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Abstract: In the present paper, we have continued to study the properties of softtopological spaces. We introduce new types of soft
compactness based on the soft idealĨ, in a soft topological space(X ,τ,E) namely, softĨ-compactness, soft semi-Ĩ-compactness, soft
countably-̃I-compactness and soft countably semi-Ĩ-compactness. Also, several of their topological properties are investigated. The
behaviour of these concepts under various types of soft functions has obtained.
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1 Introduction

The concept of soft sets was first introduced by
Molodtsov [22] in 1999 as a general mathematical tool
for dealing with uncertain objects. In [22,23], Molodtsov
successfully applied the soft theory in several directions,
such as smoothness of functions, game theory, operations
research, Riemann integration, Perron integration,
probability, theory of measurement, and so on. After
presentation of the operations of soft sets [20], the
properties and applications of soft set theory have been
studied increasingly [5,16,23,26]. In recent years, many
interesting applications of soft set theory have been
expanded by embedding the ideas of fuzzy sets [2,4,8,18,
19,20,21,23,24,33]. To develop soft set theory, the
operations of the soft sets are redefined and a uni-int
decision making method was constructed by using these
new operations [9].
Recently, in 2011, Shabir and Naz [28] initiated the study
of soft topological spaces. They defined soft topology on
the collectionτ of soft sets overX . Consequently, they
defined basic notions of soft topological spaces such as
open soft and closed soft sets, soft subspace, soft closure,

soft nbd of a point, soft separation axioms, soft regular
spaces and soft normal spaces and established their
several properties. Hussain and Ahmad [27] investigated
the properties of open (closed) soft, soft nbd and soft
closure. They also defined and discussed the properties of
soft interior, soft exterior and soft boundary which are
fundamental for further research on soft topology and will
strengthen the foundations of the theory of soft
topological spaces. Kandil et al.[11] introduced a
unification of some types of different kinds of subsets of
soft topological spaces using the notions ofγ-operation.
Kandil et al.[14] generalize this unification of some types
of different kinds of subsets of soft topological spaces
using the notions ofγ-operation to supra soft topological
spaces. The notion of soft ideal is initiated for the first
time by Kandil et al.[12]. They also introduced the
concept of soft local function. These concepts are
discussed with a view to find new soft topologies from the
original one, called soft topological spaces with soft ideal
(X ,τ ,E, Ĩ). The concept of generalized closed soft sets in
soft topological spaces was introduced by Kannan [15] in
2012. Kandil et al. [13] introduced the concept of supra
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generalized closed soft sets with respect to a soft ideal
(supra-̃Ig-closed soft for short) in a supra soft topological
space(X ,µ ,E) and study their properties in detail. Abd
El-Monsef et al.[1] studied the relations between ideals
and some types of weak compactness. Mahanta and Das
in [17] introduced and studied the notions of soft
semi-compactness and soft semi-connectedness. So, the
main aim of this paper is to study the relation between
soft ideals and some types of weak soft compactness. We
initiate new types of soft compactness modulo an soft
ideal that generalize the concepts, soft semi-compact, soft
S-closed, soft semi S-closed, soft semi-lindel ¨of and other
types of soft compactness. Moreover, we study some of
their properties and characterizations. This paper, not
only can form the theoretical basis for further applications
of topology on soft sets, but also lead to the development
of information systems.

2 Preliminaries

In this section, we present the basic definitions and results
of soft set theory which will be needed in the sequel.

Definition 2.1.[22] Let X be an initial universe andE be
a set of parameters. LetP(X) denote the power set ofX
andA be a non-empty subset ofE. A pair (F,A) denoted
by FA is called a soft set overX , whereF is a mapping
given byF : A → P(X). In other words, a soft set overX
is a parametrized family of subsets of the universeX . For
a particulare ∈ A , F(e) may be considered the set ofe-
approximate elements of the soft set(F,A) and if e 6∈ A,
thenF(e) = φ i.e
FA = {F(e) : e ∈ A ⊆ E, F : A → P(X)}. The family of all
these soft sets overX denoted bySS(X)A.

Definition 2.2.[20] Let FA, GB ∈ SS(X)E . ThenFA is soft
subset ofGB, denoted byFA⊆̃GB, if

(1)A ⊆ B, and
(2)F(e)⊆ G(e), ∀e ∈ A.

In this case,FA is said to be a soft subset ofGB andGB is
said to be a soft superset ofFA, GB⊇̃FA.

Definition 2.3.[20] Two soft subsetFA and GB over a
common universe setX are said to be soft equal ifFA is a
soft subset ofGB andGB is a soft subset ofFA.

Definition 2.4.[5] The complement of a soft set(F,A),
denoted by (F,A)′, is defined by (F,A)′ = (F ′

,A),
F ′ : A → P(X) is a mapping given byF ′(e) = X −F(e),
∀e ∈ A andF ′ is called the soft complement function of
F .
Clearly(F ′)′ is the same asF and((F,A)′)′ = (F,A).

Definition 2.5.[28] The difference between two soft sets
(F,E) and(G,E) over the common universeX , denoted by
(F,E)− (G,E) is the soft set(H,E) where for alle ∈ E,
H(e) = F(e)−G(e).

Definition 2.6.[28] Let (F,E) be a soft set overX andx ∈
X . We say thatx ∈ (F,E) read asx belongs to the soft set
(F,E) wheneverx ∈ F(e) for all e ∈ E.

Definition 2.7.[20] A soft set(F,A) overX is said to be a
NULL soft set denoted bỹφ or φA if for all e∈A, F(e) = φ
(null set).

Definition 2.8.[20] A soft set(F,A) overX is said to be an
absolute soft set denoted byÃ or XA if for all e∈A, F(e) =
X . Clearly we haveX ′

A = φA andφ ′
A = XA.

