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1 Introduction and Preliminaries

Motivated by the potential applicability of fuzzy topology to quantum physics, par-
ticularly in connection with both string and E'—infinity theory developed by El Naschie
[9-11,28]. One of the most important problems in fuzzy topology is to obtain an appropri-
ate concept of an intuitionistic fuzzy metric space and an intuitionistic fuzzy normed space.
This problems have been investigated by Park [19] and Saadati and Park [22] respectively

and they introduced and studied a notion of an intuitionistic fuzzy metric (normed) space.

*The corresponding author.
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Intuitionistic fuzzy metric notation is useful in modelling some phenomena where it is nec-
essary to study the relationship between two probability functions as will observe in [15];
for instance, it has a direct physic motivation in the context of the two-slit experiment as the
foundation of E-infinity of high energy physics, recently studied by El Naschie in [12,13].
Since the intuitionistic fuzzy metric space has extra conditions, see [15], [25] modified
the idea of intuitionistic fuzzy metric spaces and presented the new notion of intuitionistic
fuzzy metric spaces with the help of the notion of continuous t—representable. The authors
[3,5,8,21,30] proved fixed point theorems using contractive conditions of integral type.

Lemma 1.1. ([7]) Consider the set L* and operation <p-defined by:
L* = {(x1,20) : (z1,22) € [0,1)% and x1 + x5 < 1},

(z1,22) <p (Yy1,Yy2) <= 21 < y1 and x5 > Yo, for every (v1,22), (y1,y2) € L*. Then
(L*, <p~) is a complete lattice.

Definition 1.1. ([4]) An intuitionistic fuzzy set A¢ , in a universe U is an object A, =
{(Calu),na(w))|u € U}, where for all u € U, Ca(u) € [0,1] and na(u) € [0,1] are
called the membership degree and the non-membership degree, respectively, of u in A¢ ,,
and furthermore, they satisfy ¢ 4(u) + na(u) < 1.

For every z; = (z;,y;) € L*,if ¢; € [0, 1] such that Z?Zl ¢; = 1, then it is easy to see
that

ci(xi,y1) + -+ ca(@n, Yn) = ch(xjvyj) = (chxjazcjyj) eL. (LD
Jj=1 J=1 J=1

We denote its units by O« = (0,1) and 15« = (1,0). Classically, a triangular
norm 7' = x on [0,1] is defined as an increasing, commutative, associative mapping
T :[0,1]?> — [0, 1] satisfying T'(1, ) = 1% 2 = x, forall z € [0, 1]. A triangular conorm
S = o is defined as an increasing, commutative, associative mapping S : [0, 1] — [0, 1]
satisfying S(0,2) = 0o = z for all x € [0,1]. Using the lattice (L*,<p«), these

definitions can be straightforwardly extended.

Definition 1.2. ([6]) A triangular norm (t—norm) on L* is a mapping 7 : (L*)?> — L*
satisfying the following conditions:

)Vz € L*, T (z,1) = x), (boundary condition)

2)V(x,y) € (L*)?%, (T (x,y) = T (y,x)), (commutativity)

3)V(z,y,2) € (L*)3, (T (2,7 (y,2)) = T(T (z,y),2)), (associativity)

HV(x, 2", y,y) € (L), 2 <p- o' andy <p- y = T(z,y) <p- T(2',y)),

(monotonicity).
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Definition 1.3. ([6,7]) A continuous t—norm 7 on L* is called continuous t—representable
if and only if there exist a continuous ¢—norm #* and a continuous t—conorm ¢ on [0, 1] such
that for all x = (21, 22),y = (y1,y2) € L*,

T(x,y) = (x1 % y1, 220 Ya).
Now define a sequence 7™ recursively by 7! = 7 and
T(aM, o 2ty = (T (2W) o (M) (D)
forn > 2and (9 € L*.

Definition 1.4. ([6,7]) A negator on L* is any decreasing mapping N : L* — L*
satisfying N (Op«) = 1z« and N (1+) = 0p+ . FN (N (2)) = x, forall z € L*, then N/
is called an involutive negator. A negator on [0, 1] is a decreasing mapping N : [0,1] —
[0, 1] satisfying N (0) = 1 and N (1) = 0. N, denotes the standard negator on [0, 1] defined
by forall z € [0,1], Ny(z) =1 — x.

