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Abstract: A fundamental problem encountered in statistics is that of testing the equality of scale parameters against
umbrella alternative with at least one strict inequality. In this article, a nonparametric test based on U-statistic by
considering the subsample minima and maxima for several sample scale problem against umbrella alternative, when peak of
the umbrella is known, is proposed. The proposed test have the advantage of not requiring the several distribution functions
to have a common median, but rather any common quantile of order g, 0 <q <1, (not necessarily ¥2) which is assumed to
be known. Pitman efficiency indicate that the proposed test is equivalent to the test B proposed by Gaur, Mahajan and Arora

(2012).
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1 Introduction

Let X, Xigyeeeene , Xini;l 12,.... .k, be
independent random samples of size n; from
absolutely continuous cumulative distribution

functions Fi(x)=F[l
assume that these distribution functions have 6, as
the common quantile of order q,(0<q<1) i.e,
F(6,)=q for i=12,..... .k . Without loss of

generality we assume that the common known

quantile 6, =F'(q)=.....=F.(q) of order q is
zero for the pre-specified g. It is also assumed that
F(x), 1=12,.... , k, are identical in all respects

except possibly their scale parameters.

The problem of testing the null hypothesis
of homogeneity of scale parameters
Hy:6 =.....=6, against  simple  ordered
alternative hypothesis H,:4 <.....<6, with at

least one strict inequality has received considerable
attention in the literature. For some earlier work on

this problem, one may refer to Rao [16],
Shanubhogue [18], Kusum and Bagai [11], Gill and
Dhawan [9], Singh and Gill [21] among others.
Most of the tests, except Kusum and Bagai [11]
test, require the assumption that the common
quantile of different distributions is of order q = %,
i.e., the distributions have the same median. None
of these tests is adequate when the common
quantile is different from median. The asymmetry
of the situation is not reflected in the statistics used
in the above tests. Kusum and Bagai [11]
considered a more general version of this problem.
In the traditional set up, the dispersion of a
distribution is evaluated around its central value
(say the median). However, in many applications,
the dispersion needs to be considered around a non-
central value, say a quantile of order q, 0<q<1,

(not necessarily ¥2) which is assumed to be known.
These procedures have important applications for
problems where the treatments can be assumed to
satisfy a simple ordering, such as for a sequence of
increasing dose-level of a drug.

Umbrella ordering is important in dose-response
experiment (e.g., see Simpson and Margolin [20]).
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In case where mode of action of a drug is related to its toxic effects, e.g., in case of life saving therapy of
heart failure, life saving digitalization therapy of heart failure, umbrella behavior is anticipated and careful
dosage planning is required.

There has been substantial work in testing equality of location parameters against umbrella alternative with
at least one strict inequality, but very little work for testing of scale parameters. For detailed references one
may refer, Mack and Wolfe [13], Chen and Wolfe [5], Chen and Wolfe [6], Chen [4], Kosseler [10] and
Abebe and Singh [1]. Shetty and Bhat [19], Bhat and Patil [3] and Bhat [2] proposed test statistics based on
linear combination of two sample U-statistics for testing homogeneity of location parameters against
umbrella alternative with at least one strict inequality.

Singh and Liu [22] proposed a test statistics for homogeneity of scale parameters against umbrella
alternative with at least one strict inequality based isotonic estimator of scale parameter. They also
provided one-sided simultaneous confidence intervals for all the ordered pairwise scale ratios, and critical
points for two parameter exponential probability distribution. Recently, Gaur et al. [8] provided three test
statistics based on weighted linear combination of two-sample U-statistics for testing homogeneity of scale
parameters against umbrella alternative, with at least one strict inequality, when the peak of the umbrella, h
is known.

In this paper, a new test based on subsample minima and maxima for testing homogeneity of scale
parameters against umbrella alternative, with at least one strict inequality, is proposed when peak of the
umbrella, h is known. It is found that the proposed test is equivalent to the test B proposed by Gaur et al.
[8] for heavy-tailed distributions, when the common quantile is not the median but of some order q (g not
necessarily equal to %2). Situations where two populations may have a common quantile of order other than
q = % arise in many real life examples. In particular, this assumption appears to be quite realistic, as in
examples of automatic can filling mechanisms and models of wage distribution as pointed by Deshpande
and Kusum [7].

This article is organized as follows. The new proposed test for testing homogeneity of scale parameters
against umbrella alternative, with at least one strict inequality and its distribution is given in section 2.
Section 3 is devoted to the optimal choice of weights. Efficacy results and Pitman asymptotic relative
efficiency are given in section 4.