Definition 2.9.[20] The union of two soft sets(F,A) and
(G,B) over the common universeX is the soft set(H,C),
whereC = A∪B and for alle ∈C,

H(e) =







F(e), e ∈ A−B,
G(e), e ∈ B−A,
F(e)∪G(e), e ∈ A∩B .

Definition 2.10.[20] The intersection of two soft sets
(F,A) and(G,B) over the common universeX is the soft
set (H,C), where C = A ∩ B and for all e ∈ C,
H(e) = F(e) ∩ G(e). Note that, in order to efficiently
discuss, we consider only soft sets(F,E) over a universe
X in which all the parameter setE are same. We denote
the family of these soft sets bySS(X)E .

Definition 2.11.[34] Let I be an arbitrary indexed set and
L = {(Fi,E), i ∈ I} be a subfamily ofSS(X)E .

(1)The union of L is the soft set (H,E), where
H(e) =

⋃

i∈I Fi(e) for each e ∈ E . We write
˜⋃

i∈I(Fi,E) = (H,E).
(2)The intersection ofL is the soft set(M,E), where

M(e) =
⋂

i∈I Fi(e) for each e ∈ E . We write
˜⋂

i∈I(Fi,E) = (M,E).

Definition 2.12.[28] Let τ be a collection of soft sets over
a universeX with a fixed set of parametersE, thenτ ⊆

SS(X)E is called a soft topology onX if

(1)X̃ , φ̃ ∈ τ, whereφ̃(e) = φ andX̃(e) = X , ∀e ∈ E,
(2)the union of any number of soft sets inτ belongs toτ,
(3)the intersection of any two soft sets inτ belongs toτ.

The triplet(X ,τ ,E) is called a soft topological space over
X .

Definition 2.13.[27] Let (X ,τ ,E) be a soft topological
space. A soft set(F,A) overX is said to be closed soft set
in X , if its relative complement(F,A)′ is an open soft set.
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Definition 2.14.[27] Let(X ,τ ,E) be a soft topological
space. The members ofτ are said to be open soft sets in
X . We denote the set of all open soft sets overX by
OS(X ,τ ,E), or when there can be no confusion byOS(X)

and the set of all closed soft sets byCS(X ,τ ,E), or
CS(X).

Definition 2.15.[28] Let (X ,τ ,E) be a soft topological
space and(F,E) ∈ SS(X)E . The soft closure of(F,E),
denoted bycl(F,E) is the intersection of all closed soft
super sets of(F,E). Clearlycl(F,E) is the smallest closed
soft set overX which contains(F,E) i.e
cl(F,E) = ∩̃{(H,E) :
(H,E) is closed so f t set and (F,E)⊆̃(H,E)}).

Definition 2.16.[34] Let (X ,τ ,E) be a soft topological
space and(F,E) ∈ SS(X)E . The soft interior of(G,E),
denoted byint(G,E) is the union of all open soft subsets
of (G,E). Clearly int(G,E) is the largest open soft set
overX which contained in(G,E) i.e
int(G,E) = ∪̃{(H,E) :
(H,E) is an open so f t set and (H,E)⊆̃(G,E)}).

Definition 2.17.[34] The soft set(F,E) ∈ SS(X)E is called
a soft point inXE if there existx ∈ X ande ∈ E such that
F(e) = {x} andF(e′) = φ for eache′ ∈ E −{e}, and the
soft point(F,E) is denoted byxe.

Proposition 2.1.[29] The union of any collection of soft
points can be considered as a soft set and every soft set
can be expressed as union of all soft points belonging to it.

Definition 2.18.[34] The soft point xe is said to be
belonging to the soft set(G,A), denoted byxe∈̃(G,A), if
for the elemente ∈ A, F(e)⊆ G(e).

Definition 2.19.[34] A soft set(G,E) in a soft topological
space(X ,τ ,E) is called a soft neighborhood (briefly: nbd)
of the soft pointxe∈̃XE if there exists an open soft set
(H,E) such thatxe∈̃(H,E)⊆̃(G,E).
A soft set(G,E) in a soft topological space(X ,τ ,E) is
called a soft neighborhood of the soft(F,E) if there exists
an open soft set(H,E) such that(F,E)∈̃(H,E)⊆̃(G,E).
The neighborhood system of a soft pointxe, denoted by
Nτ(xe), is the family of all its neighborhoods.

Theorem 2.1.[31] Let (X ,τ ,E) be a soft topological space.
For any soft pointxe, xe∈̃cl(F,E) if and only if each soft
neighborhood ofxe intersects(F,E).

Definition 2.20.[28] Let (X ,τ ,E) be a soft topological
space andY be a non null subset ofX . ThenỸ denotes the
soft set(Y,E) overX for whichY (e) = Y ∀e ∈ E.

Definition 2.21.[28] Let (X ,τ ,E) be a soft topological
space,(F,E) ∈ SS(X)E andY be a non null subset ofX .
Then the sub soft set of(F,E) overY denoted by(FY ,E),
is defined as follows:

FY (e) = Y ∩F(e) ∀e ∈ E.

In other words(FY ,E) = Ỹ ∩̃(F,E).

Definition 2.22.[28] Let (X ,τ ,E) be a soft topological
space andY be a non null subset ofX . Then

τY = {(FY ,E) : (F,E) ∈ τ}

is said to be the soft relative topology onY and(Y,τY ,E)
is called a soft subspace of(X ,τ ,E).
Theorem 2.2.[28] Let (Y,τY ,E) be a soft subspace of a
soft topological space(X ,τ ,E) and(F,E)∈ SS(X)E . Then

(1)If (F,E) is an open soft set inY andỸ ∈ τ, then(F,E)∈
τ.

(2)(F,E) is an open soft set inY if and only if (F,E) =
Ỹ ∩̃(G,E) for some(G,E) ∈ τ.

(3)(F,E) is a closed soft set inY if and only if (F,E) =
Ỹ ∩̃(H,E) for some(H,E) is τ-closed soft set.

