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Abstract: In this paper, we establish a class of retarded iteratedrafténequalities, which includes a nonconstant term detshe
integrals. By adopting novel analysis techniques, the uppend of the embedded unknown function is estimated afplidhe
derived result can be applied in the study of solutions ofnany differential equations and integral equations.
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1 Introduction and

It is well known that differential equations and integral ) < a+ f ds+/ s))ds, to
equations are important tools to discuss the rule of natural

phenomena. In the study of the existence, uniqueness,<t <t;.

boundedness, stability, oscillation and other qualieativ . . . .
properties of solutions of differential equations and Pachpatteq] investigated the retarded inequality
integral equations, one often deals with certain integral aft)

inequalities. One of the best known and widely usedU(t) < k+/ 9(s ds+/ (3)

inequalities in the study of nonlinear differential
equations is Gronwall-Bellman inequalityL, P], which
can be stated as follows: i and f are non-negative
continuous functions on an intenjal b] satisfying

wherek is a constant. Replacing by a nondecreasing
continuous function f (t) in (1), RashidlP studied the
following retarded inequality

t t aft)
u(t) < c+ / fsue)ds, telabl, u(t) < f(t)+ / g(s)u(s)ds+ / houis)ds ()
a a a
for some constarg > 0, then Their results were further generalized by Agarwal, Deng
t Zh tothei lit
u(t)<cexp< / f(s)ds), tefab]. (1 andzhangd]to the inequality
a
In 1956, Bihari B] studied a new nonlinear integral ) <a(t +Zi/ gi(t,s)wi(u(s))ds, to <t <ty,
inequality i(to) 5)
u(t) §a+/t f(sw(u(s))ds, t>0, (2)  In 2011, Abdeldaim et al.1[ studied a new iterated
0 integral inequality of GronwalI—Bellman—Pachpatte type
wherea > 0 is a constant. Replacing the upper limibf T
the integral with a functiona(t) in (2), Lipovan [p] <UO+/ f(s / +/ 9

improved Bihari's results by investigating the following
so-called retarded Gronwall-like inequalities U(f)df} dT} ds. (6)

In 2014, EI-Owaidy, Abdeldaim, and El-Dedl§

aft)
Ut)§a+/t0 fewlu(s))ds, to<t<t, investigated some new retarded nonlinear integral
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inequalities

u(t) < f(t)+/tg(s)up(s)ds+ /a(t> 7
ax(t)
) < PO+ [ gu(sds
+ / “ s ®)
ax(t)
ut) < f(t)+/ u(s))ds
+/O!2(I) (u(s))ds, )
) < f(t 4-/01t s)wi(Inu(s))ds
+ /02 s\wx(Inu(s))ds, (20)
) < f(t +/ ds+/
+ / dA]ds. (11)

Theorem 1 Suppose that,h € C(I,R),a € CY(I,1) is
nondecreasing witta(a) = a and a(t) <t on I. Let
f ¢ C(R.,R;) be nondecreasing functions with
f(uy >0 for u> 0, and w;,wp, € C(Ry,R;) be
nondecreasing functions with
uwi(Inu) > 1,wo(u) > 1,wo(u)/wy(u) > 1 for u > 0.

Suppose thatVy(+o) = 400, Wo(+0) = 4oo. If u(t)
satisfieg12), then
t
u(t) < exp{W{1 W{l / f(s)ds
+/ h(s)ds) |} tet, (16)

whereW;, W, are defined byX3) and (L4), respectively.

Proof. Define a functior(t) by the right hand side of the
inequality (L2), i.e.

al(t)
2(t) = (1) +/ g(9wy(Inu(s))ds
[
+/ h(t

swy(Inu(s ))[u(s)

)Wy (Inu(t ))dr} ds. a7)

During the past few years, some investigators hav@yhich is a positive and nondecreasing functiorl ofrom
established a lot of useful and interesting integral(12) and (L7) we have

inequalities in order to achieve various goals; see [3- 15]

and the references cited therein.
In this paper, on the basis 01(,13], we discuss a

(18)
(19)

u(t) < z(t),u(a(t)) < z(a(t)) <
2(a) = f(a).

