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Abstract: The present article concentrates on estimating the mearstétified population in the presence of non-response.ifn th
article, we have suggested separate and combined-typkesuaii estimators of population mean using the informatiban auxiliary
variable assuming that the non-response is observed ostuniyrand auxiliary variables. The properties of the suggkfamilies have
been thrashed out. The suggested families have been discusder the proportional, Neyman and some other allocatbemes
proposed by Chaudhary et ab][An empirical study has also been carried out in the supgfdtieoretical results.
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1 Introduction

Non-response is a very serious issue in estimating the ppalparameters through a mail survey. Hansen and Hurwitz
[1] were the first who coped up the problem of non-response wbitelucting mail surveys. They developed a technique
of sub-sampling of non-respondents to deal with the proldémon-response and its adjustments. In point of fact, they
suggested an unbiased estimator of population mean underesponse by dividing the population into two different
groups, viz. group of respondents and group of non-respaadi order to avoid the bias due to non-response, they
suggested a technique of selecting a sub-sample from theaspondents of the sample.

A lot of works have been done for estimating the populatioram stratified random sampling whenever the
investigator suffers with the problem of non-response.r€ha] has discussed the problem of optimum allocation in
stratified random sampling in the presence of non-respatism et al. B] described the method of optimum allocation
in multivariate stratified random sampling under non-resgo Chaudhary et al4] have proposed a general family of
estimators in stratified random sampling in the presence @f-response by considering Khoshnevisan et. al.
[5], Chaudhary et al.€] have proposed some new allocation schemes based on respodsion-response rates in
stratified random sampling. Further, Chaudhary et@lhfive suggested a class of factor-type estimators of ptpala
mean in stratified random sampling under non-response.

All of the works mentioned above have been carried out in thi@ons when non-response is observed on study
variable and auxiliary variable(s) is free from non-respmnBut the situations in which both study and auxiliary
variables are suffered from non-response, it would be tabie to introduce the estimators of population parameters
study variable. In the light of above circumstances, we hswggested some families of factor-type estimators of
population mean in stratified random sampling using an guyilvariable under non-response. The optimum estimators
of the proposed families have been discussed. We have cehfiag proportional and Neyman allocations with some
other allocation schemes based on response and/or nooneesates through the suggested families of estimatoes. Th
theoretical study has also been supported with numericdysis.
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2 Sampling Strategy and Estimation Procedure

Let us suppose that a population consists Mfunits is divided intok strata. Let there beNunits in the
ithstratunfi = 1,2, ...,k). A random sample of sizeis selected from the entire population in such a way thaiits are
selected from the'Mstratum so thgtt ;n = n. It is noted that out ofnunits there arenjjunits who supply the
information and njunits who do not respond. Using Hansen and Hurwitz [1] temphai of sub-sampling of
non-respondents, a sub-sampléf(= niz/Li,L; > 1) non-respondents is selected from tigunits by simple random
sampling without replacement (SRSWOR) scheme and thenr#ton is obtained on all thig, units. LetXy andX; be
the study and auxiliary variables respectively with theispective population meaXg andX;. Thus the Hansen and
Hurwitz [1] estimators ofXy andX; are respectively given by

k
Tw=SnTg (1)
ot i; 110i

k
Tie=) pTi @
1s i; (T}

whereTg = Ni1X0i1+Ni2Xoni2 T = n|1X1|1+n|2X1h|2 pi = N|
| ’

Xoi1 andxl.l are the means based D@ respondent units for the study and auxiliary variableseespely.Xoni2andXpio
are the means based bj non-respondent units for the study and auxiliary variabdspectively. The variances of the
unbiased estimatoiy andT;y are respectively given by

V(To) = .i<"_) 2%+Z LYy, g, @)

ni N

and

N

V<ng>=ii(1 ) 2%+ Z—wzpﬁs%.z (4)

wheres(z)iand Sgiz are the population mean squares of the entire group andasmonse group respectively for study
variable init" stratum. Similarlysfi andsfi2 are the population mean squares of the entire group andesmponse group
respectively for auxiliary variable i’ stratumW is the non-response rate in tiestratum.