Definition 2.23.[11] Let (X ,τ ,E) be a soft topological
space. A mappingγ : SS(X)E → SS(X)E is said to be an
operation onOS(X) if FE⊆̃γ(FE) ∀ FE ∈ OS(X). The
collection of all γ-open soft sets is denoted by
OS(γ) = {FE : FE⊆̃γ(FE),FE ∈ SS(X)E}. Also, the
complement ofγ-open soft set is calledγ-closed soft set,
i.e
CS(γ) = {F ′

E : FE is a γ − openso f t set,FE ∈ SS(X)E} is
the family of allγ-closed soft sets.

Definition 2.24.[11] Let (X ,τ ,E) be a soft topological
space. Different cases ofγ-operations onSS(X)E are as
follows:

(1)If γ = int(cl), thenγ is called pre-open soft operator.
We denote the set of all pre-open soft sets by
POS(X ,τ ,E), or when there can be no confusion by
POS(X) and the set of all pre-closed soft sets by
PCS(X ,τ ,E), or PCS(X).

(2)If γ = int(cl(int)), then γ is called α-open soft
operator. We denote the set of allα-open soft sets by
αOS(X ,τ ,E), or αOS(X) and the set of allα-closed
soft sets byαCS(X ,τ ,E), or αCS(X).

(3)If γ = cl(int), thenγ is called semi open soft operator.
We denote the set of all semi open soft sets by
SOS(X ,τ ,E), or SOS(X) and the set of all semi closed
soft sets bySCS(X ,τ ,E), or SCS(X).

(4)If γ = cl(int(cl)), thenγ is calledβ -open soft operator.
We denote the set of allβ -open soft sets by
βOS(X ,τ ,E), or βOS(X) and the set of allβ -closed
soft sets byβCS(X ,τ ,E), or βCS(X).

Definition 2.25.[11] Let (X ,τ ,E) be a soft topological
space,(F,E) ∈ SS(X)E andxe ∈ SS(X)E . Then
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(1)xe is called a γ- interior soft point of (F,E) if ∃

(G,E) ∈ OS(γ) such thatxe ∈ (G,E)⊆̃(F,E), the set
of all γ-interior soft points of(F,E) is called the
γ-soft interior of (F,E) and is denoted by
γ − Sint(F,E) consequently, γ − Sint(F,E) =
˜⋃{(G,E) : (G,E)⊆̃(F,E), (G,E) ∈ OS(γ)}.

(2)xe is called a γ-cluster soft point of (F,E) if
(F,E)∩̃(H,E) 6= φ̃ ∀ (H,E) ∈ OS(γ). The set of all
γ-cluster soft points of(F,E) is calledγ-soft closure
of (F,E) and is denoted by γ − Scl(F,E)
consequently,γ − Scl(F,E) = ˜⋂{(H,E) : (H,E) ∈

CS(γ), (F,E)⊆̃(H,E)}.

Definition 2.26.[3] Let SS(X)A andSS(Y )B be families of
soft sets,u : X → Y andp : A → B be mappings. Letfpu :
SS(X)A → SS(Y )B be a mapping. Then;

(1)If (F,A) ∈ SS(X)A. Then the image of(F,A) under fpu,
written as fpu(F,A) = ( fpu(F), p(A)), is a soft set in
SS(Y )B such that
fpu(F)(b) =
{

∪a∈p−1(b)∩A u(F(a)), p−1(b)∩A 6= φ ,
φ , otherwise.

for all b ∈ B.
(2)If (G,B) ∈ SS(Y )B. Then the inverse image of(G,B)

under fpu, written as f−1
pu (G,B) = ( f−1

pu (G), p−1(B)),
is a soft set inSS(X)A such that

f−1
pu (G)(a) =

{

u−1(G(p(a))), p(a) ∈ B,
φ , otherwise.

for all a ∈ A.

The soft function fpu is called surjective ifp and u are
surjective, also is said to be injective ifp and u are
injective.

Definition 2.27.[11,17,34] Let (X ,τ1,A) and(Y,τ2,B) be
soft topological spaces andfpu : SS(X)A → SS(Y )B be a
function. Then The functionfpu is called

(1)Continuous soft iff−1
pu (G,B) ∈ τ1 ∀ (G,B) ∈ τ2.

(2)Open soft iffpu(G,A) ∈ τ2∀ (G,A) ∈ τ1.
(3)Semi open soft iffpu(G,A) ∈ SOS(Y )∀ (G,A) ∈ τ1.
(4)Semi continuous soft function if

f−1
pu (G,B) ∈ SOS(X)∀ (G,B) ∈ τ2.

(5)Irresolute soft if f−1
pu (G,B) ∈ SOS(X)∀ (G,B) ∈

SOS(Y )[ f−1
pu (F,B) ∈ SCS(X)∀ (F,B) ∈ SCS(Y )].

(6)Irresolute open soft (resp. irresolute closed soft) if
fpu(G,A) ∈ SOS(Y )∀ (G,A) ∈

SOS(X)(resp. fpu(F,A) ∈ SCS(Y )∀ (F,A) ∈ SCS(Y )).

Theorem 2.3.[3] Let SS(X)A and SS(Y )B be families of
soft sets. For the soft functionfpu : SS(X)A → SS(Y )B,
the following statements hold,

(a)f−1
pu ((G,B)′) = ( f−1

pu (G,B))′∀ (G,B) ∈ SS(Y )B.

(b) fpu( f−1
pu ((G,B)))⊆̃(G,B)∀ (G,B) ∈ SS(Y )B. If fpu is

surjective, then the equality holds.
(c)(F,A)⊆̃ f−1

pu ( fpu((F,A)))∀ (F,A) ∈ SS(X)A. If fpu is
injective, then the equality holds.