2 The Proposed Test and its Distribution

Let Xi, Xip) eeen X 1=12,....... K, be k independent random samples of size n, from absolutely

ini;
. . N . X
continuous cumulative distribution functions Fi(x)=F(§

distribution functions have zero as the common quantile of order g, (0<q<1), i.e., F(0)=q for
i=12,.... k. It is also assumed thatF (x), i=12,...... k, are identical in all respects except possibly

their scale parameters. The hypothesis, which is of interest in this paper, could be formally stated as
follows:

against the umbrella alternative
H,:0<6,<.<6,,<6,26,,>..26,,>6,,

with at least one strict inequality and h, the peak of the umbrella, is known.
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First we propose a two-sample U-statistic in the context of a two-sample scale problem where the
assumption of the common quantile of order q,(0<q<1) is made and then extend it to the k-sample

problem considered here. Now, for i < j, define the kernel
B (Xis Xizy Xigs X1y X 20 X j3)

1, if 0<max(X, Xiy, Xi3) <min(X;, X5, X j3) and Xp, Xip, Xiz, X g, X5, X320
or max(le, X2, Xj3)s min(Xj;, X;,, X;3) <0 and Xj;, X;,, X3, X X2, X3 <0,
=31-1 if 0<max(X;, X,, Xj3) <min(X;y, Xi,, Xi3) and Xy;, Xz, Xig, X3, X2, X320
or max(Xi;, Xiz, Xi3) <min(X;, X5, X 3) <0 and Xj;, X5, Xigy X1, X2, X3 <0,
0, otherwise.
The two-sample U-statistic corresponding to the kernel @; is
: 1 :
Uij(xil'xiZ’XiS’leiij’XjB)=n—nz¢|j(xi1’XiZ’Xi3’le’Xj2'Xj3) (2-1)
i il ¢

The statistic Uij is obviously a U-statistic (Lehman [12]) corresponding to the kernel ¢;. It can be seen

that the kernel takes on a non-zero value only when both the X;’s and X;’s have the same sign. Under H,,
the observations from the i™ population are expected to be smaller (larger) than those from the (i+1)"
population, therefore U, ;, (U,4;), 1=12,......,h-1 (i=h,h+1.....,k-1) is expected to take large
values. Motivated by the fact that under H,, U;;, (U;,;), i=L2,......,h-1 (i=hh+1...,k=-1)is
expected to take large values, we propose a class of test statistics U, based on subsample extreme of size
three as

T=T,+T, (2.2)

=

-1

h-1
where, ;=Y aU, ., , T,=> au

i~ i+,
i=1 i

Il
=

for testing H, against H,, where (a,,a,,........ ,a, ;) are suitable chosen real positive constants. It may be
noted that for each set of values (al, - T , ak_l), we get a distinct member of this class of test statistic.

A large value of T leads to the rejection of H, against H,. When a,= 1, (i=12,...... , k—1), we obtain
Mack-Wolfe version of T as

h-1 k1
Ty zzui,i+1+zui+1,i : (2.3)
i1 ih
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2.1 The Distribution of T

Clearly,
h-1 k-1
E(T)Z Zai#i,i+1 + zai#m,i ,
i1 i—h
where 4, = 7y — 7,
Hij =iy — sz » and
0 0
71 =3[ [F 00~ AP~ Ry (0P AR, (0 +3 [ [g— F (0T FA (0dR.. (9
0 —o0

) 0
Tip = 3_[[Fi+1(x) ~qP[1- R (x)*dR (x) +3I[q ~FRu (PR (QdR (%),

© 0
i1 = SJ.[FH-l(X) —qP°[1- R (X)]2d|:i+1(x) +3 J.[q - Fi+1(x)]3 Fiz ()dF (%),

) 0
712 =3[ [F, (00~ A [L— Fos (0P R4 (09 +3 [ [a - F GOT A (0)dF.1(9

Under H,, we have F()=F;() which implies 4 ;,(s;,4;)=0, Vi=12,..,h-1
(i=h,h+1,...., k-1).

Hence, under H,, E(T)=E(T,)=0. (2.4)

Using the results of Lehman [12] and Puri [14], the proof of the following theorem follows from the
transformation theorem (see Serfling [17] , page 122) immediately.

k
Theorem 2.1 Let N =Z:ni . The asymptotic null distribution of VN T, as N - oo in such a way that

i=1l

% —p;, 0<p; <L i=12,...,k, is normal with mean 0 and variance 7, where

n=Var(A) =, +1, +2m,, (2.5)
m =Var(A) za_-izlﬁ , 17, =Var(A,) za_lzzz a, (2.6)
2= ((O-l,ij))’ 2= ((O-Z,ij))’
a =(a,a,....., 84), B = (8 By By,
(i+ijﬁf fori=j=12,...,hd,
p| pi+l
_ & forj=i+1;i=12 h2
915 =1 Pia I (2.7)
—if forj=i-1;i=23,......h14,
Pi
0 otherwise,
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[i+iJ§ fori=j=hh+1,..k1,
pl pi+l
1y for j=i+L i=hh+1,....k2
%2ii =) Pia ’ R (2.8)
—%g for j=i-: i=h+1h+2,....k-1,
0 otherwise,
o =Cov(A, A) =a;, 13,CoVv(Ty, 44, Thian) = ((@naan) / Ph)S (2.9)

131
where & = m)[q11 +@A-)M].

