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Abstract: In this article, we establish a unique fixed point theorem forψ∫

φ weakly integral type contraction in the context of complete
G-metric space. Our established result extend some well known results in literature. Suitable example is also given forthe usability of
the derived result.
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1 Introduction

Poincare, in 1886 introduced the concept of fixed point.
Later on a French mathematician Frechet initiated the
concept of metric space in 1906. Combining these two
different concepts a new field of fixed point theory
originated called Metric Fixed Point Theory. Metric fixed
point theory is an important mathematical discipline
because of its applications in areas such as variational and
linear inequalities, optimization, and approximation
theory. It is used for existence of fixed point in differential
equations, matrix equations and integral equations.
In 1922, Banach [3] proved a theorem known as Banach
contraction principle. Banach contraction principle states
“A contraction mapping in a complete metric space has a
unique fixed point”. After that many authors generalized
this principle in various spaces for following different
contractive conditions. The concept of weak contraction
is initiated by Alber and Gurre [1] in 1997, as a
generalization of contraction and established the
existence of fixed points for a self map in a Hilbert space.
Rhoades extended this concept to metric spaces and
definedφ -weak contraction as following:
A self mapT on metric space(X,d) is said to beφ -weak
contraction if there exists a mapφ : R+ → R

+ with
φ(0) = 0 andφ(t)> 0 for all t > 0 such that

d(Tx,Ty)≤ d(x,y)−φ(d(x,y)), ∀ x,y∈ X.

Rhoades [14] proved the following theorem.

Theorem 1.Weak contractive self map in a complete
metric space has a unique fixed point.

Dutta and Choudhury [7] generalized the concept of weak
contraction as a(ψ ,φ) weak contraction and established
the following result.

Theorem 2.Let T be a self map on complete metric space
(X,d) satisfying the following inequality

ψ(d(Tx,Ty))≤ ψ(d(x,y))−φ(d(x,y)), ∀ x,y∈ X.

whereψ ,φ : R+ → R
+ is monotonic non-decreasing and

continuous function such thatψ(0) = 0= φ(0), ψ(t)> 0
andφ(t)> 0 for t > 0. Then T has a unique fixed point.

Zhang and Song [15] proved the following theorem for
two self map in a complete metric space.

Theorem 3.Let S, T be a self map on complete metric
space(X,d) such that∀ x,y∈ X,

d(Tx,Sy)≤ M(x,y)−φ(M(x,y)), ∀ x,y∈ X,

where

M(x,y) = max{d(x,y),d(x,Tx),d(y,Sy), 1
2[d(x,Sy)+d(y,Tx)]},

andφ : R+ → R
+ is lower semi continuous function with

φ(0) = 0andφ(t)> 0 for t >0. Then S and T has a unique
common fixed point.

Dragan Doric [5] extend the result of Zhang and Song in
the following way:
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Theorem 4.A self map T and S on complete metric space
(X,d) such that∀ x,y∈ X,

ψ(d(Tx,Sy))≤ ψ(M(x,y))−φ(M(x,y)),

where

M(x,y) = max{d(x,y),d(x,T x),d(y,Sy),

1
2
[d(x,Sy)+d(y,Tx)]},

ψ : R+ → R
+ is a continuous monotone non-decreasing

function and φ : R+ → R
+ is lower semi-continuous

function withψ(0) = 0= φ(0) andψ(t)> 0, φ(t)> 0 for
t > 0 . Then S and T has a common fixed point.

In 2005 Mustafa and Sims [12], introduced a new concept
of generalized metric spaces, called G-metric spaces. In
such spaces every triplet of elements is assigned to a
non-negative real number, based on the notion of
G-metric spaces after that many researcher extend the
known contractions in G-metric space one of these is
(ψ ,φ) weak contraction see[6,9].
In 2002, the famous Banach fixed point theorem was
extended by Branciari [4] for a mapping of integral type.
Branciari established the following fixed point theorem:

Theorem 5.If T be a self- map of a complete metric space
(X,d) such that∀ x,y∈ X

∫ d(Tx,Ty)

0
ϕ(t)dt ≤ η

∫ d(x,y)

0
ϕ(t)dt, η ∈ [0,1),

where, ϕ : R
+ → R

+ is a Lebesgue-integrable,
non-negative mapping which is summable on each
compact subset ofR+ such that

∫ ε
0 φ(t)dt > 0 for each

ε > 0 . Then T has a unique fixed point.