Definition 1.5. Let M and N be fuzzy sets from X2 x (0,+oc) into [0,1] such that
M(z,y,t) + N(z,y,t) < lforall z,y € X and ¢t > 0. The 3-tuple (X, M n,7T) is
said to be an intuitionistic fuzzy metric space if X is an arbitrary (non-empty) set, 7 is a
continuous ¢t—representable and My is a mapping X2 x (0, +00) — L* (an intuition-
istic fuzzy set, see Definition 1.2) satisfying the following conditions for every z,y € X
and t,s > O:

(@) Mun(z,y,t) > 0p;

() Murn(z,y,t) = 11+ if and only if z = y;

(©) My n(2,y,t) = My n(y, z,t);

(d) Muyn(z,y,t+38) > T(Murn(x,2,t), Ma N (2,9, 8))s

() Mu.n(z,y,-): (0,00) — L* is continuous.

In this case My v is called an intuitionistic fuzzy metric space. Here
My n(z,y,t) = (M(z,y,t), N(z,y,t)).

Example 1.6. Let (X, d) be a metric space. Denote 7 (a,b) = (a1b1, min(as + by, 1)) for
all a = (a1,az2) and b = (by,by) € L* and let M and N be fuzzy sets on X? x (0, 00)
defined as follows:

ht™ md(x,y)

MM,N(xayat) = (M(xay7t)7N($ayat)) = (htn —|—md(x y)a htn —|—md(x y)

)7

forall ¢, h,m,n € Ry. Then, (X, My n,7) is an intuitionistic fuzzy metric space.
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Example 1.7. Let X = N. Define 7 (a,b) = (max(0,a; + b1 — 1), as + ba — azbs) for
alla = (a1,a2) and b = (by,by) € L* and let M and N be fuzzy sets on X2 x (0, 00)
defined as follows:

L VEY if x <y
My n(2,y,t) = (M(z,y,t), N(2,y,t)) = ' ) i Y
(£, 24) aif y<uz.

forall z,y € X and ¢t > 0. Then, (X, M n,7T) is an intuitionistic fuzzy metric space.

Definition 1.8. 1) A sequence {z,, } is said to be convergent to x € X in the intuitionistic
fuzzy metric space (X, My n,7 ) and denoted by x,, Moy z if My n(zp,z,t) —
1r+ asm — oo forevery t > 0

2) A sequence {x,,} in an intuitionistic fuzzy metric space (X, M n,7) is called a
Cauchy sequence if for each 0 < ¢ < 1 and ¢t > 0, there exists ng € N such that

Mar, N (@n, Yms t) >+ (Ns(e), €),

and for each n, m > ng; here Ny is the standard negator.
3) An intuitionistic fuzzy metric space is said to be complete if and only if every Cauchy

sequence in this space is convergent.

Lemma 1.2. ([22]) Let M ;N be an intuitionistic fuzzy metric. Then, for any t > 0,
My n(x,y,t) is nondecreasing with respect to t in (L*, <p+) forall x,y in X.

Definition 1.9. Let (X, M n,7) be an intuitionistic fuzzy metric space. For ¢t > 0, we
define the open ball B(x,r,t) with center z € X and radius 0 < r < 1 by

B(z,r,t) ={y € X : My n(z,y,t) >~ (Ns(r),7)}.

A subset A C X is called open if for each x € A, there existt > 0 and 0 < r < 1 such that
B(x,r,t) C A. Let Trq,, , denote the family of all open subset of X. 7y,  is called the
topology induced by the intuitionistic fuzzy metric space.

Note that this topology is Hausdorff (see [19]).

Definition 1.10. Let (X, M s n,7) be an intuitionistic fuzzy metric space. A subset
A of X is said to be IF-bounded if there exist ¢ > 0 and 0 < r < 1 such that
M (z,y,t) >+ (Ns(r),r) foreach z,y € A.

Definition 1.11. Let (X, M n,7) be an intuitioistic fuzzy metric space. M is said to
be continuous on X x X x]0, oo if

Jim Mar N (@0, Yoy tn) = M n (2,9, 1)
whenever {(Z,,Yn,tn)} is a sequence in X x X x]0,co[ which converges to a point
(x,y,t) € X x Xx]0,00[; i.e., lim,, Mar, v (zp, x,t) = lim,, Mas N (Yn,y,t) = 12+ and
hmn MM,N(:E, Y, tn) = MM,N(xv Y, t)
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Lemma 1.3. ([25]) Let (X, M n,T) be an intuitioistic fuzzy metric space. Then M is
a continuous function on X x X x]0, ool.

