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Abstract: In this article, a common fixed point theorem for a pair of self-mapping is establish ind-metric space using (CLR) property.
Our establish theorem extend, generalize and improve similar type of results of the literature in the setting ofd-metric space.
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1 Introduction

In 1922, Banach established a fixed point result in
complete metric space for a contraction mapping, which
is one of the most important result of functional analysis.
As a part of study of denotational semitics and data flow
network Mathews [1] generalized Banach contraction
principle in partial metric space (pms).

Hitzler [2], initiated the idea of dislocated metric
(d-metric) space and established fixed point theorem of
Banach type in such a space. Results on fixed point for
compatible and weakly compatible mappings introduced
by Jungck in [3,4] are established in [5,6]. In [7], Aamri
and EI-Moutawakil initiated the idea of property (E.A),
while Sintunavarat and Kuman in [8] introduced the
concept of (CLR) property. In the above mentioned
concepts the later one is superior then the previous one.

Gregus [9] established a result on fixed point in
Banach space. Several authors generalized such a theorem
in different spaces (see [10,11,12]). Using the idea of
weakly compatible, (CLR) property and property (E.A)
there we have proved fixed point theorem of Gregous type
in d-metric space. For the support of our constructed
results an example is provided.

2 Preliminaries

Definition. [2]. Considerd1 : X0 × X0 → R
+ ∪ {0} be a

function on a non-empty setX0 satisfying
1) d1(x1,y1) = d1(y1,x1) = 0 impliesx1 = y1;
2) d1(x1,y1) = d1(y1,x1);

3) d1(x1,y1)≤ d1(x1,z1)+d1(z1,y1) for all x1,y1,z1 ∈
X0.

Thend1 is ad-metric onX0 and(X0,d1) is ad-metric
space.
Example. SupposeX0 = R

+. A function d1 : X0 ×X0 →
R
+∪{0} defined by

d1(x0,y0) = x0+ y0 for all x0,y0 ∈ X0.

Definition. SupposeS0 and T0 be self-mappings onX0
which is non-empty then

1.A pointx0 ∈ X0 is called fixed point ofT0 if T0x0 = x0.
2.A point x0 ∈ X0 is known as coincidence point ofS0

andT0 if S0x0 = T0x0 and we saidu0 = S0x0 = T0x0 is
a point of coincidence.

3.A pointx0 ∈ X0 is known as fixed point of bothS0 and
T0 if S0x0 = T0x0 = x0.

Definition. Mappings S0 and T0 of a d-metric space
(X0,d0) are known to be compatible if

lim
n→∞

d0(S0T0xn,T0S0xn) = 0

when there exists a sequence{xn} in X0 such that

lim
n→∞

S0xn = lim
n→∞

T0xn = t0

for somet0 in X0.
Definition. Mappings S0 and T0 on a d-metric space
(X0,d0) are said to be weakly compatible if they commute
at all of their coincidence points i.e ifS0u0 = T0u0 for
someu0 ∈ X0 thenS0T0u0 = T0S0u0.
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Definition. [7]. MappingsS0 andT0 on ad-metric space
(X0,d0) are said to satisfy property (E.A) if there exists a
sequence{tn} in X0 such that

lim
n→∞

S0tn = lim
n→∞

T0tn = t0

for somet0 in X0.
Example. ConsiderX0 = [0,1] with d-metric given by

d0(x0,y0) = x0+ y0 for all x0,y0 ∈ X0.

The self-mappingsS0 andT0 on X0 are defined by

S0x0 = {
1− x0 if x0 ∈ [0, 1

2]
0 if x0 ∈ (1

2,1]

and

T0x0 =

{

1
2 if x0 ∈ [0, 1

2]
3
4 if x0 ∈ (1

2,1]

for a sequencetn = 1
2 −

1
n in X0 with n ≥ 2 hold property

(E.A) as

lim
n→∞

S0tn = lim
n→∞

T0tn =
1
2
∈ X0.

Also S0 andT0 are weakly compatible as they commute at
1
2 which is the only coincidence point ofS0 andT0 but not
compatible because

lim
n→∞

d0(S0T0tn,T0S0tn) 6= 0.