This result was more generalized and extend by many
authors either by relaxing the condition of contractivity or
changing the underlying space or sometimes both for the
study of the existence of fixed points and common fixed
points for different mapping in complete metric space see
[10,11] and references therein.
Luong and Thuan [13] proved the following theorem for
ψ∫

φ weakly contractive condition.

Theorem 6.Let T beψ∫

φ weakly contractive self map on
complete metric space(X,d) and ϕ : R

+ → R
+ be

Lebesgue integrable mapping such that for each x,y∈ X,

ψ
(

∫ d(Tx,Ty)

0
ϕ(t)dt

)

≤ ψ
(

∫ d(x,y)

0
ϕ(t)dt

)

−φ
(

∫ d(x,y)

0
ϕ(t)dt

)

,

where ψ : R+ → R
+ is continuous and nondecreasing

function,φ : R+ → R
+ is a lower semi continuous and

nondecreasing function such thatψ(t) = 0 = φ(t) if and
only if t = 0. Then T has a unique fixed point.

Hassen ayadi [2] prove the following common fixed point
theorem for integral type contraction in generalized metric
spaces.

Theorem 7.Let (X,G) be a complete G-metric space and
f ,g : X → X be a mapping such that

∫ G( f x, f y, f z)

0
φ(t)dt ≤ α

∫ G(gx,gy,gz)

0
φ(t)dt,

∀ x,y,z ∈ X where α ∈ [0,1) and ϕ : R+ → R
+ is a

Lebesgue-integrable, non-negative mapping which is
summable on each compact subset ofR

+ such that
∫ ε

0 φ(t)dt > 0 for eachε > 0. If f (X) ⊂ g(X) and g(X) is
a complete subspace of X. Then f and g have a unique
point of coincidence in X. Moreover if f and g are weakly
compatible, then f and g have a unique common fixed
point.

Recently Guptaet al [8] established the following result
for weak contraction.

Theorem 8.Let (X,d) be a complete metric space andϕ :
R
+ → R

+ be Lebesgue integrable mapping. T: X → X
such that∀ x,y∈ X

ψ
(

∫ G(Tx,Ty)

0
ϕ(t)dt

)

≤ ψ
(

∫ M(x,y)

0
ϕ(t)dt

)

−φ
(

∫ M(x,y)

0
ϕ(t)dt

)

,

where ϕ : R
+ → R

+ is a Lebesgue-integrable,
non-negative mapping which is summable on each
compact subset ofR+ such that

∫ ε
0 φ(t)dt > 0 for each

ε > 0. ψ : R+ → R
+ is continuous and nondecreasing

function andφ : R+ → R
+ is a lower semi continuous

and nondecreasing function such thatψ(t) = 0 = φ(t) if
and only if t= 0 where

M(x,y) = max

{

d(x,y),d(x,Tx),d(y,Ty), [d(x,T x)+d(y,Ty)]
2

}

.

Then T has a unique fixed point.

Through out the paperR+, N andN0 will denote the set
of all non-negative real numbers, the set of positive integer
and The set of non-negative integer respectively.
Let

Φ =

{

ϕ : ϕ : R+ → R
+
, ϕ is Lebesgue integrable,

summable on each compact subset ofR
+ and

∫ ε
0 ϕ(t)dt>

0 for eachε > 0

}

.

In this paper, using the concept ofψ∫

φ weakly integral
type contraction a fixed point theorem in complete
G-metric space is investigated.
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2 Preliminaries

Definition 1.[12] Let X be a non-empty set and let G: X×
X×X → R

+ be a function satisfying the conditions:

1.G(x,y,z) = 0 implies that x= y= z∀ x,y,z∈ X;
2.0< G(x,x,y) ∀ x,y∈ X with x 6= y;
3.G(x,x,y) ≤ G(x,y,z) ∀ x,y,z∈ X with y 6= z;
4.G(x,y,z) = G(x,z,y) = G(y,z,x) = . . . (symmetry in

three variables);
5.G(x,y,z) ≤ G(x,a,a)+G(a,y,z) ∀ x,y,z,a∈ X.

Then it is called G-metric on X and the pair(X,G) is a
G-metric space.

Example 1.Let X = R
+ andG : X ×X ×X → R

+ be the
function defined is follow

G(x,y,z) = max{|x− y|, |y− z|, |z− x|},

for all x,y,z∈ X. ThenG is G-metric onX.

Definition 2.Let (X,G) be a G-metric space and let xn be
a sequence in X. A point x∈ X is said to be the limit of the
sequence xn if

lim
n,m→∞

G(xn,xm,x) = 0

and the sequence xn is said to be G-convergent to X.