3 Proposed Families of Estimators

It is very difficult to estimate the population parametersgsuxiliary variable(s) under the situations in which tbot
study and auxiliary variables are suffered from non-respoin the sequence of estimating the population mean of stud
variable, we propose two different types of families ofmstiors for population mean in stratified random samplinggisi
an auxiliary variable over the situation in which non-resg®is observed on both study and auxiliary variables.

3.1 Separate-type Family of Estimators

Following Singh and Shukla][, we now propose a separate-type family of estimators ofifgimn mearXj in stratified
random sampling under non-response as

Tes(a ZPITH 5)
where, _
. . [(A+C)Xq + BT
T =T = 6

A=(a—-1)(a—-2),B=(a—-1)(a—4),C=(a—2)(a—3)(a—4)fora>0andf =n/N. Xy; is the population mean
of auxiliary variable for thé'" stratum.

The above family can generate a number of separate-typeatetis of population meaXy under non-response for
the different choices af. Particularly, if we takex = 1,2, 3and4, we get
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Case(i) If a =1thenA=B=0andC = —6,
so thatTg; = T ?i‘ ,

henceTys(1) = 11 p oﬁ%

which is usual separate rat|o estimator under non-response
Case(ii) If a = 2thenA=C = 0andB = -2,
s0 thaff; = Ty,

thereforeT?s(2) = Tk, piTo*i;—ll*‘_ which is usual separate product estimator under non-regpon
Case(iii) If o =3thenA=2,B=—-2andC=0,

so thafTg, = T é“;;%

. Xy — 175,
henceTs(3) =S¥, piTy 11' f)Xi,

which is separate dual to ratio-type estimator under neparse. The dual to ratio-type estimator was
introduced by Srivenkataramarg.|
Case(iv) If a =4thenA=6,B=0andC =0,
so thatTg; = Tg,
consequentlilys(4) = TK . piTg = Tgy
which is usual mean estimator defined in equatin (
In order to obtain the bias and mean square error (MSE) ofribyggsed family, we use large sample approximation.
Let Tg = Xoi (1+€p) andTy; = Xy; (1+ e;) such thak (ep) =E(e1) =0,

E (&) = % [(nl N|> S+ W2%|2:|

Xoi
=) = o (5w S+ sy
and
E (eg€1) = 70i171i Kﬁlu _Nil) P01 i S1i + (Lir;l) (> Do1i2S0i2Si }

whereXy is the population mean of study variable for & stratum.pgy and posi» are the correlation coefficients
between study and auxiliary variables of entire group antmesponse group respectively for iHestratum.
Expressing equatiorb) in terms ofey ande;, we get

Ty (@) = X [ 1+ &0 () — eveap (@) + - ppebo(@) + - )
and
k
Tﬁﬁs(a)—Yo:;DiYm |:eo_el§0(a)_eoel(p(a) m‘%fp( )+ } (8)
whereg(a) = %

Taking expectation both the sides of the equaBpafd neglecting the terms ef, e; having power greater than two,
we get

k
€ [Tes(@) - %ol = 3 P¥o | 7@ @E (&) - o(@)E (e

Thus the bias o Zg(a) up to the first order of approximation is given by

BITés(@)] = ¢(a) [i(j 5 ) PR (acrrach—poacacs

C

Xll (m%ﬂgiz_POﬂZS)izsliz)} 9
_ i _ E _ X
whereCgy = Xy Cy= X4 andRy; = Xy
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Now the MSE ofTZg(a) can be obtained as

k k
MY ot <a>] = 3 VT (@)

K < 12
= 3 FE [T (@)~ o] (10)

M[Tes(a)]

Putting the value ofZ; (a) from equationy) into the above expression, we get

M [Tes(a le. [Xoi (1+ €0 —e1p(a) — eoerp(a)

2
* A+C+fBe§¢( )+ )_Y(’i] ' —

Expanding the above expression and neglecting the ters ef having power greater than two, we get the MSE of
Tgs(a) up to the first order of approximation as

M [TES(G)] = i (l - _|> Pi [%I + (pz |%].|§| RO:IJpOllSOlsll]

N

+ Zi W2p| (S + @7 ()RG35, — 200() Rowi PosizSoizSuiz) - (12)

3.1.1 Optimum Choice adr

In order to choose the optimum valuengfwe differentiateM [TZ(ar)| with respect tox and equate the derivative to
zero.

