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Abstract: In this paper, we use the Caputo fractional differential operator, which is introduced by Italian scientist Caputo in
1967, an attempt as an application in electrical engineering, we obtain the solution of fractional differential equation associated
with a LCR electrical circuit viz. the inductance L, the capacitance C and the resistor R in a closed form in terms of the three-
parameters Mittag-Leffer function. The generalization of two parameters Mittag-Leffer function introduced by Prabhakar in

1971 in the form of three- parameters Mittag-Leffer function.
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1 Introduction

The fractional calculus is a generalization of ordinary
differentiation to non-integer case. In other words, the
fractional calculus operators deal with integrals and
derivatives of arbitrary (i.e. real or complex) order. The name
“fractional calculus” is actually a misnomer; the designation,
“Integration and differentiation of arbitrary order” is more
appropriate. The classical calculus was independently
discovered in seventeenth century by Isaac Newton and
Gottfried Wilhelm Leibnitz. The question raised by Leibnitz
for the existence of fractional derivative of order, half was an
ongoing topic amongst mathematicians for more than three
hundred years, consequently several aspects of fractional
calculus were developed and studied.

During last decade applied mathematicians and
physicists found the fractional calculus operators to be very
useful in a variety of fields such as quantitative biology,
electro chemistry, scattering theory, transport theory,
probability, elasticity, control theory, potential theory, signal
processing, image processing, diffusion theory, kinetic
theory, heat transfer theory and circuit theory etc.. The
fractional calculus operators also occur widely in technical
problems associated with transmission lines and the theory of
compressional shock waves.

The first accurate use of a derivative of non-integer order
is due to the French mathematician S. F. Lacroix [21] in 1819
who expressed the derivative of non-integer order % in terms
of Legendre’s factorial symbol T".

[ee]

I'(a) = j t* le~tdt

0

Starting, with a function y = x™, Lacroix
expressed it as follows
@ _ m! L = 'm+1) o
dx® (m—n)! I'm—n+1)

Replacing with 2 and puttingm = 1, he obtained
the derivative of order % of the function x.

1/2
a7y _ iﬁ
dx1/? N
The credit of first application of fractional calculus

goes to Abel’s [22] who employed it in the solution of an
integral equation which emerged in the formulation of the
tautochrone problem of finding the shape of a frictionless wire
lying in a vertical plane such that the time of slide of a bead
placed on the wire to the lowest point of the wire is the same
regardless of position of the bead on the wire.

2 Special Functions of Fractional Calculus

The importance of special functions as a device of
mathematical analysis is well known to the scientist,
mathematician and engineers dealing with the practical
applications of differential equations. The solution of various
problems from the heat conduction, electromagnetic waves,
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fluid mechanics, quantum mechanics, kinetic equations and
diffusion equations etc. lead obligatory to using the special
function. Special functions arise as a solution of some basic
ordinary differential equations and solving partial differential
equations by means of separation of variable method. The
verity of the nature of the methods leading to special functions
stimulated the increasing of the number of special functions
used in applications.

2.1 The Mittag-Leffler Function

The Mittag-Leffler function introduced by Mittag-
Leffler [18] in 1903 is defined as

E,(x) = kzzom,

(a € C,Re(a) > 0) (D

A generalization of the Mittag-Leffler function is
given by Wiman [20] in 1905 defined as

s ®)= ) vy

(a,B € C,Re(a) > 0,Re(B) >0) (2)

Prabhakar [19] introduced a generalization of (2) in 1971 in
the form

k
EY () = F(of%"’;)k!.
k=0
(a,B,y € C,Re(a) > 0),Re(B) >0 3
Where (y) is the Pochammer symbol.
It is an entire function with p = [Re(v)] 1.

Fory = 1, this function coincides with (2), while fory = g =
1 with (1) :

Eqp(x) = Eupg(x),Ez1(x) = E,(x) (4
We also have
¢B,y:x) = F,(B,y;x) =Ty EL (x)  (5)

x (1 =Y 1)
(011)1 (1 - B: Of) ’

Re(a) > 0;a,B,y €C (6)

1 o1
EZ,B(X) =F_)/H1,'2 -

For y =1 (6) gives rise to the following result for the
generalized Mittag-Leffler function.