Definition 3.A sequence xn is called a G-Cauchy sequence
if for everyε > 0, there is a positive integerN such that
G(xn,xm,xl )< ε for all n,m, l > N.

Definition 4.A metric space (X,G) is said to be
G-complete (or a complete G-metric space) if every
G-Cauchy sequence in(X,G) is G-convergent in X.

Proposition 1.[12] Let (X,G) be a G-metric space. Then
the following statement holds:

1.|G(x,y,z)−G(x,y,a)| ≤ max{G(a,z,z),G(z,a,a)};
2.G(x,y,y) ≤ 2G(y,x,x) ∀ x,y,z,a∈ X.

Lemma 1.[10] Let ϕ ∈ Φ and{rn}n∈N is a non-negative
sequence withlimn→∞ rn = a. Then

lim
n→∞

∫ rn

0
ϕ(t)dt =

∫ a

0
ϕ(t)dt.

Lemma 2.[10] Let ϕ ∈ Φ and{rn}n∈N is a non-negative
sequence. Then

lim
n→∞

∫ rn

0
ϕ(t)dt = 0⇔ lim

n→∞
rn = 0.

3 Main results

Theorem 9.Let (X,G) be a complete G-metric space and
ϕ : R+ →R

+ be a Lebesgue integrable mapping. T: X →
X such that∀ x,y,z∈ X

ψ
(

∫ G(Tx,Ty,T z)

0
ϕ(t)dt

)

≤ ψ
(

∫ M(x,y,z)

0
ϕ(t)dt

)

−φ
(

∫ M(x,y,z)

0
ϕ(t)dt

)

, (1)

where ϕ ∈ Φ and ψ : R+ → R
+ is continuous and

non-decreasing function andφ : R+ → R
+ is a lower

semi continuous and non-decreasing function such that
ψ(t) = 0= φ(t) if and only if t= 0, where

M(x,y,z) = max

{

G(x,Tx,y),G(x,T x,z),G(x,y,z),

G(y,Ty,Ty),G(z,T z,T z),
[G(x,Ty,T z)+G(Tx,y,z)]

2

}

.

Then T has a unique fixed point.

Proof.Takex be arbitrary point inX define a sequencexn =
Txn−1 for n= 0,1,2...... using (1) for eachn∈ N0 we get

ψ
(

∫ G(xn,xn+1,xn+1)

0
ϕ(t)dt

)

= ψ
(

∫ G(Txn−1,Txn,Txn)

0
ϕ(t)dt

)

≤ ψ
(

∫ M(xn−1,xn,xn)

0
ϕ(t)dt

)

−φ
(

∫ M(xn−1,xn,xn)

0
ϕ(t)dt

)

,(2)

which implies that,

ψ
(

∫ G(xn,xn+1,xn+1)

0
ϕ(t)dt

)

≤ ψ
(

∫ M(xn−1,xn,xn)

0
ϕ(t)dt

)

.

By usingψ function we have

∫ G(xn,xn+1,xn+1)

0
ϕ(t)dt ≤

∫ M(xn−1,xn,xn)

0
ϕ(t)dt. (3)

Now, by using the rectangle property of G-metric, we have

M(xn−1,xn,xn) = max

{

G(xn−1,Txn−1,xn),G(xn−1,Txn−1,xn),

G(xn−1,xn,xn),G(xn,Txn,Txn),G(xn,Txn,Txn)

G(xn−1,Txn,Txn)+G(Txn−1,xn,xn)

2

}

= max

{

G(xn,xn+1,xn+1),G(xn−1,xn,xn),

G(xn−1,xn+1,xn+1)

2

}

.

As,
G(xn−1,xn+1,xn+1)

2
≤

G(xn,xn+1,xn+1)+G(xn−1,xn,xn)

2
,

So

M(xn−1,xn,xn) = max

{

G(xn,xn+1,xn+1),G(xn−1,xn,xn)

}

,
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Assume thatG(xn,xn+1,xn+1)> G(xn−1,xn,xn)
clearly G(xn,xn+1,xn+1) > 0 Therefore

φ(
∫ G(xn,xn+1,xn+1)

0 ϕ(t)dt)> 0 then by (2) we have

ψ
(

∫ G(xn,xn+1,xn+1)

0
ϕ(t)dt

)

≤ ψ
(

∫ G(xn,xn+1,xn+1)

0
ϕ(t)dt

)

−φ
(

∫ G(xn,xn+1,xn+1)

0
ϕ(t)dt

)

,

, hence

ψ
(

∫ G(xn,xn+1,xn+1)

0
ϕ(t)dt

)

< ψ
(

∫ G(xn,xn+1.xn+1)

0
ϕ(t)dt

)

,

it is not possible. So by using (3)

ψ
(

∫ G(xn,xn+1,xn+1))

0
ϕ(t)dt

)

≤ψ
(

∫ G(xn,xn−1,xn−1)

0
ϕ(t)dt

)

.

