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Abstract: Smoothing functions can transform the unsmooth twin support vectdrimes(TWSVM) into smooth ones, and thus better
classification results can be obtained. It has been one of the key potdemek a better smoothing function in this field for a long time.
In this paper, a novel version for smooth TWSVM, termed polynomiaatmtwin support vector machines (PSTWSVM), is proposed.
In PSTWSVM, using the series expansion, a new class of polynomiabthing is proposed, and then their important properties are
discussed. It is shown that the approximation accuracy and smostharas of polynomial functions can be as high as required.
Subsequently, the polynomial functions are adopted to convert the @riginstrained quadratic programming problems of TWSVM
into unconstrained minimization problems, and then are solved by the walrkNewton-Armijo algorithm. The effectiveness of the
proposed method is demonstrated via experiments on synthetic andareblb@nchmark datasets.

Keywords. Twin support vector machines, Polynomial function, Smoothing, Nev#anijo.

1 Introduction and sequential minimal optimization (SMQ)1], etc. On
the other hand, many researchers have proposed some

Support vector machine (SVM) presented by Vapnik anddeformation algorithms based on the standard SVM. For
co-worker 1] is a computationally powerful kernel-based €xample, in 2006, Mangasarian et al2] proposed a
tool for binary data classification and regression. Becaus&onparallel plane classifier for binary data classification
the theory of SVM is based on the idea of structural risknamed the generalized eigenvalue proximal support
minimization principle, SVM has successfully solved the vVector machine (GEPSVM). The essence of GEPSVM is

high dimensionality and local minimum problems. t0 look for two nonparallel planes, so that data points of
Therefore, compared with other machine learning€ach class are proximal to one of them. GEPSVM has
methods, such as artificial neural netwogd 4], SvM  9ood learning speed because it solves two generalized
owns better generalization ability. Within a few years €igenvalue problems of the order of input space
after its introduction SVM has played excellent dimension, but its classification accuracy is low. In 2007,
performance on many real-world predictive data miningJayadeva et al.1B] proposed a new machine learning
applications such as text categorizatich, [time series Method called twin support vector machine (TWSVM)

prediction B]’ pattern recognition m and image for the binary classification in the Splrlt of GEPSVM.
processingd], etc. TWSVM would generate two non-parallel planes, such

Although SVM owns better generalization ability that each plane is closer to one of the two classes and is as
compared with many other machine learning methodsfar as possible from the other. In TWSVM, a pair of
however, its computational complexity in training stage is Smaller sized quadratic programming problems (QPPs)
too expensive, i.eQ(n?), wheren is the total size of the are solved, instead of solving single large one in SVM,
training samples. To overcome this problem, so far, manynakes  the — computational ~speed of TWSVM
improved algorithms for reducing the computational approximately 4 times faster than the traditional SVM.
complexity of SVM have been presented, such asBecause of its excellent performance, TWSVM has been

chunking algorithm 9], decomposition algorithm 1{0]
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applied to many areas such as speaker recognifidh [ The target of TWSVM is to generate the above two
medical detection]5], etc. nonparallel hyper-planes in thedimensional real space
Similar to SVM, TWSVM solves its QPPs in the dual R", such that each plane is closer to one of the two classes
space. However, this solving method will be affected byand is as far as possible from the other. A new sample
time and memory constraints when dealing with the largepoint is assigned to class +1 or -1 depending upon its
datasets, which would make the learning speed ofproximity to the two nonparallel hyper-planes. The linear
TWSVM low. In order to address this problem in 2008, classifiers are obtained by solving the following
M. Arun Kumar et al. L6] used the sigmoid function to optimization problems.
approach the objective function of TWSVM and then

proposed smooth twin support vector machines min }HAW(l)+elb(1>H2+Clegg(2)
(STWSVM). STWSVM directly solved QPPs in the w1 ) g2 2
original space instead of the dual space. Experimental
results showed that STWSVM could make the classifier st.  —(BwY +ebl) >e—E@), 2)
faster to compute in the classification phase than @
TWSVM. However, because of the low approximation § >0
ability of the sigmoid function, the classification accyrac ) 1 2 212 (1)
of STWSVM was unsatisfactory. In order to further <2>rg}£§‘ <1>§HBW +eb H +C2e1 ¢
improve the classification performance of STWSVM, w8
looking for a new smooth function with better st. (AWM +eb@) > — W), (3)
approximation ability is the key problem.
In this paper, using the series expansion, a new class £ >o.