In the sequel, A and S are self-mappings of an intuitioistic fuzzy metric space
(X, Mpn,T) and {z,,} is a sequence in X such that

lim Az, = lim Sz, =u € X.

n—oo n—o0

Definition 1.12. A and S are said to be
1) weakly commuting [2] if forallz € X and ¢ > 0

My n(SAz, ASz,t) < My n(Ax, Sz, t)
2) compatible [2] if

lim M n(ASzy, SAz,,t) = 12+, forallt > 0,

n—oo

3) compatible of type («) [2] if

lim M]\LN(SAJEH,AQJ:”J) = lim MM7N(AS$n,Szxn,t) = 1.« forallt > 0,

n—oo

4) compatible of type (3) [2] if

lim My v (S%2,,, A%2,,t) = 1o« forall t > 0,

n—oo

5) semi-compatible if
lim My, n(ASzy, Su,t) = 1.« forallt > 0,

6) weakly compatible [16] if they commute at their coincidence points; i.e., Az = Sx
for some = € X implies that ASx = S Az,
7) R—weakly commuting [29] if there exists R > 0 such that forallz € X and¢ > 0

M n(SAz, ASz, Rt) < My n(Azx, Sz, t) (1.2)

If R =11n (1.2) we obtain the definition of weakly commuting.
8) pointwise R—weakly commuting [20] if for all x € X, there exists an R > 0 such
that (1.2) holds.

Remark 1.13. (4, S) is R—weakly commuting implies that (A, .S) is compatible, but the
converse is not true in general, see [27].

Remark 1.14. ([27]) The semi-compatibility of the pair (A, S) does not imply the semi-
compatibility of (.S, A).
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Remark 1.15. It is proved in [20] that R—weak commutativity is equivalent to commuta-
tivity at coincidence points; i.e., A and S are pointwise R—weakly commuting if and only

if they are weakly compatible.

Proposition 1.1. ([2,26]) If A and S are R—weakly commuting, or compatible, or com-
patible of type («), or compatible of type (), or semi-compatible, then they are weakly

compatible.
The converse is not true in general.

Example 1.16. Let (X, M n,7) be an intuitioistic fuzzy metric space, where X =
[0,10] and

t |z — y

M z,y,t) =
M,N( 7y7) (t+|$—y|’t+|l‘—y|

) forallt > 0andz,y € X.

Denote 7 (a,b) = (a1b1, min(ag + by, 1)) for all @ = (ay,az) and b = (b1,b2) € L*.
Define S and A by:

3 if € (0,2 0 if =0,
1
Sz = : PEWE ar={ a8 i ze(0.2,
0 if ze{0}U(210] ,
x—2 |if x € (2,10]

We have Az = Sz iff « = 0. SA(0) = AS(0) = 0. Then, (A,S) is weakly
compatible.

Let {x, } be a sequence in X defined by: z, =2+ 1/n,n > 1.

Sz, =82+ 21)=0, Az, = A(2+ 1) =1

Ay, Sy — u=0asn — oo, SAx, = S(;;) =3, ASz, = A(0) =

S?x, = 5(0) =0, A%z, = A(L)=8+ 1. Sinceforallt>0

‘,_.:\

t 3
li Az, A t) = )= (—— =
nLHOloMM,N(S T, ana ) MM,N(3707 ) (t+3’t+3)’
_ 5 B _ t 5
nh—{goMM’N<SAxn,A T, t) =Muy,n(3,8,t) = (—t+ A 5)7
t 8
i 2n7A2nt: ,t:**
Jim Mg v (5720, A%wp, t) =Mar,n (0,8, 1) (t+8’t+8)’
lim MM7N(AS$7L,Su,t) ZMJVLN(O,()J) =1z«,

n—oo

(A, S) is not compatible, nor compatible of type (), nor compatible of type (3), but (A, .S)
is semi- compatible.

Example 1.17. Let (X, M n,7T) as in the above example. Define A and S by:
2—z if ze€l0,1), S — x if  2€]0,1),

2 if ze[l,2] 2 if zell2].

We have Sz = Ax iff = € [1,2]. SA(z) = AS(z) = 2 forall z € [1,2]. Then,
(A, S) is weakly compatible. Let {x, } be a sequence in X defined by: z,, = 1 — 1/n,

n>1.

Ax =
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Sz, =x,, Ax,=2—=x,, Ar,, Sr, > 1=wuasn —
SAx, =2, ASx,, =2 —x,. Asforallt >0

t 1
li ASz, t) = 1.2,t) =(——, ——
Jim Moy v (ASzn, Su, t) =M, n(1,2,1) (t+1’t+1)’
lim MM,N(SA.'L‘n,Au,t) ZM]\/[,N(Q,Q,t) =1r~,

n—oo
therefore (A4, S) is not semi-compatible, but (S, A) is semi-compatible,
Proposition 1.2. ([2,27]) 1) Assume that S is continuous. Then, (A, S) is semi-compatible
if and only if (A, S) is compatible.
2) Assume that A and S are continuous. Then, compatibility, compatibility of type ()
and compatibility of type () are equivalent

Definition 1.18. The pair (A, S) satisfies the property (E.A) [1] if there exists a sequence
{zy} in X such that
lim M n(Axp,u,t) = Hm My n(STp,u,t) = 11,

for some u € X and all ¢t > 0.