Definition. [8]. MappingsS0 andT0 on ad-metric space
(X0,d0) are said to satisfy (CLR) property if there exists a
sequence{tn} in X0 such that

lim
n→∞

S0tn = lim
n→∞

T0tn = T0u0

for someu0 in X0.
Example. SupposeX0 = R

+ ∪0, with d-metric space on
X0 is given by

d0(x0,y0) = x0+ y0 for all x0,y0 ∈ X0.

MappingsS0 andT0 are given by

S0x0 =
x0

2
and T0x0 = 2x0 ∀ x0 ∈ X0.

Suppose a sequencetn = 1
n

lim
n→∞

Sxn = lim
n→∞

T xn = t0.

ThusS0 andT0 hold (CLR) property.
Remark. It is clear from Jungck [3] definition that two
self-mappings are said to be non-compatible if there exist
at least one sequence{xn} in X such that

lim
n→∞

Sxn = lim
n→∞

Txn = t for somet ∈ X .

but limn→∞ d(STxn,T Sxn) either not equal to zero or does
not exist. Therefore, two non-compatible mappings satisfy
property (E.A).

3 Main Results

Theorem. SupposeS0 and T0 be weakly compatible
mappings ond-metric space(X0,d0) satisfying

1.S0 andT0 satisfy (CLR) property;
2.d p

0 (S0x0,S0y0)≤ αd p
0(T0x0,T0y0)+

β max

{

d p
0(S0x0,T0x0),d

p
0 (S0y0,T0y0)

}

+

γ max

{

d p
0(T0x0,T0y0),d

p
0 (S0x0,T0x0),d

p
0(S0y0,T0y0)

}

;

for all x0,y0 ∈ X0, α,β ,γ ≥ 0 for 2(α + β + γ) < 1 and
p ≥ 1. ThenS0 andT0 have a fixed point which is unique
and common to both of the mappings.
Proof. SinceS0 andT0 hold (CLR) property therefore there
exists a sequence{ln} in X0 such that

lim
n→∞

S0ln = lim
n→∞

T0ln = T0u0 (1)

for anyu0 in X0.
To show thatS0u0 = T0u0 for this suppose

d p
0(S0ln,S0u0)≤ αd p

0 (T0ln,T0u0)+

β max

{

d p
0(S0ln, ln),d

p
0 (S0u0,T0u0)

}

+

γ max

{

d p
0(T0ln,T0u0),d

p
0 (S0ln,T0ln),d

p
0(S0u0,T0u0)

}

.

Taking limit n → ∞ and using (1) we have

d p
0(T0u0,S0u0)≤ αd p

0 (T0u0,T0u0)+

β max

{

d p
0(T0u0,T0u0),d

p
0 (S0u0,T0u0)

}

+

γ max

{

d p
0 (T0u0,T0u0),d

p
0(T0u0,T0u0),d

p
0 (S0u0,T0u0)

}

.

(2)

d p
0(T0u0,T0u0)≤ d p

0 (T0u0,S0u0)+ d p
0(S0u0,T0u0).

Using symmetric property we have

d p
0(T0u0,T0u0)≤ 2d p

0(T0u0,S0u0). (3)

Using (3) in (2) we have

d p
0(T0u0,S0u0)≤ 2(α +β + γ)d p

0(T0u0,S0u0)

which create a contradiction because 2(α + β + γ) < 1.
Therefore, the above inequality is hold only if
d p

0(T0u0,S0u0) = 0 using symmetric property
d p

0(S0u0,T0u0) = 0 we getS0u0 = T0u0.
BecauseS0 and T0 are mappings which are weakly

compatible thus

S0u0 = T0u0 ⇒ S0T0u0 = T0S0u0.
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Therefore
S0S0u0 = T0S0u0 = S0T0u0. (4)

Now to prove thatS0u0 is the fixed point ofS0 and T0
common to both of them. Assume

d p
0(S0u0,S0S0u0)≤ αd p

0 (T0u0,T0S0u0)+

β max

{

d p
0(S0u0,T0u0),d

p
0(S0S0u0,T0S0u0)

}

+

γ max

{

d p
0 (T0u0,T0S0u0),d

p
0 (S0u0,T0u0),

d p
0(S0S0u0,T0S0u0)

}

.