Z(t),tel,

new retarded nonlinear \olterra-Fredholm type integfa'Diﬁerentiatingz(t) with respect td, using (L8) we have

inequality
af(t)
utt) < (1) +/ g(9wr(Inu(s))ds

o

Swy(Inu(s)) [u(s)

+/ h(t)u(t)wa(Inu(t ))dr}ds. (12)
2 Result
Throughout this paper, let

Ry = [0,4+),] = [a,+).C}(M,S) denotes the class of
continuously differentiable functions defined on $ét
with range in the setS, C(M,S) denotes the class of
continuously functions defined on 9dtwith range in the
setS, a’(t) denotes the derivative function of a function
af(t).

For the sake of convenience, we define three functions

u dr
Wi (U) = /
(W) In(1+(a)) W (r)’

rw g )dr
W = i)

,u>In(l1+f(a)),ue Ry, (13)

u>W(In(1+f(a))),ue Ry,
(14)

,u>In(1+f(a)),uecRi. (15)

u dr
Walu) = /|n<1+f< a)) Wa(r)’

f(t) +a’(t)g(a(t))wi(Inu(a(t)))
+a/(t)9(a(t))W1(|n u(a(t))) {U(a(t))

7

:f()+a

7

< f(t )+0f (Hg(a(t ))W1(|n2(a(t)))[1+Z(a(t))

7

< f(t )+a (tg(at ))wl(|nz(t))[1+ 2(t)

+/
< f/(
where

a(t)
ra(t) = 1+z(t)+/ h(r)
a
which is a positive and nondecreasing functiorl oRrom
(20) and Q1) we have

2(t) < (), Za(t)) < ra(a(t) <rt)tel,
ri(a) = 1+ f(a).

Z(t) =

Dwa(Inu(t ))dr]
tg(a(t))wi(inu(a(t))) [1+ u(a(t))

Dwa(Inu(t ))dr]
Dwa(Inz(t ))dr}

Dwa(Inz(t ))dr}

U/(t)g(a( )Wi(Inz(t))ra(t), (20)

Z(T)Wa(Inz(T))dT, (21)

(22)
(23)
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Differentiatingry(t) with respect ta and using 20) and
(22), we have

ri(t) = Z(t) + a'(th(a(t))z(a (t))wa(
))wa(Inz(t))ra(t)
Z(a(t))w(Inz(a(t)))
Dwa(Inry(t))ra(t)
ri(t)wa(Inry(t)). (24)
1(t) is a positive function. Frond) we

Inz(a(t)))

Sincewy (Inr4(t))r
have
ra(t)

- f'(t)
wi(Inra(t))ra(t) —

(25)

Integrating the inequality2®) from ato t, and making the
change of variable we have

Wi(Inry(t)) <Wi(In(1+f(a)) + f(t) — f(a)+/a(t)g(s)ds

+/

w2( nri(s))
W1 nlrl(S))dS

(26)

Define afunctlorrz( ) by

(t) = f(t)— f(a +/a(t>g

+/ w (Inr1(s))

W1 (Inry(s))

which is a positive and nondecreasing functiorl ofrom
(27) we have

ra(t)) < expW; H(ra(t))), (28)
ra(a) = 0. (29)

Differentiatingr(t) with respect ta and using 28), we
have

rp(t) = '(t) + a’'(Hhg(a(t) + o’ (t)h(a(t))

< /(1) +a'(Mg(a(t)

/ wo (W H(ra(t)))
OO, W)
Sincews(u)/wy(u) > 1 for anyu > 0, from (30) we have

Wl(Wl_l(rZ(t)))drz _ f/(t) + a/(t)g(a(t))

wa(Wy H(ra(t)))
+a’(t)h(a(t))} dt

(27)

W2(|n rl(t))
wa(Inr(t))

(30)

(31)

Integrating the inequality3(l) from a tot and making the
change of variable we have

_\/\lz(rz(a))—i—/at f(s)ds+/:(t)(g(s)+h s)ds

Wa(ra(t))