_ 1,1 (O, 1)
Fap() =13 |~x| 10 2 p o)
Re(a) > 0;a,BEC @)

If we further take § = 1 in (7) we find that

1,1 0,1
Ea(x) = Hl.lz - (0,](.); (0); a):l’
Re(a) > 0;a € C ©

Many numbers of definitions of fractional derivative are
given by many mathematicians like Riemann-Liouville
operator, Modified Riemann-Liouville fractional derivative,
Caputo fractional derivative, Weyl Fractional operator, Tuan
and Saigo Fractional Operators. The Riemann-Liouville
fractional derivative of constant is not equal to the Caputo
fractional derivative of constant viz the Caputo fractional
derivative of constant is zero.

2.2 Caputo Fractional Derivative

The Caputo fractional derivative of order a > 0 is introduced
by Caputo [24] in the form
(if m—1<a<mRe(a) > 0,m €N):
aDEf(@) = 1m"*D™f(t)
Or

aDEf(e) = ﬁj(t — )M e M) dr,t > 0
0

dmf(t) .
=g Jifa=m 9
Where % is the m-th derivative of order m of the function
f(t) with respect to t.
Or
NG
"(t
cpa —
D) =y e 4
0

where0 < a <1) (10)
According to this definition,
EDFA =10,  f(t) = A = constant
That is, Caputo’s fractional derivative of a constant is zero.

The Caputo fractional derivative is a short of regularization in
the time origin for the Riemann-Liouville fractional
derivative.

The Laplace transform of Caputo derivative is representation
of

n-1

LIEDEF(O] = s°F() = ) f¥(0)s** (1)
k=0

We see that from the equation (11) the representation of the
Caputo derivative in Laplace domain using the initial
condition  f¥(0) where k is integer. When the initial
conditions are zero then the equation (11) converted into

© 2016 NSP
Natural Sciences Publishing Cor.



Adv. Eng. Tec. Appl. 5, No. 2, 41-45 (2016) / http://www.naturalspublishing.com/Journals.asp

N SS e 43

LIaDEf(0)] = s“F(s)

The importance of the Mittag-Leffler function and its
generalizations due to their applications in several fields of
science and engineering. The applications of the Mittag-
Leffler functions are observed recently in a number of papers,
related to fractional calculus and fractional order differential
and integral equations and systems. Soubhia, Camargo and
Rubens [17] have derived some applications of the Mittag-
Leffler function in electrical engineering.

3 Definition
Unit Ramp function—Let f(t) be the ramp function. The
ramp mathematically expressed as follows:

_ (0 fort<oO
f(t)_{t fort=0

And its Laplace transform is s 2.

(12)

Unit Parabolic function—Let f(t) be the parabolic function.
The Parabolic mathematically expressed as follows:

0 fort<oO
— 2
f® = % fort=0 (13)

And its Laplace transform is 513

4 RLC - Electrical Circuit

In this paper, we present RLC electrical circuit with a
capacitor and an inductor are connected in parallel and this set
is connected in series with a resistor and voltage. The
capacitance C, the inductance L and the resistor R are consider
positive constants and ¥ (t) is the ramp function earlier paper
[17], consider the ¥ (t) is Heaviside function.

The constitutive equations associated with a three elements of
RLC electrical circuit are:

The voltage drop

d
U, (t)=1L EI(T)' across an inducter;
The voltage drop

Ug(t)
The voltage drop

= RI(t), across aresistor;

across a capacitor

1 t
0.0 = [ 16,

And where I(t) is the current.

Applying the Kirchhoff’s voltage law and constitutive
equations associated with the three elements, we can write the
non-homogeneous second order ordinary differential
equation

2
C= W) (14)

Where U,(t) is the voltage on the capacitor, this is the same
on the inductor as we can see in figure 1, because they are
connected in parallel.

d R
Uc(t) + Uc(t) + - Uc(t) =—

FAVAV S

Three element LCR electrical circuit
Fig-1

On the other hand, we obtain other non-homogeneous second
order ordinary differential equations associated with the
current on the inductor,

d2
RLC lL(t) + L lL(t) +Ri,(t) =y(t)
Again, using the constitutive equation for the inductor, these
two non-homogeneous second order ordinary differential
equations can be led to correspondent integro-differential
equations,

(15)

d 1 R[ d
Ric(® + £ic® + 15 [ i6©)d6, = 9@ (16)
0

And
t

d R
RS UL + U0+ [ 0Ods, = 9@ A7)
0

respectively. We note that, integro-differential equations have
the some form. Here we consider only the first one. The
classical methodology to discuss this integro-differential
equation is the Laplace transform. To this end, we consider
the initial condition i-(0) = 0 and the solution can be found
in terms of an exponential function [23].

