga(p,q,1,5)
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3
7 Quadruple Aboodh transform of some Ay (%) = qp*Anu (f(x,,2,1))

partial and fractional derivatives
af(O,y,z,t)>

q
- quZl (f(oayazat)) - _Ayzt < ax
1) The Quadruple Aboodh transform of nth derivative of a p

function of four variables is given by: 2 1 d1(0,0,z,1
u ur vari 1S g1V y *%szt (f(X,O,Z,f))+EAzz<%>

3" f(x,y,z,t " 1
Ay (%) = p Az (f(x,y,z,t)) + aAzt (f(oaoazat))'

n—1 m
_ Z p"fmdAyzz (M) (19) 3) The quadruple Aboodh transform of the partial
o™ fractional Caputo derivatives of a function of four
variables is given by:

m=0

n 2% t
Axyzt (a f(xay;Zat) Axyzt ( f(xvyvzv )

)fmmuwxm» >W&WU@%MD

ay” ox%
nl " (x,0,z,1) 2 i *f(0,y,2,1)
n—m—2 s Uy &y _ o—k—2 ) oS00 )
]goq At <7aym > (20) k;op Am( e )
"f(x,y,2,t p
Ay (%) =r"Awya (f(x,5,2,1)) Ay (%) = qﬁAXyZ,(f(x,y,z,t))
= 9" f(x,y,0,1) o
— —m=2 § ML RS AA N ak 707 7t
B (15200) o (225822)
k=0
3”f(x,y,z,t))
AX’ 3. :snAX’ X, 0, 2,1 86
(15 (e ,2,) mm(1%¥ﬂ>mMWWW@m
n—1 m
_ Z SH*M*ZAX}’Z (a f('x)yazao)) (22)
m=0 o

-1 ak 0
k=0 <

2) The quadruple Aboodh transform of mixed derivative of
a function of four variables is given by:

a¥ t
a4f(x v,z t) Axyzt (%) = ryAxyz,(f(x,y,z,t))
xyzt (#> = pquAxyzt (f(x,y,z,l)) f
dxdydzot - 9 £(x,3,2,0)
P g (F(03.2.0) — P2 (5.3:0.0) e )
s XyzZ y Yy 3y r xyt y YUy k=0 3t
prs qrs
_ 7szt (f(x,O,z,t)) - 7Ayzt (f(07y7z7t)) Where 80‘f§x,y,z,t) aﬁfé"g’*z”) asféx’g”z’l) ayfgv,})”,z,l) are the
’ xoc B y B 7 £ t
+ ;_;Azl (7(0,0,z,1)) + gAyAl (£(0,y,0,7)) [Clag;uto fractional derivatives of function f(x,y,z,t), see
qr ps '
+ EA)’Z (f(07y7170)) EAXZ (f(x70707t))
pr rq o .
+ %A“ (f(x,0,2,0)) + A (f(x.7,0,0)) 8 Applications of Quadruple Aboodh
s r transform
- _Al (f(oaoaoat)) - _AZ (f(0707z70))
n o In thi ti 1 druple Aboodh transf t
q p n this section, we apply quadruple Aboodh transform to
- RA)' (/(0,7,0,0)) — %AX (f(x,0,0,0)) some different examples to show the effectiveness and
applicability of this transform.
——£(0,0,0,0). Application of quadruple Aboodh tranorm to integral
pqrs equations
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Example 8.1 Consider the following quadruple integral
equation of the form

[l

where f(x,y,z,7) is the unknown function, i is constant
and g(x,y,z,t),h(x,y,z,t) are known functions.

By applying the quadruple Aboodh transform to equation
(23) we get:

Aga (f(x,0,21)) =

—0,y—@,z—=7,t —Mh(d,0,7,n)dodpdydn

(23)

Agz (8(x,y,2,1))
+ WAz [(f % %R) (x,,2,1)].

By using Convolution theorems, we get:

Axyzl (f(xayazat)) :Axyzt (g(xayazat))
+"L quSAXyZT (f(xayazat))Axyzl (h(xvyvzvt))

Consequently,
Ax)’Zt (g(x y,Z,t))
1- nu pquAxyvt (h(xvyvzvt)) 7

by taking the inverse of Quadruple Aboodh transform we
get:

Ay (f(x Mot)) =

— A rz(g(x7y7Z7f))
X, v,2,t) =A 1{ Ba
St =4,, 1 — U pqrsAyyy (h(x,y,z2,t))

A;yzl, (Axyzz (g(x,y,z,t)) -Axyzz (v(x)yazat))) =

x Yy z t

////f(x*‘i’vy*‘P,Z*%tfn)v(d),fp,%n)dw@dwn.
00

where,
1
1- ﬂpquAxyvt (h(xvyvzvt)) .

The above method can be illustrated by the following two
simple examples.
Example 8.1a Consider the following integral equation:

Ava (v(x,),21)) =

xyzt =
x Yy z t
[[] [
0000

By applying the Quadruple Aboodh transform to equation
(24) we get:

Axyzt (f(X,y,Z,t))

1 1 1 1 1 1 1 1
RN\ ETE)N\EtE)\Et e

“f(¢.9,7,1)dpdedydn

(24

thus,

fooyzt) =
| 1 1 1 1 1 1 1 1
Agy F-FF ;‘F; ﬁ‘f’ﬁ s—2+s—3 )

by taking the inverse quadruple Aboodh transform, we
have

fy,z,t) =(1+x)(14+y)(1+2)(1+1).

Example 8.1b Consider the following integral equation:

= (25)
XYzt

[ [ ] [a=65-0.z-vi-mse.0.xn)dodedyin
0000

where c is constant.