_ /;f(s)ds+ /a " ((9)+ h(s))ds (32)
From (18), (22), (28) and B2), we obtain
u(t) < z(t) <ryt ) < exp(Wf (r2(t)))
=exp W1 / f(s
+/a (9(s) +h(s)) s } (33)

We get the required estimatioh). The proofis complete.
Theorem 2 Suppose thah(t) € C(I,R;),a € CX(1,1) is
nondecreasing witto(a) = a and a(t) <t on I. Let

f ¢ CY(R,,R,) be nondecreasing functions with
f(uy > 0 for u> 0, and w;,wp € C(Ry+,Ry) be
nondecreasing functions witbwy(Inu) > 1, wy(u) > 1
for u> 0. Suppose thaWy (+) = +o0,W(+00) = +00

If u(t) satisfieg12) andwy (u) > wo(u), then

u(t) < exp{Wfl[f( )—f(a)

+ / bret (34)
If u(t) satisfieg12) andwl(u) < Wy (u), then
ut) < exp{w,;l[ (t) - f(a)

+ / btel (35)

Proof. Similarly to proof of Theorem 1. Performing the
same procedure as id7), (18), (19), (20), (22), (22) and
(36), we have

ri(t) < f'(t) + a'(t)g(a(t))wa(Inry(t))ra(t)

+a’(t)h(a(t))ri(t)wa(Inra(t)). (36)
If wq(u) > wa(u), then from 86) we have
ri(t) < f'(t) +[a'(Hg(a(t)
+a’'(t)h(a(t))]rat)wi(Inry(t)). (37)

Sincewy (Inrq(t))r1(t) > 1 is a positive function. From
(37) we have

ry()
Wl(ln rl(t))rl(t)

f'(t)
wa(Inry(t))ra(t)
+a'(g(a(t)) +a’(t)h(a(t))]
< f'(t) +[a’(Hg(a(t))

+a’(t)h(a(t))]. (38)
Integrating the inequality38) from a tot and making the
change of variable we have

a(t)
- f(a +/

Wi (Inry(t) s)lds.  (39)
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From (18), (22) and @9), we obtain

u(t) < z(t) <ra(t)
= eXp{Wl‘l[f(t) —f(a) ) < f(t +/ wi(Inu(s))ds
+/ rolod ) o) +/ wy(Inu(s))[u(9)
We get the required estimatioB4). +/ h(T)u(t) e (Inu(r))dT]ds.

If wy(u) < wp(u). Performing the same procedure as
in (37)-(40). From (36) we can get the required estimation Which includes a nonconstant termfi(t) outside the
(35). The proof is complete. integrals. By adopting novel analysis techniques, the
upper bound of the embedded unknown function.

3 Application u(t) < expWy W, L (Wo(Wa(In(L+ f (@ +/ f(s ds+/
tel,
In this section, similar to the applications it4], we apply
our result in Theorem 1 to study of solutions of retardedls estimated explicitly, where . The derived result can be
integral equation applied in the study of solutions of ordinary differential

a) equations and integral equations.
t) + / A(s,X(5))ds

+/ ASX(S / Clrx(m)dndsvt el  Acknowledgements

(41)  The authors are very grateful to the editor and the referees
for their helpful comments and valuable suggestions. This

Assume that research was supported by National Natural Science

ly(t) < f(t), (42)  Foundation of China(Project No. 11561019), Scientific
AL X(1))] < gt)wa(In [x(t)]) (43)  Research Foundation of the Education Department of
’ <h | ’ Guangxi Autonomous Region of China (No.
ICt X)) < (t)|x(t)|vxt/2(n|x(t)|), (44)  Ky2015zD103), and the high school specialty and
curriculum integration project of Guangxi Zhuang
B, /C X()dn)| < (S)|+/a IC(rx(D)ldr, (45) Autonomous Region (No. GXTSZY2220).

wheref,g,h,wi,w,, a are as defined in Theorem 1. From The authors are grateful to the anonymous referee for a
(42)_(45’) and @’1) we have careful checking of the details and for helpful comments
that improved this paper.