In case all the sample sizes are equal i.e., p1= p=.....= pk=%, then substituting (2.6), (2.7), (2.8) and (2.9)

in (2.5), we have

h-1 h-2 k1 k-2
n= 2k§{ a’ - ag, + Zaiz - Zai Qi+ ahlah:|
i1 i1 i-h ioh
k-1 k-2
= Zk{Z al - aa,+ 2ah1ah} . (2.10)
i1 i1

Similarly, the asymptotic null distribution of \/W[I'M —E(Ty)] is normal with mean zero and variance
v =6kS.

Practical implementation of this procedure may require an estimator for the common quantile 6, , under

the null hypothesis, of order a=F(6,)=.....=F.(68,) . We suggest to use a pooled estimator of
0, =F(q)=....=F.'(q) for a given (predetermined values of) q. To achieve this, we pool all the
observations X;;, Xjs,....... X 1=12,..... , k into a single vector Z and estimate 6, by obtaining the g-

th quantile of Z.

Remark 2.1 The corresponding two-sample problem is under consideration in different paper by the
author.

3 Optimal Choice of Weights

Under the sequence of Pitman alternatives, the square of the efficacy of test T is given by

12
n

0 ©
where, 1 =1 jx F2(x)[q-F(X)P f2(x)dx—Ix[F(x)—q]2[1—F(x)]zf2(x)dx}.
—0 0

e(T) = (3.1)
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For efficiency comparisons, we consider the equal sample size and equally spaced alternatives of the type

i :{m fori=1,2,..,h 050, (3.2)

(2h-i)9  fori=h+1, ..., k

Making use of the results due to Rao [15] (page 60) for determining optimal weights, we obtain the
optimal weights a; for which T has maximum efficiency. For odd k and h=(k+1)/2,

(i) (k(h-i)-(h-1)) fori=1, 2,...., hi, (3.3)
"k =i)/K) (k@i +1-h)-(h1))  fori=h, ... kL '
The respective square of the efficacy of tests T with optimal choice of weights in (3.3) is given by
. H|(k* +2k* —3)/4k?
e ()= [( o ) ] (3.4)
4
And the square of the efficacy of tests T,, is given by
e, )= (=’ (3.5)
M ke '

4 Asymptotic Relative Efficiency

We compute the Pitman asymptotic relative efficiency (ARE) of the proposed tests with Gaur-Mahajan-
Arora B-test (see Gaur et al. [8]). The efficiency of the new proposed test is given in (3.4) and (3.5). The
efficacy of B is given by

3|(k* + 2k? —3) 1 a2

e'(B)= 120 :
_1)\2
e*(BM):%,
_A5721 1 ot
where 4_1925[q +(1-q) ] and

J= 72{Ix F20)[a-F()T f2(x) dx—Tx[F(x)—q]Z[l— F()]? f2(x) dx}.
—o 0

Then the asymptotic relative efficiency (ARE) of T (Ty) with respect to B (By) test can be computed from
the ratio of the Pitman efficacies, and we notice that

ARE(T, B) = ARE(Ty , By) = 1.

(k* +2k? -3)

8k(k —1)? and the values of ARE for different values of k can be found in Gaur

Also, ARE (T, Ty) =

et al [8].
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Gaur et. al. [8] mentioned that the test B which is based on the medians of subsamples performs better for
heavy-tailed distribution (when the different distributions have common quantile). Since asymptotic
relative efficiency of the test T with respect to test B is 1, therefore the test T which is based on the minima
and maxima of subsamples performs better for heavy-tailed distribution and is equivalent to B-test. So, in
case of heavy-tailed distributions like the Double Exponential distribution and Cauchy distribution when
the distributions have common quantile then the test T can be used in place of B for testing the
homogeneity of scale parameters against umbrella alternative with at least one strict inequality.

Remark 4.1 It can be noted that the proposed test has less variance then B-test of Gaur et al. [8]. Also, the
asymptotic variance computation of the proposed test is simpler than the asymptotic variance computation
of B-test of Gaur et al. [8].
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