M = Zl(— - _|> [ a) RSt — RO]JPO]JS)ISlI}

1
+ Zii)szl {Z(P a)R3ySh, — 20 (a RO]JPO]JZSOQSMZ} =0 (13)

whereg (a) is the first derivative ofp(ar) with respect tax. From the above equation , we get

e(a) = {i(% - —) PP Ro1 P01 SoiSii + 21
(3(2-%) et

The above equation is a cubic equatiorairand for a given value df; it provides three real roots a@fat which the
MSE of TZ5(a) would attain its minimum. In order to obtain the optimum \&hf a among the three real roots, the bias
is taken into consideration. We compute the bias of the estimat the three real roots separately and select the optimu
value ofa at which bias is the least.

1)

W2 p?Rosi Ponzsmzsuz} /

ﬁ,z} Cy(Constant). (14)

3.1.2 Proposed Family under Different Allocations

It is a well known fact that the Neyman allocation is alwaysfprable over the proportional allocation if the strata
mean squares are known and there is no non-response in thiapop. But in the presence of non-response, Chaudhary
et al. [6] have shown that the Neyman allocation is not always a bettgposition even the strata mean squares are
known. With this background, they proposed some new allocachemes which utilize the knowledge of ‘response’
and/or ‘non-response’ rates in the case of non-responsedver, it is observed that in the presence of non-resptimse,
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knowledge of response and non-response rates for diffeterta can easily be obtained than the strata variabifites
the past records or experiences. Now, we consider the peddamily of estimators under ‘proportional allocationAjP
‘Neyman allocation’ (NA) and some of the new allocation soles proposed by Chaudhary et &. [

Under the proportional and Neyman allocations, we havedhepte size for thé" stratumn; = np; fori = 1,2,...,k
andn; = npiSOi/zrzl piSy fori=1,2,....krespectively.

TheM [TF*S(a)} under the proportional and Neyman allocations are resgdgtjiven by

MTEs(@n = (54 ) 5.0 [$+ (@) Rk~ 20(@ Roupraasa] +
%_ (Li — D) Wapi [S52+ @ (@) Ry Shiz — 20(a) RosPor2Soiz S (15)

MX

and

M Ts @) = (;p.&.) Zpﬁ.@i@ AP D) b 0P () RS - 20(0) Roupa Sy

et

Under the new allocation scheme 1 (NAS1yiit= nin\,‘,l/zik=1 piW1 (W is the response rate in thi& stratum) then
we have

i [Sio+ @7 (@) Rey Stz — 200(@) Roxi PotizSoizSriz] - (16)

K /<k
M [TEs(a)]nas = i; <2|:anp||1Wh - %) pi [ + ¢ () R5yi S5 — 290 (ar) Rosipou SoiSui | +
LS ows ) 3 - 120 [, 4 62(a) Ry — 20(0) RospsaSaS: an
n i;p' 11 i; i Mp'[ i2 1912 — 29 1P01i2S0i2S1i2) -
Under the new allocation scheme 2 (NAS2)iif= %p— then we get
K /W ik: b
M [Tes(a)Inase = Zi (% - %) pi [S5 + ¢ () R5;i S5 — 290(ar) Rosi pos SuiSui ] +
kK o\ Kk
% <i V%) i;(Li — )W5pi [Ship + @7 (a) Ré3iShip — 290 (@) RotiposizSoizSuiz) - (18)

Under the new allocation scheme 3 (NAS3)yit= —"2Y4.— then we have
| 1"W,2_

W2

M [TEs(a)Inass = i lmlll (i p\.NVI\j1> - %1 pi [% +¢*(a)R5y S5 — o) Ro1iP01iS0i Sii | +

PiVM1

n (; W2 )i;( 21 [Shia+ % () Ry Shiz — 200 (1) RoziPo1i2Soi2Stiz] - (19)

3.2 Combined-type Family of Estimators

In the similar manner, the combined-type family of estimataf population meak in stratified random sampling while
both study and auxiliary variables go through the non-raspgis given as