of polynomial smoothing is proposed. We have proved
that the proposed smoothing functions have better smoot
performance and their approximation accuracy can be a
high as required. Subsequently, the polynomial function
are adopted to convert the original constrained quadrat|c
programming problems of TWSVM into unconstrained
minimization problems, and then are solved by the
well-known Newton-Armijo algorithm. Based on the
above idea, a novel version for smooth TWSVM, terme
polynomial smooth twin support vector machines
(PSTWSVM), is proposed in this paper. The experimental®Ptimization problems by using the plus function.
results show that as the smoothness rank of polynomial According to the KKT theorem, we can get
functions increases, the approximation accuracy and the £@
classification performance are correspondingly improved.
Therefore, the new class of polynomial functions provides
better performance for smoothing the TWSVM. g — — max{0,e; - AV 4 eb? ) (5)
The paper is organized as follows: In section 2, we
propose the PSTWSVM model and prove its global The optimization probIemQ}[ and @) can be rewritten as
convergence. Section 3 deals with experimental results,

Where c; and ¢, are penalty parameterg,Y and
@are slack vectors; ande, are the vectors of ones of
sapproprlate dimensions.

n TWSVM, generally, we solve the QPPs in the dual
pace However, this solving method will be affected by
time and memory constraints when dealing with the big
datasets. In order to improve the computational speed, the
d TWSVM model represented by2) and @) would be
transformed into two unconstrained nonsmooth

= max{0,e + (BwV + exbM)} (4)

while section 4 is devoted to concluding remarks. o m no HAW +erb? )H
W
+c16) max{0, (&2 + Bw!V) + eob(M))} (6)
2 Polynomial Smooth Twin Support Vector 5
Machines m HBW +eb2 >H
b(2) E(l
2.1 Twin support vector machines +co€] maX{O, (e — AW 1 e;b@))} (7

Consider a binary classification problem of classifying  Let

data points belonging to class +1 ang data points  (x;),=max{0, (e2+Bw(1)+e2b<1>)},

belonging to class -1. Then let matriA in R™*"

represent the data points of class +1 while maBiin (%) 4 = max{O,(el—Aw<2> +e1b(2))},

R™*N represent the data points of class -1. Two

nonparallel hyper-planes of the linear TWSVM can be  where (x;)+and (x2)rare the plus functions. The

expressed as follows. objective functions of the unconstrained optimization
problems 6) and (7) are convex and non-smooth which
xX'wi4+b1 =0, x"wo+by=0 (1)  can be proved as follows.
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Theorem 1 The unconstrained TWSVM model can be oi

represented a$) and (7) and the model is continuous but e
nonsmooth. 035 One order polynomial function
Proof Obviously, the differentiability and smoothness of TR O R TG O
(6) and (7) completely depends on the plus functirn. |

Because ofx, = )6’ iig , we can calculate that

im =1 and I|m = 0. Therefore, x,. is not g

x—0t

differentiable |nx = 0 Meanwhile, x, also can be
\xHx

expressed as, = , SOX, is the continuous function.
Thereforex, is contlnuous but nonsmooth. End.

Theorem 1 shows tha6) and (7) are nonsmooth, so o
we can't use the gradient optimization method such as the Bt e,
Newton-Armijo method to solve6] and (7). In order to %
address this problem, we will use the polynomial smooth gigyre 1 The approximation image of the plus function by the
function to approachg) and (7). polynomial function

2.2 The polynomial smooth function

] ) . According to lemma 1 andL(), x; can be rewritten as
Weierstrass Theorem [17] Set arbitrary continuous

function f(x), x € [mn], existing polynomialPy(x), can  ,  _ i(1+ K% & (2n—-3)! (1— 13 (11)
make nI_|>m max |f( ) P(X)| = 0. The weierstrass 2k 2 L (2ot

theorem shows that any continuous real-valued function +§

in closed interval can be arbitrarily approached by the 2

polynomial function. From theorem 1 we can know that End.