Definition 2.28.[7] Let (X ,τ ,E) be a soft topological
space andx,y ∈ X such thatx 6= y. Then(X ,τ ,E) is called
soft Hausdorff space or softT2 space if there exist open
soft sets(F,E) and(G,E) such thatx ∈ (F,E), y ∈ (G,E)
and(F,E)∩̃(G,E) = φ̃
Definition 2.29.[10]. A non-empty collectionI of subsets
of a setX is called an ideal onX , if it satisfies the following
conditions

(1)A ∈ I andB ∈ I ⇒ A∪B ∈ I,
(2)A ∈ I andB ⊆ A ⇒ B ∈ I,

i.e. I is closed under finite unions and subsets.

Definition 2.30.[12] Let Ĩ be a non-null collection of soft
sets over a universeX with a fixed set of parametersE,
thenĨ ⊆ SS(X)E is called a soft ideal onX with a fixed set
E if

(1)(F,E) ∈ Ĩ and(G,E) ∈ Ĩ ⇒ (F,E)∪̃(G,E) ∈ Ĩ,
(2)(F,E) ∈ Ĩ and(G,E)⊆̃(F,E)⇒ (G,E) ∈ Ĩ,

i.e. Ĩ is closed under finite soft unions and soft subsets.

Examples 2.1.[12] Let X be a universe set. Then each of
the following families is a soft ideal overX with the same
set of parametersE,

(1)Ĩ = {φ̃},
(2)Ĩ = SS(X)E = {(F,E) : (F,E);

is a so f t set over X with the f ixed set o f parameters E},
(3)Ĩ f = {(F,E) ∈ SS(X)E : (F,E) is f inite}, called soft

ideal of finite soft sets,
(4)Ĩc = {(F,E)∈ SS(X)E : (F,E) is countable}, called soft

ideal of countable soft sets,
(5)Ĩ(F,E) = {(G,E) ∈ SS(X)E : (G,E)⊆̃(F,E)}.
(6)Ĩn = {(G,E)∈ SS(X)E : int(cl(G,E)) = φ̃}, called soft

ideal of nowhere dense soft sets in(X ,τ ,E).

Definition 2.31.[34] A family Ψ of soft sets is called a soft
cover of a soft set(F,E) if

(F,E)⊆̃∪̃{(Fi,E) : (Fi,E) ∈Ψ , i ∈ I}.

It is an open soft cover if each member ofΨ is an open
soft set. A soft subcover ofΨ is a subfamily ofΨ which is
also a soft cover of(F,E).

Definition 2.32.[34] A family Ψ of soft sets is said to be
have the finite intersection property (FIP for short) if the
soft intersection of the members of each finite subfamily
of Ψ is not null soft set.
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Definition 2.33.[34] A soft topological space(X ,τ ,E) is
called soft compact space if each open soft cover ofX̃ has
a finite soft subcover.

Definition 2.34.[31] A soft topological space(X ,τ ,E) is
called soft lindel ¨of if each open soft cover of̃X has a soft
countable subcover.

Definition 2.35.[17] A soft topological space(X ,τ ,E) is
called soft semi compact space if each soft cover by semi
open soft sets of̃X has a finite soft subcover.

3 Soft semi-̃I-compact spaces

Definition 3.1.A soft subset(F,E) of the space(X ,τ,E, Ĩ)
is said to be soft̃I-compact if every soft cover{(Gα ,E) :
α ∈ Λ} of (F,E) by open soft sets, there exists a finite
subsetΛo of Λ such that(F,E)\∪̃α∈Λo(Gα ,E) ∈ Ĩ. The
space(X ,τ ,E, Ĩ) is said to be soft̃I-compact ifX̃ is soft
Ĩ-compact as a soft subset.

Proposition 3.1.

(1)Every soft compact soft topological space(X ,τ ,E) is
soft Ĩ- compact for any soft ideal̃I on X̃ .

(2)If Ĩ = {φ̃}, then(X ,τ ,E) is soft compact⇔ it is soft
Ĩ-compact.

(3)If the ⋆-soft topology(X ,τ∗,E) is soft Ĩ-compact, then
the soft topology(X ,τ,E) is soft Ĩ-compact.

Proof. Immediate.

Theorem 3.1.Let (X ,τ ,E) be a soft topological space,Ĩ
be a soft ideal onX with the same set of parametersE and
(X ,τ∗,E) be its⋆-soft topological space. Then(X ,τ ,E) is
soft Ĩ-compact if and only if(X ,τ∗,E) is soft Ĩ-compact.

Proof. Let (X ,τ ,E) be a soft Ĩ-compact and
{(Gα ,E) : α ∈ Λ} be τ∗-open soft cover ofX̃ . Then
(Gα ,E) = (Vα ,E)− (Iα ,E) ∀α ∈ Λ , where(Vα ,E) ∈ τ
and (Iα ,E) ∈ Ĩ. It follows that {(Vα ,E) : α ∈ Λ} is a
τ-open soft cover ofX̃ . Thus by softĨ-compactness of
(X ,τ ,E), ∃Λo ⊆ Λ finite such thatX̃ −∪̃α∈Λo(Vα ,E) ∈ Ĩ.
So X̃ − ∪̃α∈Λo(Gα ,E) = X̃ − ∪̃α∈Λo [(Vα ,E) −

(Iα ,E)]⊆̃[X̃ − ∪̃α∈Λo(Vα ,E)]∪̃[∪̃α∈Λo(Iα ,E)] ∈ Ĩ, where
(Iα ,E) ∈ Ĩ ∀ α ∈ Λ . Hence(X ,τ∗,E) is soft Ĩ-compact.
The necessary of the theorem follows from Proposition
3.1 (3).

Theorem 3.2.Let (X ,τ ,E) be a soft topological space,Ĩ
be a soft ideal onX with the same set of parametersE and
(X ,τ∗,E) be its ⋆-soft topological space. Then the
following implications hold.

(X ,τ∗,E) is soft compact⇒ (X ,τ ,E) is soft compact
⇓ ⇓

(X ,τ∗,E) is soft Ĩ-compact⇔ (X ,τ ,E) is soft Ĩ-compact
Proof. Immediate from Proposition 3.1 and Theorem

3.1.