(A+C)X1+ fBT}y

Tee(a) =T — .
Fe () =Tox (A+ fB)X1 +CTj,

(20)
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The above proposed family may produce a number of estimafopspulation mearX, under non-response. For
example itr =1, we getT. = Tg;t%(—,} which is usual combined ratio estimator in stratified randgampling when both

the variables are subjected to non-response. Similarly fe 2,3 and 4, we havé;. = TOSt (usual combined product

estimator under non-responsgj (3) = TOS[% (combined dual to ratio-type estlmator under non-respoasé

Tec (4) = Tgy = Tgs(4)(usual mean estimator in stratified random sampling undesrasponse) respectively.
To obtain bias and MSE &f (o), we use large sample approximation. Let
T(skst =Xg (1—|— 92) andTl*st =X (1—|— 93)

such thak (e;) = E(e3) =0,

1

£() =

%o

5 (-8 s 3 b s

Zi(EI——I) 2§,+Zi |2pi2§i2]
andE (ege1) = o X1 [Z, (— - —) P2Po1S0iS + 34

o '2.0011250i231i2} :
Under the above assumptions, equataihtan be expressed in the termsegpfande; as

E(e3) =

X1

(21)

Tec (a) —Xo = Xo [ez—ezqo(a) —ee3p(a) + ﬁe%q)(aﬂ] )

Taking expectation both the sides of equati@f) (and neglecting the terms efande; having power greater than
two, we get bias ofZ (a) up to the first order of approximation

€ [T (@)~ Xa] = Ko | 15 (@ () ~ (e (e |

k
= B[Tec(a)] = (py(jr) i; (nll - Ni.> P (M—CL%RM% _pOJjS)iSLi) +
K (L —
Zi (Llni 1)W12F3i2 (M%m%lﬁiz_pOJjZS)izslm)] (22)

whereRpy; = _—1

In the sequence of obtaining the MSET (a) up to the first order of approximation, we square both thessafe
equation 21) and take expectation ignoring the termspfinde; having power greater than two

E [Téc (@) — Xo]® = Xg [E () — ¢ (a) E (€3) — 20(a) E (eze3)]

N

= M[Tec (a)] = ﬁi (1 - _|> p7 (S5 + % (a) R&: ST — 20 (a) Roapo1 Soi S| +

K (Li-1)

2

3.2.1 Optimum Choice odt

Wiz2pf [S5iz+ 97 (@) R31SEi2 — 200() Ro1o1i2Soi2Stiz] - (23)

To obtain the minimum MSE Gf (a), we find the optimum value af on differentiating theM [TZ. (a)] with respect
to aand equating the derivative to zero. Thus we have
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oM [T (a kK /1 1
% -3 (Hi _ _) 07 [20(a) ¢/ (o) RS — 260 (@) RospouSii S|
k
+ (Li— 1)sz. [2(0 a)R3:Sh,— 20 (a RmPonzS)leuz} =0
sk (_. — _) P?PouSoiSt + 314 1)VV|2piZPO].iZSOiZSli2
= Cy(Congtant). (24)

= o) =
EI (___) ROSJ.Z""Z il>\NIZpi2R01512i2

Since@(a) is a cubic function of the parameter. Thus for a given value of,, equation 24) provides three real
roots ofaat which we get the minimum MSE G (a).

3.2.2 Proposed Family under Different Allocations

In this section, we discuss the proposed combined-typelyaofi estimators under proportion allocation, Neyman

allocation and some new allocation schemes considerediinge.1.2.
The sample size df" stratum and MSE of the proposed family under proportioriatation are respectively given

by
n=np;fori=12...kand

k
M [Tec (a)]pa = (1 - i) _;Di S5+ ¢ (@) R§; STy — 290 (@) Ro1p01Soi Sii] +

] N;
1k
n .21( 1)Wep; [S5i2 + @7 () R§1STi2 — 20(a0) RowporizSoizSiiz] - 5
1=
Under Neyman allocation, the sample sizé'bstratum and MSE o (a) are respectively given by
— _piSo .
= S ng fori=12,...kand
[ 1k g
M (T, I R
FC NA Z i 0i N i; i
i; NS N/ 1% 1P01i Soi Sii
(26)