the plus function is a continuous function, so we can useTheorem 3 The polynomial approximation function far.
the polynomial function to approach it. In this paper, we in [— &, &] is

will give the common formula of the polynomial smooth

function by transforming it to an equivalent infinite series Fa(x,k)
Lemma 1 [18] Two expansion ofn= % can be expressed X, X > %
as 14632 O (2a-3)
JITX 1 12, 13 5 = & - Z 2I>'? (A=K +3, (12)
TaX=14_-X—— =2 <
R L W L WIS |x|<k,k>0
135 4, 0, x<-g
2-4 6’2 wheren is a positive integer. The approximation image of
— 1+}x— (2n—3)! (—x)" 8) the plus function by the polynomial function whén=
2 nZZ (2n) ’ 10n= 1,2 is shown as figure 1. From Figure 1, we can see
1<x<1 that the approximation accuracy Bf(x,k)will be higher
- with nlarger.

Theorem 4 Ry (x,k) is defined as X2), it has some

Theorem 2 The plus functlorx+ can be transformed to an characteristics as follows.

equivalent infinite series ip- i k] as follows. (1) Pa(x, k) hasn-order smoothness abat
1 1+k%¢ & (2n-3) (2) lim max(Py(x,k) —x;) = 0.
=2 y DG @en () Jim max(F, |
2k 2 L (2n)h Proof (1) If P,(x,k) hasn-order smoothness abaxjtit
must meet the following conditions.

+7
2
Proof According to the definition ox,., we can get Pn(%, k) = %, Pn(—%, k)=0
X+ = max0,X)
X[ +x 1 1
=5 DPn(R,k)_l7 IZIPn(—E,k)_O
[k | X
Tk 2 O"Pa(j, k) =0, O"Pn(—f,k) =0n>2
1 X
=5 Vit (k2x2) =1+ 2 (10) According to (L2), it can be got
© 2014 NSP
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Pk =% Pr(—.k =0

==

k>

We find the partial derivative of, it can be got
Whenn > 1,

1
X>k

3 @-3u

2(2| @2 (1 kZXZ)I l)"’%v

Dpn (X, k) -

Whenn > 2,
O?Pa (%K)

solve the following unconstrained optimization problems.

1 ‘Aw(l) +e1b(1>H2

min
W) p1) g2 2 ‘
+c16) P((e2 + BwY + exb™) k) (14)
2
min HBW +e2b()H
w2 b2 ¢
+coe] ((e1+Aw ) +e1b)), k) (15)

Algorithm 1 PSTWSVM based on the Newton-Armijo method

1— k2x2)l—1)

IA-K) 2 |x < t,k>0

Obviously,[0Ps(x, k), 0%Pn(x,k) andd"P,(x, k) (n > 2) are
existence and continuation m= i%.So Ph(x, k) hasn-
order smoothness abaoxit

(2) According to Weierstrass Theorem, it can be got
easily

rllmo max(Pn(x, k) —x;) = 0.

End.

Theorem 4 shows that the polynomial smooth
function transformed to an equivalent infinite series can

Input: Give the initial valugw?,b%) € R™1 n, let the
iteration number = 0, the order of polynomial function,
the arbitrary precisiok

Output: The optimal value of the objective function

Step1: calculatePy(x, k) andg' = OPy(x, k).

Step2: If ||d'|| < nselectw*,b*) = (w,b'), then terminate
programs. Otherwise accordmg[ﬂ?Pn(x kd = —d,
calculate the down directioni.

Step3: (Armljo method) taked € (0, 3),

A= max{1,2,4, -~} o

let Ph(x, k) — Pn((W, b') +Ad ,K) > —doAig'd', then

let (WL b+1) = (W, b') + Aid'

Step4: Leti < i+ 1turn to Step2.

achieve arbitrary precision to approach the plus function

whenn is large enough.

2.3 The optimal smoothing factor

There is a parametércalled smoothing factor inl@). We
give the formula of optimal smoothing factor as follows.
Theorem 5 Give arbitrary precisiorE, if the smooth
function P(x, k) meets the conditionP,(x, k) —x| < E
when it approaches to, , the smoothing factdk is called
the optimal smoothing factor and is denotekgs(n, E).

Because the error of,(x,k) approaching tox; is
maximum inx = 0, we can gekop (N, E) when it meets
the conditionP,(x,k) —x; <Einx=0.