Definition 3.2.A family Ψ of semi open soft sets is called
a semi open soft cover of a soft set(F,E) if

(F,E)⊆̃∪̃{(Fi,E) : (Fi,E) ∈Ψ , i ∈ I}.

A semi open soft subcover ofΨ is a subfamily ofΨ which
is also a semi open soft cover of(F,E).

Definition 3.3.A soft subset (F,E) of the space
(X ,τ ,E, Ĩ) is said to be soft semi-Ĩ-compact if for every
semi open cover{(Gα ,E) : α ∈ Λ} of (F,E) there exists
a finite subsetΛo of Λ such that

(F,E)−∪̃α∈Λo(Gα ,E) ∈ Ĩ.

The space(X ,τ ,E, Ĩ) is said to be soft semi-Ĩ-compact if
X̃ is soft semi-̃I-compact as a soft subset.

Proposition 3.2. Let (X ,τ ,E, Ĩ) be a soft topological
space with soft ideal with the same set of parametersE
and(X ,τ∗,E) its ⋆-soft topology. Then:

(1)If (X ,τ ,E, Ĩ) is a soft semi-̃I-compact, then it is soft̃I-
compact.

(2)If (X ,τ∗,E) is a soft semi-̃I-compact, then(X ,τ ,E) is
also soft semi-compact.

Proof. Immediate.

Theorem 3.3.A soft topological space(X ,τ ,E) is soft
semi compact if and only if (X ,τ ,E, Ĩ f ) is soft
semi-̃I f -compact, wherẽI f is the soft ideal of finite soft
subsets of̃X .

Proof. Let (X ,τ ,E) be a soft semi compact
topological space and let{(Gα ,E) : α ∈ Λ} be a semi
open soft cover of̃X . Then there exists a finite subsetΛo

of Λ such that X̃ = ∪̃α∈Λo(Gα ,E). It follows that
X̃ − ∪̃α∈Λo(Gα ,E) = φ̃ ∈ Ĩ f . Hence(X ,τ ,E, Ĩ f ) is soft
semi-̃I f -compact.
Conversely, let(X ,τ ,E, Ĩ f ) be a soft semi-̃I f -compact and
let {(Gα ,E) : α ∈ Λ} be a semi open soft cover of̃X .
Then there exists a finite subsetΛo of Λ such that
X̃ −∪̃α∈Λo(Gα ,E) ∈ Ĩ f . ThusX̃ = ∪̃α∈Λo(Gα ,E). Hence
(X ,τ ,E) is soft semi compact.

Theorem 3.4. Let (X ,τ ,E, Ĩ) be a soft semi-̃I-compact
space andJ̃ be a soft ideal onX with the same set of
parametersE such thatĨ ⊆ J̃. Then (X ,τ,E, J̃) is a soft
semi-J̃-compact.

Proof. Immediate.

Definition 3.4. A soft subset(F,E) of the soft topological
space(X ,τ ,E) is said to be soft S-closed if each semi open
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soft cover of(F,E) has a finite soft subcover whose soft
closure covers(F,E). The space(X ,τ ,E) is said to be soft
S-closed ifX̃ is soft S-closed as a soft subset.

Definition 3.5.A soft subset(F,E) of the soft topological
space(X ,τ ,E) is said to be soft semi S-closed if each
semi open soft cover of(F,E) has a finite semi open soft
subcover whose semi soft closure covers(F,E). The
space(X ,τ ,E) is said to be semi S-closed soft ifX̃ is a
semi S-closed soft as a soft subset.

Definition 3.6. A soft subset(F,E) of the soft topological
space(X ,τ ,E) is said to be soft Quasi H-closed (soft QHC
for short) if each open soft cover of(F,E) has a finite semi
open soft subcover whose soft closure covers(F,E). The
space(X ,τ ,E) is said to be soft QHC if̃X is soft QHC as
a soft subset.

Theorem 3.5. If the space (X ,τ ,E, Ĩ f ) is soft
semi-̃I f -compact, then(X ,τ ,E) is soft S-closed (resp. soft
semi S-closed, soft QHC).

Proof. We give the proof for the case of soft S-closed.
Let {(Gα ,E) : α ∈ Λ} be a semi open soft cover of̃X .
Then there exists a finite subsetΛo of Λ such that
X̃ − ∪̃α∈Λo(Gα ,E) ∈ Ĩ f . This means that
X̃ = ∪̃α∈Λo(Gα ,E) ⊆ ∪̃α∈Λocl(Gα ,E). Hence
X̃ = ∪̃α∈Λocl(Gα ,E). Therefore(X ,τ ,E) is soft S-closed
soft. The rest of the proof is similar.

Theorem 3.6.Let (X ,τ ,E, Ĩ) be a soft topological space
with soft ideal. IfĨn ⊆ Ĩ and(X ,τ ,E) is soft S-closed, then
(X ,τ ,E) is soft semi-̃I-compact.

Proof. Let {(Gα ,E) : α ∈ Λ} be a semi open soft
cover ofX̃ . Then there exists a finite subsetΛo of Λ such
that X̃ = ∪̃α∈Λocl(Gα ,E)⊆̃∪̃α∈Λocl(int(Gα ,E)), where
(Gα ,E) ∈ SOS(X). It follows that
X̃ = ∪̃α∈Λocl(int(Gα ,E)). Hence X̃ −

∪̃α∈Λocl(int(Gα ,E))⊆̃X̃∩̃int(cl(∪̃α∈Λo(Gα ,E))′)⊆̃int(cl(X̃−

∪̃α∈Λocl(Gα ,E))) = φ̃ . Thus
X̃ −∪̃α∈Λocl(Gα ,E) ∈ Ĩn ⊆ Ĩ. Therefore,(X ,τ ,E) is soft
semi-̃I-compact.