5 Fractional Integro-Differential Equation

In this section we discuss the fractional form of equation (16),
i.e. a Fractional integro-differential equation associated with
a current on the capacitor,

a

1
dt“ lc(t) +

PN Wi f (t - O i (©)de,

LCTa

=—Y(t 18

Ko (18)
We also consider i-(0) = 0, i.e., the initial current on the
capacitor is zero. We note that this equation is a possible
generalization of the classical integro-differential equation
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associated with the RLC electrical circuit, because fora = 1
we recover the results obtained in (16). This replacement can
be useful in discussing the corresponding numerical problem,
for a particular value of the parameter, because the solution is
presented in terms of a closed expression.

To solve this fractional integro-differential equation, we
introduce the Laplace integral transform, defined by

Uic@] = F®) = [ i@ dt
0
with Re(s) > 0, and we obtain the following algebraic
equation

Rs*F(s) + @ +—=—
C LC s* &
Whose solution is given by
1 Sa—l
F) =m0
(s) Rs?* 4+ as*+b

where we have introduced the positive parameters a = 1/RC
and b = 1/LC.

RF(s) 1

To recover the solution of the fractional integro-differential
equation, we proceed with the inverse Laplace transform

1 Sa—l
e@® =gl [m]
Using the relation [3]
e
s®+ Asf + B
=P Z(—A)rt(“"*)*Eézil_p+(a_g)r(—Bt“)
=0

B

s
Valid for B <landa = B,

Sa

We can write,

ic(t) = 5 520 (~) tTELE k14 (—DE2) (0)(19)

Where Elf,v(t)is the three parameter Mittag-Leffler functions
and y(t) is the Ramp function.

Again, if we consider ¥ (t) function is parabolic function then
the solution
at+1l

ic(t) = 0 (~a) t St Y sprar (—DEX) P (£) (20)
6 Conclusion
In this paper we obtain new results for series in three-

parameter Mittag- Leffer functions. The possible applications
of our results, we obtain a closed form to the solution of the

fractional integro- differential equation associated with a
particular RLC electrical circuit, in terms of the three-
parameter Mittag-Leffer function. Our main result is
interesting with respect to simplifying several other results,
for i.e. as one can see in [5] where we discussed the fractional
telegraph equation, and in [4], where the anomalous diffusion
was presented. The results in both papers are given in terms
of the three- parameter Mittag-Leffer function.

References

[1] R.P. Agarwal, A propos d'une note de M. Pierre Humbert. C.R.
Acad. Sci. Paris, 236 (1953), 2031-2032.

[2] R. Charnet and E. Capelas de Oliveira, On the product of two
gamma distributions and the Mittag-Leffer function. Submitted.

[3] R. Figueiredo Camargo, Fractional Calculus and Applications
(in Portuguese). Doctoral Thesis, Unicamp, Campinas, 2009.

[4] R. Figueiredo Camargo, E. Capelas de Oliveira and J. Vaz Jr.,
On the anomalous diffusion and the fractional generalized
Langevin equation. J. Math. Physics 50, (2009) 123518 (publ.
online Dec. 2009).

[5] R. Figueiredo Camargo, E. Capelas de Oliveira and J. Vaz Jr.,
On the generalized Mittag-Leffer function and its application in
a fractional telegraph equation. Submitted for publication, 2009.

[6] R. Figueiredo Camargo, R. Charnet and E. Capelas de Oliveira,
On some fractional Green's functions. J. Math. Phys. 50 (2009),
043514.

[7] R. Figueiredo Camargo, A.O. Chiacchio and E. Capelas de
Oliveira, Di®erentiation to fractional orders and the telegraph
equation. J. Math. Phys. 49 (2008), 033505.

[8] R. Figueiredo Camargo, A.O. Chiacchio, R. Charnet and E.
Capelas de Oliveira, Solution of the fractional Langevin
equation and the Mittag-Leff er functions. J. Math. Phys. 50
(2009) 063507.

[9] Ch. Fox, The G- and H- functions as symmetrical Fourier kernels.
Trans. Amer. Math. Soc., 98 (1961), 395-429.