Using (4) and the fact thatS0u0 = T0u0 we have

d p
0(S0u0,S0S0u0)≤ αd p

0 (S0u0,S0S0u0)+

β max

{

d p
0 (S0u0,S0u0),d

p
0(S0S0u0,S0S0u0)

}

+

γ max

{

d p
0(S0u0,S0S0u0),d

p
0(S0u0,S0u0),

d p
0(S0S0u0,S0S0u0)

}

. (5)

Since

d p
0 (S0u0,S0u0)≤ d p

0 (S0u0,S0S0u0)+ d p
0(S0S0u0,S0u0).

By symmetric property we have

d p
0 (S0u0,S0u0)≤ 2d p

0(S0u0,S0S0u0). (6)

Similarly we can show that

d p
0(S0S0u0,S0S0u0)≤ 2d p

0(S0u0,S0S0u0). (7)

Using (6) and (7) in (5) we have

d p
0(S0u0,S0S0u0)≤ (α +2(β + γ))d p

0(S0u0,S0S0u0)

which is a contradiction therefored p
0(S0u0,S0S0u0) = 0

also by symmetric propertyd p
0 (S0S0u0,S0u0) = 0 implies

S0S0u0 = S0u0. Also by (4) T0S0u0 = S0u0. ThusS0u0 is
the fixed point ofS0 andT0 which is common to both of
them.

Uniqueness.Supposeu0 6= v0 be differen fixed points
of S0 and T0 and common to both of theses mappings.
Using (2) we get

d p
0 (u0,v0) = d p

0(S0u0,S0v0)≤ αd p
0 (T0u0,T0v0)+

β max

{

d p
0(S0u0,T0u0),d

p
0(S0v0,T0v0)

}

+

γ max

{

d p
0(T0u0,T0v0),d

p
0 (S0u0,T0u0),d

p
0 (S0v0,T0v0)

}

≤ αd p
0 (u0,v0)+β max

{

d p
0(u0,u0),d

p
0 (v0,v0)

}

+

γ max

{

d p
0(u0,v0),d

p
0 (u0,u0),d

p
0 (v0,v0)

}

.

Again since

d p
0(u0,u0)≤ 2d p

0(u0,v0) and d p
0 (v0,v0)≤ 2d p

0(u0,v0).

Hence the above inequality takes the form

d p
0 (u0,v0)≤ (α +2(β + γ))d p

0(u0,v0)

which create again a contradiction which implies
d p

0(u0,v0) = 0 and using symmetric property we get
d p

0(v0,u0) = 0 impliesu0 = v0. Thus fixed point ofS0 and
T0 is unique.

The following corollaries are deduced from the above
theorem.
Corollary . SupposeS0 and T0 be mappings which are
weakly compatible ond-metric space(X0,d0) satisfying

1.S0 andT0 hold (CLR) property;
2.d0(S0x0,S0y0)≤ αd0(T0x0,T0y0)+

β max

{

d0(S0x0,T0x0),d0(S0y0,T0y0)

}

+

γ max

{

d0(T0x0,T0y0),d0(S0x0,T0x0),d0(S0y0,T0y0)

}

;

for all x0,y0 ∈ X0, α,β ,γ ≥ 0 for 2(α +β + γ)< 1. Then
S0 andT0 have fixed point which is unique and common
to both of the mappings.
Corollary . ConsiderS0 and T0 be mappings which are
weakly compatible ond-metric space(X0,d0) satisfying

1.S0 andT0 hold (CLR) property;
2.d p

0 (S0x0,S0y0)≤ αd p
0(T0x0,T0y0)+

β max

{

d p
0(S0x0,T0x0),d

p
0 (S0y0,T0y0)

}

;

for all x0,y0 ∈ X0, α,β ≥ 0 for 2(α + β ) < 1 and p ≥
1. ThenS0 andT0 have fixed point which is unique and
common to both of the mappings.
Corollary . SupposeS0 andT0 be mappings ond-metric
space(X0,d0) which are weakly compatible satisfying

1.S0 andT0 hold (CLR) property;
2.d p

0 (S0x0,S0y0)≤ αd p
0(T0x0,T0y0);

for all x0,y0 ∈ X0, α ≥ 0 for 2α < 1 andp ≥ 1. ThenS0
andT0 have fixed point which is unique and common to
both of the mappings.
Example. ConsiderX0 = [0,1] with d-metric on X0 is
given by

d0(x0,y0) = x0+ y0 for all x0,y0 ∈ X0.