1K K (Li-1
- (I; pi S)i) i; %lepi [Shi2+ 9% () R31STi2 — 290 (a1) RorPo1i20i2Stiz) -
The sample size af" stratum and MSE of¢c (a) under the new allocation scheme 1 (NAS1) are respectivengi

by

n=—PWMi_forj=12 .. kand

Zikzl piM1

K 7ok o
M [Tec (a)Inast = ; (Z;TFT;% - %) pi (S5 + ¢ (@) RG1STi — 200(ar) Ro1pozi Soi S| +

(27)

1 k k VVIZ

— W L-1)—p [+ ¢ (a o—20(a

n (i;p' '1> i;( i )W|1 pi [%2 @ (a)R5; S — 200( ) Ro1Po1i2S0i2Sui2 |
Under the new allocation scheme 2 (NAS2), the sample si#8 stratum and MSE Ofgc (a) are respectively given

by
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n=—2 - fori=12.. kand
WZZ 1 Wy

n

kK /W
M [Tec (0)]nag = Zl <M - —> pi [S5i + ¢* () R51STi — 2¢0(a) RoaPori SoiSui] +

kK oo\ k
% < ﬁ) _Z\('—i — DWEPi [Shiz + % () R§; ST, — 200(a) RoaPorizSoizSuiz) - (28)

5 W2

The sample size af" stratum and MSE of¢c (o) under the new allocation scheme 3 (NAS3) are respectivengi

by
o npiWg P
n W|—W_zzik:1 5 i fori=1,2,....kand

e @~ 5 | (5 5 ) - ] 018+ @RSt - 200 oo+

k 2
% ( plWl ZI VWT:iPi [Shi2+ @ () R§;Shiz — 200 (a1) Ro1001i2S0i2Siz) - (29)

4 Empirical Study

In order to support the theoretical results, we have takerdttia considered by Chaudhary et @. There are 284
municipalities divided into four strata consisting of 78, B7 and 44 municipalities respectively. The populatiothim
year 1985 has been considered as study variable whereagphigapon in the year 1975 is assumed to be auxiliary
variable. The parameters of the population are given below:

Table 1: Particulars of Data

StratumNo.| Ni [ Xoi | Xy S Si S St Poii | Poiiz
1 73 | 40.85| 39.56 | 6369.0999| 6624.4398| 618.8844 | 495.1075| 0.999 | 0.799
2 70 | 27.83 | 27.57 | 1051.0725| 1147.0111| 240.905 | 192.724 | 0.998 | 0.798
3 97 | 25.79 | 25.44 | 2014.9651| 2205.4021| 265.522 | 212.4176| 0.999 | 0.799
4 44 | 20.64 | 20.36 | 538.4749 | 485.2655 | 83.6944 | 66.95552| 0.997 | 0.797
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Table2 gives the values op (a) for different sets of non-response rais on whichTZg(a) provides the optimum
estimates under the different allocation schemes.

Table 2: @(a) for TE5(a) under Different Allocation Schemékj =2V i)
(o) under

Stratum No. | W2(%) [ PA NA~ | NAST | NAS2 | NAS3
5
10
15 0.9483 | 0.9507 | 0.9686 | 0.9508 | 0.9504
20
5
10
20 0.9483 | 0.9506| 0.948 | 0.947 | 0.9465
15
10
5
15 0.9482 | 0.9507 | 0.9484 | 0.9501| 0.9498
20
20
15
10 0.9477 | 0.9503| 0.9474 | 0.9466 | 0.9467
5

AP OWONRPAWONRRARONRRRWONPRE

Table 3 represents the MSE comparison of the proposed fafiifly(a) at o = 4, a = 1 andagpunder different
allocation schemes for the different set3/éj.