Therefore, ifx = 0, calculate 12), we can get

NI

0 a-3n
_ Z( )
1=2

|
2
°F (13)

kopt (n7 E

) >

2.4 PSTWSVM algorithm

BecausePR,(x,k) has n-order smoothness whem > 2,
Newton-Armijo optimization algorithm can be used to

2.5 The nonlinear PSTWSVM

If the previous conclusions are extended to nonlinear
smooth PSTWSVM, it can be used to deal with the
nonlinear problem.

In order to obtain the nonlinear classifiers we consider
the following kernel generated surfaces

K(XT,CT)Ul—i-bl:O, K(XT,CT)Uz—i—bz:Q
whereCT = [A BJT, (uj), bs) € (R"xR) (i=1,2)

andK is an chosen kernel. The nonlinear TWSVM are
obtained by solving the following optimization problems.

(16)

2
1 ‘K(A,CT)W(l) +ebM H +ce€@

min
w1 ) g 2 ‘
st.  —(KB,CWY +eb)>e-E@  (17)
£2 >0
1 2
min ||k (B.CT)w? + e+ coe £

Wl ) g2 2

st.  (KACHW? +eb?)>e &0 (18)
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E(l) > 0. .
Introducing the plus function,16) and (L7) can be s I Eg;:;‘(fe‘;fa‘i”n'i”nggpp”o‘i”n‘fs s £
transformed into the following optimization problems B “Rasiths predictianpaints b w228 fo
W|th0ut Constraint 4F 4 Megative pradiction points |7 4 8.7 @
* ©  Support vectors : q i w
. 1 2 S SR o
min = HK(A,CT)W(D +eb® H :
WD) p) g2 2 N ot .
-4 & } <]
. 1 Ty (2) () 2 Gl X ey TP e B
min fHK(B,C W 4+ eob H 8 - :
W@ p2 1) 2 sl
+oze] (&1 — K(A,CT)wW? + esb®) (20) |
-12 B 8
We can get the nonlinear PSTSVMs-NA model using the
polynomial smooth function. Figure 2 The classification result of linear PSTWSVM
. 1 2
min = HK(A,CT)W(l) +erb® H
wD p(1) £2) 2
el P((e+ K (B CT)W(1> n ezb(l)) K) 21) the approximation accuracy of smooth function is set

& = 1.0E — 3. For the nonlinear case, we only consider
1 2 the Gaussian kernel function. The optimal value of
min 7HK(B7CT)W(2>+e2b(2>H Gaussian kernel parameter is selected over the range
w(2) b2 g() 2 {2']i=-6,-4,-2,0, 1, 2, 4, b. The order of polynomial is
T _ Ty (2) 2 setn=>5.
+eae Pl(e — KA CHW + b ™). k) (22) Table 1 shows the comparison of classification
The previous conclusions and theorems are also applicablgccuracy and CPU time for PSTWSVM with GEPSVM,
to the nonlinear PSTWSVM model. TWSVM and STWSVM for linear kernel on the synthetic
dataset. Table 2 shows the comparison of classification
performance for nonlinear extensions of PSTWSVM with
3 Numerical experimentsand analysis GEPSVM, TWSVM and STWSVM. Figure 2 and figure
3 are the classification map of linear PSTWSVM and
In this section, in order to show the performance of nonlinear PSTWSVM.
PSTWSVM, we conduct experiments on one synthetic
dataset and ten benchmark datasets using four algorithms, Table 1 Comparison for linear kernel
that is, GEPSVM, TWSVM, STWSVM and PSTWSVM.
Furthermore, in order to test the ability of these

Algorithms Train accuracy (%) Test accuracy (%) Time (S)

algorithms to deal with the large samples, we make GEPSVM 85.5:6.35 82.#1.49  0.0679
experiment on NDC dataset. The environments of all TWSVM 87.8£3.21 83.5.21  0.1141
algorithms are implemented in Intel (R) Core (TM) 2Duo ~ STWSVM  86.2:5.47 81.6:6.54  0.0910
CUP E4500, 2G memory and MATLAB 7.11.0. The dual PSTWSVM  87.3-0.21 84.81.25  0.0772