[10] R. Hilfer (Ed.), Applications of Fractional Calculus in Physics.
World Scienti™ ¢, Singapore (2000).

[11] AA. Kilbas, H.M. Srivastava, JJ. Trujillo, Theory and
Applications of Fractional Di®erential Equations. Elsevier,
Amsterdam (2006).

[12] V. Kiryakova, Multiindex Mittag-Le2er functions, related
Gelfond- Leontiev operators and Laplace type integral
transforms. Fract. Calc. Appl. Anal. 2, No 4 (1999), 445-462.

[13] V. Kiryakova, The multi-index Mittag-Le2er functions as
important class of special functions of fractional calculus. Com-
puters and Math. with Appl. 59, No5 (2010), 1885-1895

(doi:10.1016/j.camwa.2009.08.025).

[14] Yu. Luchko, Operational method in fractional calculus. Fract.
Calc. Appl. Anal. 2, No 4 (1999), 463-488.

[15] R.L. Magin and M. Ovadia, Modeling the cardiac tissue
electrode interface using fractional calculus. J. Vibration and
Control 14 (2008), 1431-1442.

© 2016 NSP
Natural Sciences Publishing Cor.



Adv. Eng. Tec. Appl. 5, No. 2, 41-45 (2016) / http://www.naturalspublishing.com/Journals.asp

N SS e 45

[16] F. Mainardi, On the initial value problem for the fractional
diffusion- wave equation. In: S. Rionero and T. Ruggeri (Eds.),
Waves and Stability in Continuous Media, World Scienti c,
Singapore (1994), 246-251.

[17] Ana L. Soubhia, Rubens F. Camargo, Edmundo C. de Oliveira
and Jayme Vaz Jr., Theorem for series in three-parameter Mittag-
leffler function, Fract. Calc. Appl. Anal. 13, No 1 (2010), 8-20.

[18] G.M. Mittag- Leffler: Sur la nouvelle function E,(x) C. R.
Acad. Sci., Paris (Ser. I1), 137 (1903), 554-558.

[19] T.R. Prabhakar: A Singular Integral Equation with a
Generalized Mittag-Leffler Function in the Kernel, Yokohama
Math. J., Vol. 19 (1971) 7-15.

[20] A.Wiman: Ueber den Fundamentalsatz in der Theorie der
Funkilionen , Acta. Math., Vol. 29 (1905), 191-201.

[21] S. F.,Lacroix: Traite du Calcul Differentiel et du Calcul integral,
2nd ed. Vol. 3, Courcier, Paris. 409-410.

[22] N. H. Abel: Solution De Quelques Problems a L'aide D'integrals
Definites. Oeuvres Completes, Vol. 1 (1881), Grondahl
Christiania, Norway, 16-18.

[23] L. Boyadjiev, S. L. Kalla, and H. G. Khajah: Analytical and
Numerical Treatment of a Fractional Integro-Differential
Equation of Volterra-Type, Math. comput. Modelling, Vol. 25,
No.12 (1997) 1-9.

[24] M. Caputo: Linear Models of Dissipation Whose Q is Almost
Frequency Independent, Il. Geophysical J. of the Royal
Astronomical Soc., 13 (1967), 529-539 (Reprinted in: Fract.
Calc. Appl. Anal., Vol. 11 No. 1 (2008) 3-14.

Mohd Farman Ali opened his eyes
in this beautiful world in 1983 in
India. He was awarded the M.Sc.
degree from Ch. Charan Singh
University Meerut, U.P. in 2007 and
PhD from Jiwaji  University,
Gwalior, M.P., India in 2014.
Between 2007 and 2009, he was
Lecturer in H L M College,
Ghaziabad, India. From 2009 to
2010, he was Assistant Professor in the Department of
Applied Science and Humanities, KSJIET, Ghaziabad,
India. He is currently an Assistant Professor in the
Department of Applied Science and Humanities Dcet, Dr.
A.P.J. Abdul Kalam Technical University, Lucknow, India.
He has published several papers in various reputed
international journals. His main research area are: Dirichlets
Averages, Laplace Transform, Fourier Transform, Reimann
Livioulle Integral And Derivatives, Quantum Calculus,
Fractional calculus and their aapplications in science and
engineering”. He is Editor of International Electrical
Engineering Journal (IEEJ).

© 2015 NSP
Natural Sciences Publishing Cor.


http://www.naturalspublishing.com/Journals.asp