Sinceψ is monotone non-decreasing, we get
∫ G(xn,xn+1,xn+1)

0
ϕ(t)dt ≤

∫ G(xn,xn−1,xn−1)

0
ϕ(t)dt.

Therefore there existl ≥ 0 such that

lim
n→∞

∫ G(xn,xn+1,xn+1)

0
ϕ(t)dt = l . (4)

we claim thatl > 0. Taking limitn→ ∞ in (2) using (4) we
get

ψ(l)≤ ψ(l)−φ(l)< ψ(l).

Which is contradiction. Thereforel = 0. So we have

lim
n→∞

∫ G(xn−1,xn,xn)

0
ϕ(t)dt = 0,

by Lemma2

lim
n→∞

G(xn−1,xn,xn) = 0, (5)

using Proposition1 we can write

lim
n→∞

G(xn,xn−1,xn−1) = 0. (6)

Now, we show that{xn} is a G-Cauchy sequence . Suppose
that,{xn} is not a G-Cauchy sequence. Then, there exist
ε > 0 and subsequences{xn(k)} and{xm(k)} of {xn} with
n(k)> m(k)> k such that,

G(xm(k),xm(k),xn(k))≥ ε,∀ k∈ N. (7)

Furthermore, corresponding tom(k) one can choosen(k)
such that, it is the smallest integer withn(k) > m(k)
satisfying (7) then,

G(xm(k),xm(k),xn(k)−1)< ε,∀ k∈ N (8)

Using equation (7) and rectangular property ofG- metric
space, we have

ε ≤ G(xm(k),xm(k),xn(k)) = G(xn(k),xm(k),xm(k))

≤ G(xm(k),xm(k),xn(k)−1)+G(xn(k)−1,xn(k)−1,xn(k)), (9)

G(um(k1)−1,um(k1)−1,un(k1)−1)=G(un(k1)−1,um(k1)−1,um(k1)−1)

≤ G(um(k1)−1,um(k1)−1,um(k1))+G(um(k1),um(k1),un(k1))

+G(un(k1)−1,un(k1),un(k1)), (10)

and

G(xm(k)−1,xm(k)−1,xn(k)−1)=G(xn(k)−1,xm(k)−1,xm(k)−1)

≤ G(xm(k)−1,xm(k)−1,xm(k))+G(xm(k),xm(k),xn(k))

+G(xn(k)−1,xn(k),xn(k)), (11)

Using limit k→ ∞ in (9), (10) and (11), we get

lim
k→∞

G(xm(k),xm(k),xn(k))= lim
k→∞

G(xm(k)−1,xm(k)−1,xn(k)−1)= ε,
(12)

Consider

ψ
(

∫ ε

0
ϕ(t)dt

)

≤ ψ
(

∫ G(xm(k),xm(k),xn(k)

0
ϕ(t)dt

)

≤ ψ
(

∫ M(xm(k)−1,xm(k)−1,xn(k)−1)

0
ϕ(t)dt

)

−φ
(

∫ M(xm(k)−1,xm(k)−1,xn(k)−1)

0
ϕ(t)dt

)

, (13)

where

M(xm(k)−1,xm(k)−1,xn(k)−1)

= max

{

G(xm(k)−1,Txm(k)−1,xm(k)−1)

G(xm(k)−1,Txm(k)−1,xn(k)−1),G(xm(k)−1,xm(k)−1,xn(k)−1)

G(xm(k)−1,Txm(k)−1,Txm(k)−1),G(xn(k)−1,Txn(k)−1,Txn(k)−1)

G(xm(k)−1,Txm(k)−1,Txn(k)−1)+G(Txm(k)−1,xm(k)−1,xn(k)−1

2

}

= max

{

G(xm(k)−1,xm(k),xm(k)−1),G(xm(k)−1,xm(k),xn(k)−1),

G(xm(k)−1,xm(k)−1,xn(k)−1),G(xm(k)−1,xm(k),xm(k)),

G(xn(k)−1,xn(k),xn(k)),

G(xm(k)−1,xm(k),xn(k))+G(xm(k),xm(k)−1,xn(k)−1

2

}

.