QPPs arising in TWSVM are solved using mosek
optimization toolbox for MATLAB [19] which

implements fast interior point based algorithms.
Classification accuracy of each algorithm is measured by

standard tenfold cross-validation methodology. Table2 Comparison for Gaussian kernel
Algorithms Train accuracy (%) Test accuracy (%) Time (S)
. . GEPSVM 91.4-3.26 86.2-2.12 0.1954
3.1 Experiment on synthetic dataset TWSVM  94.2£3.07 87.1:2.25  0.1278
STWSVM 92.8+2.23 86.5-1.58 0.1023
This synthetic dataset is 2-dimensional and it is mainly PSTWSVM 94.3-2.21 87.9-1.29 0.0954

used to intuitively test the classification performance of
linear PSTWSVM and nonlinear PSTWSVM. The

performance of these algorithms depends heavily on the
choices of parameters. In this experiment, the optimal Figure 2. The classification result of linear PSTWSVM
parameters of these algorithms are searched from sdtigure 3. The classification result of nonlinear PSTWSVM
{2']i =-6, -4, -2, 0, 1, 2, 4, B In PSTWSVM, the Table 1 and Table 2 reveal that the accuracy of
parameter of Newton-Armijo method is sgt= 1.0E — 3, PSTWSVM is significantly better than STWSVM also. It
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Table3 Comparison for linear kernel
Dataset PSTWSVM STWSVM TWSVM GEPSVM

Hepatitis
(155%x19)
Housing
(506x13) 86.214+-2.3984.42-3.8785.42-4.5374.81-2.85
Wdbc
(596x30)
Glass6
(214x10)
\otes
(435x16)
Pima
_ . : I : (768x8)
92 0 8 8 4 2 0 2 4 & B Spect
% (267x22)

Figure 3 The classification result of nonlinear PSTWSVM

B H Fuositive training points
Megative training points
44 [ Positive prediction points |t
< Megative prediction paints |’
C support vectors %

78.05£4.3177.3%2.1578.082.16 77.282.78

Wi

96.10£6.3294.8%4.3196.22£6.67 92.812.54
96.52+4.56 95.76:6.0596.55-2.4096.21-2.72
95.50G+1.23 94.96:4.24 95.85:2.24 95.632.74

75.95+2.3174.52:3.37 75.4@9.68 74.484.67

80.85+8.36 80.56-9.8581.98:2.1755.982.17

Table4 Comparison for Gaussian kernel
Dataset PSTWSVM STWSVM TWSVM GEPSVM

can also be observed that the accuracy of PSTWSVM is Wpbc

almost same as that of TWSVM. Compared with linear (194, 3y //-0%6.56 75.8%7.6877.248.62 75.81:6.35
PSTWSVM, the classification accuracy of nonlinear lonospherey

PSTWSVM is improved, but its training time has (351x34) 0+0t1.76 92.84:2.0993.68.2.74 86.626.78
increased. This is because that it needs to calculate the Heart-

nuclear matrix computation time for nonlinear statlog 78.23+8.67 74.89-9.17 79.26-6.34 63.35-12.56
PSTWSVM. From Figure 2 and 3, we can intuitively see (270x14)
that this synthetic dataset is nonlinear, so the Hepatitis
classification performance of nonlinear PSTWSVM is (155x19)
better than the linear PSTWSVM.

78.88+10.16 78.85:8.99 78.819.18 78.54-10.17

3.2 Experiment on UCI machine learning C=C1=C, = 1). We use Gaussian kernel with=21".

datasets Other parameters are set as same as the section 3.1. Table
5 gives a description of NDC datasets. Table 6 shows the
In order to further demonstrate the performance of ourcomparison of computing time and accuracy for three
algorithm, we conduct experiments on ten benchmarkalgorithms with linear kernel. On the other hand, table 7
datasets from the UCI. Table 3 shows the comparison oghows the comparison of classification performance for
classification accuracy for PSTWSVM with GEPSVM, these algorithms with Gaussian kernel.
TWSVM and STWSVM for linear kernel on 10 UCI
datasets. Table 4 shows the comparison of classification -
performance for nonlinear extensic?ns of PSTWSVM with TableS D?S_C”pt'on Of NDC datasets
GEPSVM, TWSVM and STWSVM. The parameters are Dataset  # Training data # Testdata # Feature

selected the same as 3.1. NDC-500 500 50 32
Table 3 and 4 show that the accuracy performance of  NDC-700 700 70 32
PSTWSVM is better than STWSVM. It can also be NDC-900 900 90 32
observed that the accuracy of PSTWSVM is almost same  NDC-1k 1000 100 32
as that of TWSVM. In fact, accuracy of PSTWSVM is NDC-2k 2000 200 32
slightly better than TWSVM on some datasets. NDC-3k 3000 300 32
NDC-4k 4000 400 32