Theorem 3.7.
Let (X ,τ ,E) be a soft topological space. Then(X ,τ ,E)

is soft semi-̃In-compact if and only if(X ,τ ,E) is soft S-
closed.

Proof. Let {(Gα ,E) : α ∈ Λ} be a semi open soft
cover ofX̃ . Then there exists a finite subsetΛo of Λ such
that X̃ − ∪̃α∈Λo(Gα ,E) ∈ Ĩn which implies
φ̃ = int(cl(X̃ − ∪̃α∈Λo(Gα ,E))) =

int(cl(X̃∩̃[∩̃α∈Λo(Gα ,E)′)])⊇̃int(X̃∩̃[∩̃α∈Λo int(cl(Gα ,E)′)])=
X̃∩̃[∪̃α∈Λo int(cl(Gα ,E)′)] =

X̃∩̃[∩̃α∈Λo int(cl(Gα ,E)′)] = X̃ − (∪̃α∈Λocl(int(Gα ,E))),
where (G,E)′SCS(X) ∈. Hence

X̃ = ∪̃α∈Λocl(int((Gα ,E)))⊆̃∪̃α∈Λocl((Gα ,E)). It
follows thatX̃ = ∪̃α∈Λocl((Gα ,E)). Thus(X ,τ ,E) is soft
S-closed.
Conversely, Let{(Gα ,E) : α ∈ Λ} be a semi open soft
cover ofX̃ . Then there exists a finite subsetΛo of Λ such
that X̃ = ∪̃α∈Λocl((Gα ,E)). So
X̃ − ∪̃α∈Λocl((Gα ,E)) = X̃∩̃[∩̃α∈Λo int(Gα ,E)′] = φ̃ .
Since (Gα ,E)′ ∈ SCS(X). Then
X̃ − ∪̃α∈Λocl(int(Gα ,E)) =

X̃∩̃[∩̃α∈Λo int(int(cl(Gα ,E)′))]⊆̃X̃∩̃[∩̃α∈Λo int(Gα ,E)′)=
φ̃ . This implies that
φ̃ = int(cl(X̃ − ∪̃α∈Λocl(int(Gα ,E)))) =

int(cl(X̃∩̃[∩̃α∈Λo int(cl(Gα ,E)′)]))⊇̃int(cl(X̃ −

∪̃α∈Λo(Gα ,E))). It follows that X̃ − ∪̃α∈Λo(Gα ,E) ∈ Ĩn.
Thus (X ,τ ,E) is soft semi-̃In-compact which completes
the proof.

Definition 3.7. A soft subset(F,E) of the topological
space(X ,τ ,E) is soft semi lindel ¨of if each semi open soft
cover ofX̃ has a soft countable subcover.

Theorem 3.8. If the space (X ,τ ,E, Ĩc) is soft
semi-̃Ic-compact, then the space(X ,τ ,E) is soft semi
lindelöf, where Ĩc is the soft ideal of countable soft
subsets of̃X .

Proof. Let {(Gα ,E) : α ∈ Λ} be a semi open soft
cover ofX̃ . Then there exists a finite subsetΛo of Λ such
that X̃ − ∪̃α∈Λo(Gα ,E) ∈ Ĩc. Since X̃ =

∪̃[X̃ − ∪̃α∈Λo(Gα ,E)] = ∩̃[X̃∪̃(∩̃α∈Λo(Gα ,E))′] = X̃ .
This means thatX̃ − ∪̃α∈Λo(Gα ,E) is a soft countable
subcover ofX̃ . Therefore(X ,τ ,E) is soft semi lindel ¨of.

Corollary 3.1. If the space (X ,τ ,E, Ĩc) is soft
semi-̃Ic-compact, then the space(X ,τ ,E) is soft lindelöf.

Proof. Immediate from Theorem 3.8.

Theorem 3.9.Let (X1,τ1,A, Ĩ) be a soft topological space
with soft ideal,(X2,τ2,B) be a soft topological space and
fpu : (X1,τ1,A, Ĩ) → (X2,τ2,B) be a soft function. Then
fpu(Ĩ) = { fpu((F,A)) : (F,A) ∈ Ĩ} is a soft ideal onX2.

Proof. Obvious.

Theorem 3.10.Let (X1,τ1,A, Ĩ) be a soft topological space
with soft ideal,(X2,τ2,B) be a soft topological space and
fpu : (X1,τ1,A, Ĩ) → (X2,τ2,B) be an irresolute surjective
soft function. If (X1,τ1,A) is soft semi-̃I- compact, then
(X2,τ2,B) is soft semi-fpu(Ĩ)-compact.

Proof. Let {(Gα ,B) : α ∈ Λ} be aτ2-semi open soft
cover of X̃2. Since fpu is an irresolute soft function, then
{ f−1

pu (Gα ,B) : α ∈ Λ} is aτ1-semi open soft cover of̃X1.
By hypothesis, there exists a finite subsetΛo of Λ such
that X̃1 − ∪̃{ f−1

pu (Gα ,B) : α ∈ Λo} ∈ Ĩ. This implies that
fpu[X̃1 − ∪̃{ f−1

pu (Gα ,B) : α ∈ Λo}] =

X̃2−∪̃α∈Λo(Gα ,B) ∈ fpu(Ĩ) from Theorem 2.3. Therefore
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(X2,τ2,B) is soft semi-fpu(Ĩ)-compact.

The following theorem gives the sufficient
condition for the inverse image of a soft ideal to be a soft
ideal.

Theorem 3.11. Let (X1,τ1,A, (X2,τ2,B) be soft
topological spaces,fpu : (X1,τ1,A,) → (X2,τ2,B) be an
injective soft function andJ̃ be a soft ideal onX2. Then
f−1
pu (J̃) is a soft ideal onX1.

Proof. Obvious.