By applying of quadruple Aboodh transform to (25) we
get:

2
C
(PC]rS)Z = pqu[Axny (f(xvyvzvt))]z’
thus,
C
Axyzl (f(xvyvzvt)) = 1.5°
(pqrs)

by taking inverse of quadruple Aboodh transform we get:

c c
X, ¥, 2,t =A"! =
Fexa1) w [(pqrs)]'5‘| 72\ /xyzt

Application of quadruple Aboodh to partial
differential equations
Example 8.2
Consider the three-dimensional diffusion equations
32f¢(9x,%z,z,t) + 32f((9x,%1,z,t) + 32fgx,%),z,t) o 3f()gii,z,t) — Qerty—t
X Z

FOy,z0) =7 f(1yz1) =P

f(x,0,z,0) =% ’, flx,1,z,t) = 1=t

F,0,0) =7 flxy 1r) = e,
fx,3,2,0) = e

(26)

by applying the quadruple Aboodh transform to (26), we
get
(p2 +4*+r —S) K(p,q,r,s) =

U 4
(Par)+ Drr+ Ds(s 1)

27
p(p—1)q(q— @7
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where,
1 df(0,y,z,t
(7.9 = A (10.35,0) + £ (L0250
1 df(x,0,z,¢
+szt (f(X,O,Z,t)) + 5szt (%) +Axyt (f(x>)’>0>t)) +

;Axyt oz + EAxyz(f(xv)@ZvO))
A+ (PPt —s)
~ p(p=1)glg—Dr(r+1)s(s+1)

Substituting the value of U(p,q,r,s)in equation (27)
we get:

1 (8f(x,y,0,t)) 1

1
p(p—1)q(q—D)r(r+1)s(s+1)’
bu applying the inverse of quadruple Aboodh
transform,we get:

Flr ) = Agl K (prars) = €5

Example 8.3
Consider the following non-homogeneous Mboctara
partial differential equation:

dxdydzot
subject to the following initial and boundary conditions:
f(0,y,z,1) = e*2y+z+t,f(x,0,z,t) — et
F063,0,0) = e f(x,y,2,0) = e T

By applying the quadruple Aboodh transform to both side
of equation (28) we get:

K(p,q,rs) =

+ f(xyz,t) =3e R (28)

(pgrs+1)K(p,q,r,s) =
3

Vi)t g s &
where,
U(paQarvs) = %AWZ (f(X,y,Z,O))+ @Awt (f(X,y,O,t))

qrs

prs
7Ayz[ (f(ovyvzvt))z

+ 7sz, (f(x,0,z,1)) +
A (1(0,0,2.0) = Ay (£(0,3,0.0))
Ay (£(0.9,2,0)) = Lo Aw (7(x,0,0,0)

— A (1060,2,0)) = 045 (/(6,:,0,0))

+ piqrA, (£(0,0,0,1)) + quSAZ (£(0,0,z,0))

oA ((0.0,0,0)) + EA(£(5,0,0,0))

1
- —f(oa Oa Oa O)
pqrs
_ pqrs —2

~ p(p+1)glg+2)r(r—1)s(s = 1)’

After substituting the value of U(p, q,r,s), we get:
1
p+Dg(g+2)r(r—1)s(s— 1)’

by taking the inverse of quadruple Aboodh transform,we
get:

KP)Q)r7s -
( ) p(

f(xvyvzvt) :A;y;[ [K(p,q#*;s)] — e*x*2y+z+t'

Example 8.4
Consider the following fractional partial differential
equation.

9% f(x,y,2,1)

Difryat)=——55="0<a<l, (0

With the initial and boundary conditions:
f(x,0,2,1) =0, fy(x,0,2,) = sin(x) sin(z) Eq (—1%),
f(x,%,2,0) = sin(x) sin(y) sin(z).
By applying the quadruple Aboodh transform to
equation (30) and for the initial and boundary conditions
we get:
sanyzt (f(xvyvzvt)) *SaizAxyz (f(xayazao)) =
quxyzt (f(xvyvt))iAXZt (f(x,O,Z,t)) (31)

- lezt <af(X7O7Z7t)) ’
q dy

where,

Ay (f(x,9,2,0)) = Ayy; (sinxsinysinz)
1 1 1

p(P?+1)q(g*+1) r(r2+1)

AXZl (f(x,O,z,t)) = szt (O) = 07

A Af(x,0,z,0)\ 1 1 §%72
m dy (P ) (1) s

thus, (31) becomes

(SOC _q2) Axyzl (f(x7y7Z7t))
592 1 { [
(PP ) (P41 (@ +1) 14s®

after simple calculations, (32) becomes:

(32)

1 Sa72

(P2 +Dg(2+D)r(r2+1) 1+ 5%
(33)

AX)’ZZ (f(xayazat)) = p

by taking the quadruple inverse Aboodh transform to (33),
we get

f(x,y,z,¢) = sin(x) sin(y) sin(z) Eq (—%).  (34)
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9 Perspective

In this paper, we have introduced the definition of
quadruple Aboodh transform and its inverse. First, we
applied the quadruple Aboodh transform on some
functions, we also, discussed the existence and
uniqueness theorems of Quadruple Aboodh transform and
there proofs. Next, some properties and theorems related
to this transform are presented and proved. To illustrate
the efficiency and applicability of our method, we
implemented the quadruple Aboodh transform to solve
integral and partial including fractional differential
equations. Finally it’s worthwhile to mention that the
quadruple Aboodh transform method can be combined to
some other methods to solve nonlinear partial differential
equations arising in different field of sciences, which will
be discussed in a subsequent papers.
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