NDC-5k 5000 500 32

. NDC-10k 10,000 1000 32

3.3 Experiment on NDC datasets NDC-1| 100,000 10,000 32
NDC-3lI 300,000 30,000 32

In order to test the ability of our algorithm for dealing NDC-5I 500,000 50,000 32
with the large datasets, we conducted experiment on NDC ~ NDC-1m 1,000,000 100,000 32

datasets which are generated by David Musicant’ NDC
Data GeneratorZ0]. For experiment on NDC datasets,
we fix penalty parameters of all algorithms to be one (i.e.
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Table6 Comparison for linear kernel

PSTWSVM | STWSVM | TWSVM
Train (%) Train (%) | Train (%)
Dataset ™ Test (%) Test (%) | Test (%)
Time (s) Time (s) Time (s)
80.05 79.85 79.93
NDC-3k 77.64 77.51 77.66
0.0469 0.0545 27.08
79.82 79.69 79.80
NDC-4k 73.77 73.75 73.75
0.0605 0.0663 60.94
79.12 78.95 79.15
NDC-5k 80.22 80.20 80.23
0.0734 0.0761 114.24
86.58 86.42 86.45
NDC-10k 87.29 87.24 87.38
0.1178 0.1239 1092.07
87.59 86.35 -
NDC-1l 86.78 86.24 -
0.996 1.014 -
81.07 78.79 -
NDC-3| 78.89 78.75 -
2.899 3.103 -
79.36 78.85 -
NDC-5| 80.08 79.12 -
5.1312 5.3505 -

“-” We stop experiment as computing time was very high

Table7 Comparison for Gaussian kernel

PSTWSVM | STWSVM | TWSVM
Train (%) Train (%) | Train (%)
Dataset [ Tgst (%) Test (%) | Test (%)
Time (s) Time (s) Time (s)
100.00 100.00 99.25
NDC-500 80.18 80.15 80.18
0.5621 0.5687 0.789
99.28 99.25 99.27
NDC-700 84.25 83.14 84.29
1.3119 1.3119 1.7322
99.56 99.56 99.56
NDC-900 81.89 81.34 80.58
2.5014 2.5328 3.4675
98.83 98.47 98.85
NDC-1k 85.32 84.12 83.85
3.5012 3.5198 4.1176
100.00 100.00 99.68
NDC-2k 88.26 88.24 88.27
21.07 21.23 25.8958
100.00 100.00 99.53
NDC-3k 90.38 90.12 90.45
66.298 66.604 85.445

From table 6, we can see that in view of the high
computing time, TWSVM can’t work when the training
reach 100000.
STWSVM can get reasonable accuracy in the relatively
short time when the training samples reach 500000,
which indicates that PSTWSVM and STWSVM have the

samples

However,

advantage on dealing with large dataset comparing with
TWSVM. Furthermore, from table 6 and 7, we also see
that the classification accuracy of PSTWSVM and the
computing time are better than STWSVM. The accuracy
of PSTWSVM is almost same as that of TWSVM. In fact,
accuracy of PSTWSVM is slightly better than TWSVM
on some datasets. Therefore, PSTWSVM s suitable for
dealing with the large dataset.

4 Conclusion

In order to improve the performance of STWSVM,
seeking a better smoothing function is the key problem. In
this paper, a novel version for smooth TWSVM, called
polynomial smooth twin support vector machines
(PSTWSVM), is proposed. Firstly, using the series
expansion, a new class of polynomial smoothing is
proposed, and then we prove their important properties.
Subsequently, the polynomial functions are adopted to
convert the original constrained QPPs of TWSVM into
unconstrained minimization problems, and then are
solved by the well-known Newton-Armijo algorithm. The
experiments on synthetic and real-word benchmark
datasets show that the proposed algorithm can obtain
better classification than STWSVM. At last, we enhance
our algorithm to deal with large datasets, the results
indicate that PSTWSVM is a good method to deal with
large datasets.
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