Theorem 3.12.Let (X1,τ1,A) be a soft topological space,
(X2,τ2,B, J̃) be a soft topological space with soft ideal and
fpu : (X1,τ1,A) → (X2,τ2,B, J̃) be a bijection irresolute
open soft function. If(X2,τ2,B) is soft semi-̃J-compact,
then(X1,τ1,A) is soft semi-f−1

pu (J̃)-compact.
Proof. Let {(Gα ,A) : α ∈ Λ} be aτ1-semi open soft

cover of X̃1. Since fpu is a bijection irresolute open soft
function, then{ fpu(Gα ,A) : α ∈ Λ} is a τ2-semi open
soft cover ofX̃2. By hypothesis, there exists a finite subset
Λo of Λ such thatX̃2−∪̃{ fpu(Gα ,A) : α ∈ Λo} ∈ Ĩ. This
implies that f−1

pu [X̃2 − ∪̃{ fpu(Gα ,A) : α ∈ Λo}] =

X̃1−∪̃α∈Λo(Gα ,A) ∈ f−1
pu (J̃) from Theorem2. Therefore

(X1,τ1,A) is soft semi-f−1
pu (J̃)-compact.

Theorem 3.13.Let (X ,τ ,E, Ĩ) be a soft topological space
with soft ideal. Then the following are equivalent:

(1)(X ,τ ,E) is soft semi-̃I-compact.
(2)For every family{(Fj,E) : j ∈ J} of semi closed soft

subsets ofX̃ for which ∩̃{(Fj,E) : j ∈ J} = φ̃ , there
exists finiteJo ⊆ J such that∩̃{(Fj,E) : j ∈ Jo} ∈ Ĩ.

Proof.

(1) ⇒ (2){(Fj,E) : j ∈ J} be a family of semi closed
soft sets ofX̃ such that∩̃{(Fj,E) : j ∈ Jo} = φ̃ . Then
{X̃ − (Fj,E) : j ∈ J} is a family of semi open soft sets
of X̃ such thatX̃ = ∪̃{X̃ − (Fj,E) : j ∈ J}. By (1),
there exists finite Jo ⊆ J such that
X̃ − (∪̃{X̃ − (Fj,E) : j ∈ Jo}) ∈ Ĩ, i.e
X̃ − (X̃∪̃(∩̃ j∈Jo(Fj,E)′) = X̃ − (X̃∩̃(∪̃ j∈Jo(Fj,E)′) =
X̃ − (X̃∩̃(∩̃ j∈Jo(Fj,E))′) = X̃ − (X̃ − ∩̃ j∈Jo(Fj,E)) =
∩̃ j∈Jo(Fj,E) ∈ Ĩ.

(2) ⇒ (1)Suppose that{(G j,E) : j ∈ J} be a family of
semi open soft cover of̃X . Then{X̃ − (G j,E) : j ∈ J}
is a family of semi closed soft sets ofX̃ with ∩̃ j∈J(X̃ −

(G j,E)) = φ̃ . By (2), there exists finiteJo ⊆ J such
that∩̃ j∈J(X̃ −(G j,E))∈ Ĩ. Thus∩̃ j∈Jo(X̃ −(G j,E)) =
X̃ −∪̃ j∈Jo(G j,E)∈ Ĩ. Therefore,(X ,τ ,E) is soft semi-
Ĩ-compact.

Remark 3.1. If Ĩ = φ̃ in the previous theorem, we obtain
the standard characterizations of soft semi-compactness
which mentioned in [17].

Definition 3.8. Let (X ,τ ,E) be a soft topological space
and (F,E) ∈ SS(X)E . Then(F,E) is called regular open
soft set (resp. regular closed soft set) if
(F,E) = int(cl(F,E)) (resp. (F,E) = cl(int(F,E))). We
denote the set of all regular open soft sets by
ROS(X ,τ ,E), or when there can be no confusion by
ROS(X) and the set of all regular closed soft sets by
RCS(X ,τ ,E), or RCS(X).

Theorem 3.14.If (X ,τ ,E, Ĩ) soft semi-̃I-compact, then for
every cover{(Fj,E) : j ∈ J} of regular closed soft subsets
of X̃ , there exists finiteJo ⊆ J such thatX̃ −∪̃{(Fj,E) : j ∈
Jo} ∈ Ĩ.

Proof. Let{(Fj,E) : j ∈ J} be a cover of regular closed
soft sets ofX̃ . Since every regular closed soft set is semi
open soft. Then{(Fj,E) : j ∈ J} is a cover of semi open
soft sets ofX̃ . By hypothesis, there exists finiteJo ⊆ J such
thatX̃ −∪̃{(Fj,E) : j ∈ Jo} ∈ Ĩ.

Theorem 3.15.Let (X ,τ ,E, Ĩ) be a soft topological space
with soft ideal. If(X ,τ ,E) is soft semi-̃I-compact, then for
every pre open soft cover{(Fj,E) : j ∈ J} of X̃ , there exists
finite Jo ⊆ J such thatX̃ −∪̃{cl(Fj,E) : j ∈ Jo} ∈ Ĩ.

Proof. Let {(Fj,E) : j ∈ J} be a pre open soft cover of
X̃ . Since the soft closure of each pre open soft set is semi
open soft. Then{cl(Fj,E) : j ∈ J} is a cover of semi open
soft sets ofX̃ . By hypothesis, there exists finiteJo ⊆ J such
thatX̃ −∪̃{(Fj,E) : j ∈ Jo} ∈ Ĩ.

Corollary 3.2. If (X ,τ ,E, Ĩ) is soft semi-̃I-compact, then
any pre closed family{(Fj,E) : j ∈ J} for which
∩̃{(Fj,E) : j ∈ J} = φ̃ , there exists finiteJo ⊆ J such that
∩̃{int(Fj,E) : j ∈ Jo} ∈ Ĩ.