Now

∫ M(xm(k)−1,xm(k)−1,xn(k)−1)

0
ϕ(t)dt=

∫ max
{

A,B,C,D,E,F
}

0
ϕ(t)dt,

where

A=G(xm(k)−1,xm(k),xm(k)−1),B=G(xm(k)−1,xm(k),xn(k)−1),
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C= G(xm(k)−1,xm(k)−1,xn(k)−1)

D = G(xm(k)−1,xm(k),xm(k)),E = G(xn(k)−1,xn(k),xn(k))

F =
G(xm(k)−1,xm(k),xn(k))+G(xm(k),xm(k)−1,xn(k)−1)

2

∫ M(xm(k)−1,xm(k)−1,xn(k)−1)

0
ϕ(t)dt

= max

{

∫ A

0
ϕ(t)dt,

∫ B

0
ϕ(t)dt,

∫ C

0
ϕ(t)dt,

∫ D

0
φ(t)dt,

∫ E

0
ϕ(t)dt,

∫ F

0
ϕ(t)dt

}

, (14)

G(xm(k)−1,xm(k),xn(k)−1) = G(xn(k)−1,xm(k),xm(k)−1)

≤G(xm(k)−1,xm(k)−1,xm(k))+G(xm(k)−1,xm(k)−1,xn(k)−1),

(15)

and

G(xm(k)−1,xm(k),xn(k)) = G(xn(k).xm(k),xm(k)−1)

≤ G(xn(k),xm(k),xm(k))+G(xm(k),xm(k),xm(k)−1), (16)

Applying limit k→ ∞ in (15) and (16) using (6) and (12),
we have

lim
k→∞

G(xm(k)−1,xm(k),xn(k)−1) = ε, (17)

lim
k→∞

G(xm(k)−1,xm(k),xn(k)) = ε. (18)

Applying limit k → ∞ in (14), using (6), (12), (17), (18),
we get

lim
k→∞

∫ M(xm(k)−1,xm(k)−1,xn(k)−1)

0
φ(t)dt =

∫ ε

0
φ(t)dt (19)

Taking limit of (13) using (19) and lower semi continuity
of φ we have

ψ
(

∫ ε

0
ϕ(t)dt

)

≤ ψ
(

∫ ε

0
ϕ(t)dt

)

−φ
(

∫ ε

0
ϕ(t)dt

)

< ψ
(

∫ ε

0
ϕ(t)dt

)

which is contradiction. Thereforexn is a G-Cauchy
sequence. By a G-completeness ofX, xn → x in X we
claim thatx is a fixed point. Consider

ψ
(

∫ G(xn+1,Tx,T x)

0
ϕ(t)dt

)

= ψ
(

∫ G(Txn,Tx,Tx)

0
ϕ(t)dt

)

≤ ψ
(

∫ M(xn,x,x)

0
ϕ(t)dt

)

−φ
(

∫ M(xn,x,x)

0
ϕ(t)dt

)

, (20)

Where

M(xn,x,x) = max

{

G(xn,Txn,x),G(xn,Txn,x),G(xn,x,x),G(x,T x,T x),

G(x,T x,Tx),
[G(xn,Tx,Tx)+G(T xn,x,x)]

2

}

= max

{

G(xn,xn+1,x),G(xn,x,x),G(x,T x,T x),

[G(xn,Tx,T x)+G(xn+1,x,x)]
2

}

,

Applying limit n→ ∞, we have

lim
n→∞

M(xn,x,x) = G(x,T x,Tx). (21)

Taking limit in (20) and using (21) one can get

ψ
(

∫ G(x,T x,Tx)

0
ϕ(t)dt

)

≤ ψ
(

∫ G(x,T x,Tx)

0
ϕ(t)dt

)

−φ
(

∫ G(x,T x,Tx)

0
ϕ(t)dt

)

,

if G(x,Tx,Tx)> 0 then

ψ
(

∫ G(x,T x,Tx)

0
ϕ(t)dt

)

≤ ψ
(

∫ G(x,Tx,T x)

0
ϕ(t)dt

)

−φ
(

∫ G(x,Tx,T x)

0
ϕ(t)dt

)

< ψ
(

∫ G(x,T x,Tx)

0
ϕ(t)dt

)

,

Which is contradiction. SoG(x,Tx,Tx) = 0 impliesx =
Tx.