x(0)] < f(t +/ (9wa(In|x(s)|)ds
References

+ [ agwtin s [ixs)
[1] Gronwall T.H., Note on the derivatives with respect to
+/ h(T)|X(T)|W2(|n|X(T)|)dT} ds,vtel. (46) a parameter of the solutions of a system of differential
a equationsAnn. Math., 20, 292-296(1919).
By Theorem 1 we get an explicit bound on an unknown[2] Bellman R., The stability of solutions of linear differtal

function|(x(t)| in the retarded integral equatioflj such equationsPpuke Math. J., 10, 643-647(1943).

that [3] Bihari I. A., A generalization of a lemma of Bellman and
its application to uniqueness problem of differential etpra

x(t)| < exp{w, / f(s Acta Math. Acad. Sci. Hung,, 7, 81-94(1956).

at [4] Pachpatte B. G.|nequalities for Differential and Integral
Equations, London: Academic Press(1998).
+/ )ds)} }’t €l, (47) [5] Pachpatte B. G., Explicit bound on certain integral
inequalitiesJ. Math. Anal. Appl., 267, 48-61(2002).
[6] Lipovan O., A retarded Gronwall-like inequality and its
applications,). Math. Anal. Appl., 252, 389-401(2000).
. [7] Pachpatte B. G., Explicit bound on a retarded integral
4 Conclusion inequality,Math. Inequal. Appl., 7: 7-11(2004).
[8] Agarwal R.P., Deng S. and Zhang W., Generalization of a
This paper establish a class of retarded iterated integral retarded Gronwall-like inequality and its applicatioAgpl.
inequalities. Math. Compuit., 165: 599-612(2005).

whereW;, W, are as defined in Theorem 1.

(@© 2016 NSP
Natural Sciences Publishing Cor.



Math. Sci. Lett5, No. 1, 27-31 (2016) www.naturalspublishing.com/Journals.asp %NSP} 31

[9] Ma Q.H., Petaric J., Estimates on solutions of some Ricai Luo is a associate
new nonlinear retarded \olterra-Fredholm type integral professor of mathematics
inequalities Nonlinear Anal., 69, 393-407(2008). in the School of Mathematics

[10] Abdeldaim A. and Yakout M., On some new integral and Statistics at Hechi
inequalities of Gronwall-Bellman-Pachpatte typé&ppl. University,he received the
Math. Compuit., 217, 7887-7899(2011). M.S. degree in Mathematics

[11]Wang W. S., Zhou X. and Guo Z., Some new retarded at  Guizhou  University.

nonlinear integral inequalities and their applications in His research interests
differential-integral equationsAppl. Math. Comput., 218, concentrate on the integral
10726-10736(2012). and integro-differential

[12] Rashid M. H. M., Explicit bound on retarded Gronwall-
Bellman inequality;Tamkang J. Math. 43, 99-108(2012).

[13] EI-Owaidy H., Abdeldaim A. and El-Deeb A. A., On
some new retarded nonlinear integral inequalities andghei
Applications, Mathematical Sciences Letters, 3(3), 157-
164(2014).

[14] Abdeldaim A. and El-Deeb A. A., On some generalizations
of certain retarded nonlinear integral inequalities wignated
integrals and an application in retarded differential eiqume
J. Egypt. Math. Soc., (2015) in press.

[15] Abdeldaim A. and El-Deeb A. A., On generalized of centai
retarded nonlinear integral inequalities and its applcetin
retarded integro-differential equatiorgppl. Math. Comput.,
256, 375-380(2015).

inequalities of one or more than one variables and their
applications, Differential equations, Artificial Neural
Networks.

Wu-sheng Wang
was born in 1960. He
is a professor of mathematics
in the School of Mathematics
and Statistics at Hechi
University, Guangxi, China.
He received M.S., degree
in 1997, from Department of
Mathematics, Shanxi Normal
University. He received Ph.D.
in Applied Mathematics at School of Mathematics,
Sichuan University in 2007. He worked as a Head of
School of Mathematics and Statistics, Hechi University.
He published more than 30 paper in various international
journals. His research interest concentrate on the integra
and integro-differential inequalities of one or more than
one Vvariables and their applications, Differential
equations, Difference equations.

(@© 2016 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

	Introduction
	Result
	Application
	Conclusion