The self-mappingsS0 andT0 are defined by

S0x0 =
x0

4
and T0x0 = x0 for all x0 ∈ X0.
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Clearly S0 and T0 satisfy (CLR) property by selecting
{ln}= 1

n .
lim
n→∞

S0ln = lim
n→∞

T0ln = t0.

Also S0 andT0 are weakly compatible because

S00= T00 ⇒ S0T00= T0S00.

d p
0(S0x0,S0y0) =

x0

4
+

y0

4
≤

1
6
(x0+ y0) = αd p

0 (x0,y0).

Thus all the conditions of last corollary are satisfied for
1
6 ≤ α < 1 having 0 is the fixed point ofS0 andT0 which
is unique and common to both the mappings.

Now we prove a common fixed point theorem for a pair
of weakly compatible mappings using property (E.A) with
additional condition of closeness of the subspace.
Theorem. ConsiderS0 and T0 be mappings ond-metric
space(X0,d0) which are weakly compatible satisfying

1.S0 andT0 hold property (E.A);
2.d p

0 (S0x0,S0y0)≤ αd p
0 (T0x0,T0y0)+

β max

{

d p
0(S0x0,T0x0),d

p
0 (S0y0,T0y0)

}

+

γ max

{

d p
0(T0x0,T0y0),d

p
0 (S0x0,T0x0),d

p
0(S0y0,T0y0)

}

;

for all x0,y0 ∈ X0, α,β ,γ ≥ 0 for 2(α + β + γ) < 1 and
p ≥ 1. If T0(X0) is a closed subspace ofX0. ThenS0 andT0
have fixed point which is unique and common to both the
mappings.
Proof. BecauseS0 and T0 hold property (E.A), so there
must exists a sequence{ln} in X0 such that

lim
n→∞

S0ln = lim
n→∞

T0ln = t0 for some t0 ∈ X0.

T0(X0) is a closed subspace ofX0, thus there must exists
u0 ∈ X0 such thatT0u0 = t0. ThusS0 andT0 hold (CLR)
property and so by previousS0 and T0 have fixed point
which is unique and common to both the mappings.

The following corollaries are deduced from the above
theorem.
Corollary . SupposeS0 andT0 be mappings ond-metric
space(X0,d0) which are weakly compatible satisfying

1.S0 andT0 hold property (E.A);
2.d0(S0x0,Sy)≤ αd0(T0x0,T0y0)+

β max

{

d0(S0x0,T0x0),d0(S0y0,T0y0)

}

+

γ max

{

d0(T0x0,T0y0),d0(S0x0,T0x0),d0(S0y0,T0y0)

}

;

3.S0(X0)⊂ T0(X0);

for all x0,y0 ∈ X0, α,β ,γ ≥ 0 for 2(α + β + γ) < 1. If
T0(X0) is a closed subspace ofX0. ThenS0 andT0 have a
fixed point which is common to both mappings and
unique.
Corollary . SupposeS0 andT0 be mappings ond-metric
space(X0,d0) which are weakly compatible satisfying

1.S0 andT0 hold property (E.A);

2.d0(S0x0,S0y0)≤ αd0(T0x0,T0y0)+

β max

{

d0(S0x0,T0x0),d0(S0y0,T0y0)

}

;

3.S0(X0)⊂ T0(X0);

for all x0,y0 ∈ X0, α,β ≥ 0 for 2(α +β )< 1. If T0(X0) is
a closed subspace ofX0. ThenS0 andT0 have fixed point
which is unique and common to both the mappings.
Corollary . ConsiderS0 andT0 be mappings ond-metric
space(X0,d0) which are weakly compatible satisfying

1.S0 andT0 hold property (E.A);
2.d0(S0x0,S0y0)≤ αd0(T0x0,T0y0);
3.S0(X0)⊂ T0(X0);

for all x0,y0 ∈ X0, α ≥ 0 for 2α < 1. If T0(X0) is a closed
subspace ofX0. ThenS0 andT0 have fixed point which is
unique and common to both the mappings.