Uniqueness:Now we prove thatx is the unique fixed
point of T. Suppose it is not then there existy such that
Ty= y andx 6= y.

ψ
(

∫ G(x,x,y)

0
ϕ(t)dt

)

= ψ
(

∫ G(Tx,T x,Ty)

0
ϕ(t)dt

)

≤ ψ
(

∫ M(x,x,y)

0
ϕ(t)dt

)

−φ
(

∫ M(x,x,y)

0
ϕ(t)dt

)

, (22)

M(x,x,y) =max

{

G(x,T x,x),G(x,T x,y),G(x,x,y),

G(x,Tx,Tx),G(y,Ty,Ty),

G(x,Tx,Ty)+G(Tx,x,y)
2

}

= max

{

G(x,Tx,x),G(x,x,y),G(y,Ty,Ty),

G(x,Tx,Ty)+G(Tx,x,y)
2

}

= G(x,x,y).
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Using (22) we have

ψ
(

∫ G(x,x,y)

0
ϕ(t)dt

)

< ψ
(

∫ G(x,x,y)

0
ϕ(t)dt

)

.

We arrive at contradiction. This proves the uniqueness
and hence the result.

Corollary 1.Let (X,d) be a complete G-metric space and
ϕ : R+ →R

+ be Lebesgue integrable mapping. T: X →X
such that∀ x,y,z∈ X
∫ G(T x,Ty,Tz)

0
ϕ(t)dt≤

∫ M(x,y,z)

0
ϕ(t)dt−φ

(

∫ M(x,y,z)

0
ϕ(t)dt

)

.

(23)
Where ϕ ∈ Φ and ψ : R+ → R

+ is continuous and
non-decreasing function andφ : R+ → R

+ is a lower
semi continuous and non-decreasing function such that
φ(t) = 0 if and only if t= 0 andφ(t)> 0 if t > 0 where

M(x,y,z) = max

{

G(x,Tx,y),G(x,T x,z),

G(x,y,z),G(y,Ty,Ty),G(z,T z,T z),

G(x,Ty,Tz)+G(Tx,y,z)
2

}

.

Then T has a unique fixed point.

Proof.The proof follow by takingψ(t) = t in Theorem 3.1.

Corollary 2.Let (X,d) be a complete G-metric space and
T : X → X such that∀ x,y,z∈ X

ψ
(

G(Tx,Ty,Tz)
)

≤ ψ
(

M(x,y,z)
)

−φ
(

M(x,y,z)
)

,

whereψ : R+ → R
+ is continuous and non-decreasing

function andφ : R+ → R
+ is a lower semi continuous

and non-decreasing function such thatψ(t) = 0= φ(t) if
and only if t= 0 where

M(x,y,z) = max

{

G(x,Tx,y),G(x,T x,z),G(x,y,z),

G(y,Ty,Ty),G(z,T z,Tz),

G(x,Ty,Tz)+G(Tx,y,z)
2

}

.

Then T has a unique fixed point.

Proof.The proof follow by takingφ(t) = 1 in Theorem9.

Example 2.Let X = [1,2] be endowed with G-metric

G(x,y,z) = max{|x− y|, |y− z|, |z− x|},∀ x,y,z∈ X.

Assumex≤ y≤ z. LetT : X →X, ψ :R+ →R
+, ϕ :R+ →

R
+ andφ : R+ →R

+ defined by,

T(x) =

{

1 ∀ x∈ [1,2),

5
4 ∀ x= 2.

ψ(t) = t ∀ t ∈ R
+
,φ(t) =

t
2

∀ t ∈R
+
,

ϕ(t) = 3t2 ∀ t ∈ R
+
.

Now we have,

ψ
(

∫ G(Tx,Ty,T z)

0
ϕ(t)dt

)

= ψ
∫ 1

4

0
ϕ(t)dt = ψ(

1
64

) =
1
64

ψ
(

∫ M(x,y,z)
0 ϕ(t)dt

)

−φ
(

∫ M(x,y,z)
0 ϕ(t)dt

)

= ψ(1)−φ(1) = 1
2

Implies that

ψ
(

∫ G(Tx,Ty,T z)

0
ϕ(t)dt

)

≤ ψ
(

∫ M(x,y,z)

0
ϕ(t)dt

)

−φ
(

∫ M(x,y,z)

0
ϕ(t)dt

)

,

All conditions of of Theorem9 are satisfied. ThusT has a
unique fixed point.

4 Conclusion

The established results generalize some results of [8] and
[13] in the setting of generalized metric spaces
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