Proof. Let {(Fj,E) : j ∈ J} be a family of pre closed
soft subsets of̃X such that∩̃{(Fj,E) : j ∈ J} = φ̃ . Then
∪̃{X̃ − (Fj,E) : j ∈ J} is a family of pre open soft sets of
X̃ . Then there exists finite Jo ⊆ J such that
X̃ −∪̃{cl(X̃ − (Fj,E)) : j ∈ Jo}= ∩̃{int(Fj,E) : j ∈ Jo} ∈

Ĩ from Theorem 3.15.

4 Soft countably semi-̃I-compactness spaces

Definition 4.1. A soft subset (F,E) of the space
(X ,τ ,E, Ĩ) is said to be soft countably-Ĩ-compact if and
only if for every countable soft cover{(Gα ,E) : α ∈ Λ}

of (F,E) by open soft sets, there exists a finite subsetΛo

of Λ such that(F,E)−∪̃α∈Λo(Gα ,E) ∈ Ĩ.
The space (X ,τ ,E, Ĩ) is said to be soft
countably-̃I-compact ifX̃ is soft countablỹI-compact as a
soft subset.

Definition 4.2.A soft subset(F,E) of the space(X ,τ ,E, Ĩ)
is said to be soft countably semi-Ĩ-compact if and only if
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for every countable soft cover{(Gα ,E) : α ∈Λ} of (F,E)
by semi open soft sets, there exists a finite subsetΛo of Λ
such that(F,E)−∪̃α∈Λo(Gα ,E) ∈ Ĩ.
The space(X ,τ ,E, Ĩ) is said to be soft countably semi-Ĩ-
compact ifX̃ is soft countably semi-̃I-compact as a soft
subset.

From the previous Definition we have the following
proposition.

Proposition 4.1.

(1)A space(X ,τ ,E, Ĩ) is soft countably semi-〈φ̃〉-compact
if and only if it is soft semi lindel ¨of.

(2)Every soft semi-̃I-compact space is soft countably
semi-̃I-compact.

(3)A space(X ,τ ,E) is soft semi lindel ¨of if and only if it is
soft countably semi-̃I f -compact.

(4)Every soft countably semi-Ĩ-compact space is soft
countably-̃I-compact.

Theorem 4.1.Let (X ,τ ,E, Ĩ) be a soft countably semi-Ĩ-
compact soft topological space andJ̃ be a soft ideal onX
with the same set of parametersE such thatĨ ⊆ J̃. Then
(X ,τ ,E, J̃) is a soft countably semi-̃J-compact.

Proof. Immediate.

Theorem 4.2. If (X ,τ ,E, Ĩ) is a soft countably
semi-̃I-compact and soft semi lindel ¨of, then(X ,τ ,E, Ĩ) is
a soft semi-̃I-compact.

Proof. Let {(Fj,E) : j ∈ J} be a semi open soft cover
of X̃ . Since X̃ is soft semi lindel ¨of, then there exists a
finite soft countable subcover{(Fj,E) : j ∈ Jo} such that
X̃ = ∪̃ j∈Jo(Fj,E). Since X̃ is soft countably
semi-̃I-compact, then(X ,τ ,E, Ĩ) is soft semi-̃I-compact.

Theorem 4.3.Let (X ,τ ,E, Ĩ) be a soft topological space
with soft ideal. Then the following are equivalent:

(1)(X ,τ ,E) is soft countably semi-̃I-compact.
(2)For every countably family{(Fj,E) : j ∈ J} of semi

closed soft subsets of̃X for which ∩̃{(Fj,E) : j ∈ J}=
φ̃ , there exists finiteJo ⊆ J such that∩̃{(Fj,E) : j ∈
Jo} ∈ Ĩ.

Proof. It is similar to the proof of Theorem 3.13.

Theorem 4.4.If (X ,τ ,E) is soft countably
semi-̃I-compact, then for every countable family
{(Fj,E) : j ∈ J} of regular closed soft subsets ofX̃ such
that ∩̃{(Fj,E) : j ∈ J} = φ̃ , there exists finiteJo ⊆ J such
thatX̃ −∪̃{(Fj,E) : j ∈ Jo} ∈ Ĩ.

Proof. It is similar to the proof of Theorem 3.14.

Theorem 4.5.Let (X1,τ1,A, Ĩ) be a soft topological space
with soft ideal,(X2,τ2,B) be a soft topological space and
fpu : (X1,τ1,A, Ĩ) → (X2,τ2,B) be an irresolute surjective

soft function. If (X1,τ1,A) is soft countably
semi-̃I-compact, then (X2,τ2,B) is soft countably
semi-fpu(Ĩ)-compact.

Proof.
It is similar to the proof of Theorem 3.10.

Theorem 4.6.Let (X1,τ1,A) be a soft topological space,
(X2,τ2,B, J̃) be a soft topological space with soft ideal and
fpu : (X1,τ1,A) → (X2,τ2,B, J̃) be a bijection irresolute
open soft function. If(X2,τ2,B) is soft countably semi-̃J-
compact, then(X1,τ1,A) is soft countably semi-f−1

pu (J̃)-
compact.

Proof.
It is similar to the proof of Theorem 3.12.

5 Conclusion

Topology is an important and major area of mathematics
and it can give many relationships between other
scientific areas and mathematical models. Recently, many
scientists have studied the soft set theory, which is
initiated by Molodtsov and easily applied to many
problems having uncertainties from social life. In the
present work, we have continued to study the properties
of soft topological spaces. we introduce the idea of new
types of soft compactness defined in terms of soft idealĨ
in a soft topological space(X ,τ ,E) namely, soft
Ĩ-compactness, soft semi-Ĩ-compactness, soft countably
Ĩ-compactness and soft countably semi-Ĩ-compactness.
Also, several of their topological properties are
investigated. Finally, some effects of various kinds of soft
functions on them are studied. and have established
several interesting properties. Because there exists
compact connections between soft sets and information
systems [26,30], we can use the results deducted from the
studies on soft topological space to improve these kinds
of connections. We see that this paper will help researcher
enhance and promote the further study on soft topology to
carry out a general framework for their applications in
practical life.
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