4 Conclusion

Our constructed theorems extend, generalize and improve
the results established by Gregus [9], Fisher and Sessa
[10], Jungck [11] and Diwan and Gupta [12] in the frame
work of d-metric space. In case of (CLR) property
completeness (closeness) of the space or subspace is not
necessary. Moreover, in case of using (CLR) property
containment of ranges of the involved mappings is not
necessarily required.

Acknowledgement

The authors are grateful to the anonymous referee for a
careful review and helpful comments that improved this
paper.

References

[1] S.G. Mathews, Metrics domain for completeness, Ph.D
Thesis, Department of Computer Science, University of
Warwick, UK, (1986), 1-127.

[2] P. Hitzler, Generalized metrics and topology in logic
programming semantics, Ph.D Thesis, National Univeristy of
Ireland, University College Cork, (2001).

[3] G. Jungck, Compatible mappings and common fixed points,
International Journal of Mathematics and Mathematical
Sciences, 9(1986), 771-779.

[4] G. Jungck and B.E. Rhoades, Fixed point for set valued
functions without continuity,Indian Journal of Pure and
Applied Mathematics, 29(1998), 227-238.

[5] P.S. Kumari, V.V. Kumar and I.R. Sarma, New version
for Hardy-Rogeres type mapping in dislocated metric
space,International Journal of Basic and Applied Sciences,
1(2012), 609-617.

[6] M. Sarwar and M.U. Rahman, Six maps version for Hardy-
Rogeres type mapping in dislocated metric space,Proceeding
of A. Razmadze Mathematical Institute, 166(2014), 121-132.

c© 2016 NSP
Natural Sciences Publishing Cor.



Sohag J. Math.3, No. 1, 31-35 (2016) /www.naturalspublishing.com/Journals.asp 35

[7] M. Aamri and D. EI-Moutawakil, Some new common fixed
point theorems under strict contractive conditions,Journal
of Mathematical Analysis and Applications, 270(2002), 181-
188.

[8] W. Sintunavarat, P. Kuman, Common fixed point theorems
for a pair of weakly compatible mappings in fuzzy metric
space,Journal of Applied Mathematics, vol.(2011), Article
ID 637958.

[9] Jr.M. Gregus, A fixed point theorem in Banach space,Bull.
Un. Math. Ital., 17-A(1980), 193-198.

[10] B. Fisher, S. Sessa, On fixed point theorem of Gregus,
International Journal of Mathematics and Mathematical
Sciences, 9(1985), 23-28.

[11] G. Jungck, On fixed point theorem of Fisher and Sessa,
International Journal of Mathematics and Mathematical
Sciences, 13(1990), 497-500.

[12] S.D. Diwan and R. Gupta, A common fixed point theorem
for Gregus type mappings,Thai Journal of Mathematics,
12(2014), 103-112.

Mujeeb Ur Rahman
Completed has M-Phil degree
from University of Malakand,
Dir(L), Khyber Pakhtunkhwa,
Pakistan in 2014. His
area of interest are Functional
Analysis and Fixed Point
Theory. He has published
twelve research papers in
various reputed international

journals of Mathematics. He is referee of several journals
of Mathematics.

Muhammad Sarwar
Assistant Professor in the
department of Mathematic,
University of Malakand,
Dir(L), Pakistan. He
obtained has Ph.D degree
from Abdul Salam school
of Mathematical Sciences,
Lahore, Pakistan in 2011.
His areas of Interest are Fixed

Point Theory and Weight Measure in Function Spaces etc.
He has published various research papers in his fields of
interest in international reputed journals of Mathematics.
He is referee of various mathematical journals.

Muhib Ur Rahman
Received has B.
Sc degree from University of
Engineering and Technology,
Peshawar, Pakistan. He
is currently doing MS
in Electrical Engineering
from National University
of Sciences and Technology,
Islamabad, Pakistan. His

research interest include UWB Antennas, Band-notch
UWB Antennas, Smart Antennas, RF Tranceivers,
Steganography and Cryptography, Numerical Analysis
and Fixed Point Theory.

c© 2016 NSP
Natural Sciences Publishing Cor.

www.naturalspublishing.com/Journals.asp

	Introduction
	Preliminaries
	Main Results
	Conclusion