Table 3: MSE of T¥5(a) under Different Allocation Schemés; = 2vi)
M[Tgg(a)] under
PA NA NASI NAS2 NAS3

0,
StNo. | Wo(®) | 4_4 | a=1| aop | =4 | a=1| o | a=4 | a=1| aop | a=4 | a=1| aop | a=4 | a=1| dop

5
10
15
20

36.046| 0.38 | 0.274 | 28.683 | 0.37 | 0.294 | 33.486| 0.368 | 0.271 | 31.624 | 0.418 | 0.334 | 32.674| 0.434 | 0.346

36.109 | 0.403 | 0.297 | 28.745| 0.393 | 0.317 | 34.002 | 0.399 | 0.298 | 35.697 | 0.517 | 0.406 | 37.923 | 0.555 | 0.435

36.134 | 0.413 | 0.306 | 28.689 | 0.373 | 0.296 | 34.85 | 0.406 | 0.304 | 43.01 | 0.515| 0.397 | 44.467 | 0.534 | 0.411

36.397 | 0.512 | 0.402| 28.85 | 0.434 | 0.356 | 38.295| 0.535 | 0.418 | 62.311| 0.842 | 0.646 | 69.941| 0.934 | 0.714

AWNRRONRAONRAON R
=
ul
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Table4 reveals the values @f(a) for the different sets dii, on which the proposed famillg- (a) gives the optimum
estimates under the different allocation schemes.

Table 4: @(a) for T2 (a) under Different Allocation schemés; = 2)
¢@(a) under

Stratum No.| W2(%) [~ PA NA | NAST | NAS2 | NAS3
5
10
15 0.9537 | 0.9512| 0.953 | 0.9501| 0.9492
20
5
10
20 0.9536 | 0.9511| 0.9522 | 0.9455| 0.9446
15
10
5
15 0.9535| 0.9512 | 0.9533| 0.9541 | 0.9534
20
20
15
10 0.9531 | 0.9509| 0.9532| 0.9545| 0.955
5

P OWONRPAWONRRARONRRRWONPRE

Table 5 depicts the MSE i (o) ata =4, a = 1 andaop under different allocation schemes for the choices of
different sets of\».

Table 5: MSE of TZ- (a) under Different Allocation Schemék; = 2)
M[Tgc(a)] under
PA NA NASI NAS2 NAS3

St. No | Wip(%)

Il
IN
Q
Il
=
Il
IN

a=4 | a=1| dopt | O Qopt | =4 |a=1| dopt | =4 | a=1]| aopt | O afl Qopt

5
10
15
20

5
10
20
15

36.046 | 0.361 | 0.277 | 28.683| 0.371 | 0.299 | 33.486 | 0.355 | 0.274 | 31.624 | 0.422 | 0.336 | 32.674| 0.44 | 0.348

36.109| 0.385| 0.3 | 28.745| 0.394 | 0.318 | 34.002| 0.386 | 0.301 | 35.697 | 0.526 | 0.409 | 37.923 | 0.567 | 0.438

36.134| 0.394 | 0.309 | 28.689| 0.373 | 0.298 | 34.85 | 0.389 | 0.306 | 43.01 | 0.498 | 0.399 | 44.467| 0.518 | 0.413

36.397| 0.492 | 0.405| 28.85 | 0.433 | 0.357 | 38.295| 0.513 | 0.422 | 62.311| 0.792 | 0.652 | 69.941| 0.874 | 0.72

P OWONRRWONRPRONREAWONPRE

(@© 2016 NSP
Natural Sciences Publishing Cor.



J. Stat. Appl. Pro. Let3, No. 1, 7-17 (2016) www.naturalspublishing.com/Journals.asp NS = 17

5 Conclusion

In the present article, we have proposed some families tdfagpe estimators of population mean in stratified random
sampling using an auxiliary variable under non-response.h@le suggested separate and combined-type families of
estimators of population mean whenever non-response engon both study and auxiliary variables. The optimum
properties of the suggested families have been confertreatiieoretical study of the suggested families has beeiedarr
out under the proportional, Neyman and some new allocatiberaes based on response or/and non-response rates. In
order to sustain the theoretical results, an empiricalyshad also been done.

The tables3 and5 present a salient feature of comparison of proportionalldegiman allocations with some new
allocation schemes based on response or/and non-resgiasethrough the suggested familigg;(a) and T (a)
respectively. In both the tables, the optimum estimatoosige better estimates than the usual separate (combiatal) r
and mean estimators under non-response. It is also revemeth most of the situations (for different choicesVigp),
the allocation schemes NAS1, NAS2 and NAS3, depending upmkriowledge ofy; andW (or/and\,), provide more
prcised estimates as compared to proportional allocasavedl as Neyman allocation.
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