Example 1.19. Let X = R and

t —
M]W,N(:E7yat) = ( 9 |m y‘ )7

forevery x,y € X and t > 0. Let A and S defined by
Ar=2x+1, Sx=x+2.
Consider the sequence z,, = 1/n+ 1, n=1,2,---. We have

lim ./\/lM7N(Axn,3,t) = lim M]yLN(SJjn,B,t) =1,

n—oo

for every t > 0. Then the pair (A, S) satisfies the property (E.A).

In the next example, we show that there are some mappings which do not satisfy prop-
erty (E.A).

Example 1.20. Let X = R and
t [z —y|
t+le—yl t+]z—yl

MM,N(x7yvt):( )7

forevery x,y € X andt > 0. Let Ax = x + 1 and Sz = = + 2. If there exists a sequence
{z,} in X such that
lim My n.(Azp,u,t) = lim My n(Bxy, u,t) = 1p-,
for some u € X, we conclude that x,, — u — 1 and x,, — u — 2 which is a contradiction.
Hence the pair (A, S) do not satisfy the property (E.A).
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Definition 1.21. The pairs (A,S) and (B,T) of a an intuitioistic fuzzy metric space
(X, Mpr,n, T) satisfy a common property (E.A) [18], if there exists two sequences {z,, }
and {y,, } such that for some v € X and forall ¢t > 0

lim Murn(Azp,u,t) = lim My n(Sz,,u,t) = lIim M n(Byn,u,t)
= lim M(Tyn,u,t) = 1p~. (1.3)

If B= AandT = S in (1.3), we obtain the definition of property (E.A).
Example 1.22. Let X = [1,00) and

t |z — y|
t+ ]z —yl t+ ]z -yl

My (w,y,t) = ( ),

Define A, B, S, T : X — X by
2
Aa::2—|—g,Bas:Q—Fg,Sz‘:l—&—ga:,Tx:1—|—1‘.

Define sequences {x,} and {y,} by z, =3+ 1/n,y, =2+ 1/n,n=1,2,....
Since forall ¢ > 0

lim My n(Azn,3,t) = lim My N (Byn,3,t) = lim My n(S7n,3,t)
:./\/l]\/[,]\](Tyn7 3, t) =1z,
therefore the pairs (A, S) and (B, T) satisfy a common property (E.A)

Lemma 1.4. ([2,23,24]) Let (X, M, T) be an intuitioistic fuzzy metric space. Define
E/\,M : X2 — R+ U {0} by

E)\,M(xvy) = 1nf{t >0: M]\/LN(-%, yvt) >L* (NS(/\)? A)

foreach 0 < A < 1land x,y € X. Then we have
(1) Forany 0 < p < 1 there exists 0 < A < 1 such that

Eym(zr,2n) < Ex m(z1,22) + Ex (T2, 23) + - + Ex pm(Tn—1,2n)
forany xy,...,x, € X;

(ii) The sequence {xy, }neN is convergent in the intuitioistic fuzzy metric (X, My, n,T) if
My, N

and only if Ex pm(xn,x)  —> 0. Also the sequence {xy, }nen is Cauchy sequence if and
only if it is Cauchy with Ex a.
Lemma 1.5. ([25]) Let (X, M N, T) be an intuitioistic fuzzy metric space. If

M N (T, Tty t) > M n (2o, 1, k"t)

Sfor some k > 1 and n € N. Then {x,,} is a Cauchy sequence.
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Definition 1.23. ([14]) We say that the intuitionistic fuzzy metric space (X, My n,7T)
has property (C), if it satisfies the following condition:

My n(z,y,t) =C forallt > 0 implies C = 1.

It is our purpose in this paper to prove common fixed point theorems in intuitioistic
fuzzy metric spaces for weakly compatible mappings satisfying property (E.A) introduced
by [1] or common property (E.A) introduced by Liu et al [18] and common fixed point
theorems for weakly compatible mappings using contractive conditions of integral type.
Our theorems generalize theorems 2.3, 2.4 and 2.6 of [25].

2 Main Results

Let ® be the set of all continuous functions ¢ : L* — L*, such that ¢(t) >« ¢ for all
te L* \ {OL*, 1L*}'
Example 2.1. Let ¢ : L* — L* defined by ¢(t1,t2) = (1/11,0) forevery t = (¢1,12) €
L*\{0p«, 11+ }.
Theorem 2.1. Let (X, Mun,T) be a complete intuitionistic fuzzy metric space and
A, B, S and T be self-mappings of X satisfying the following conditions:

A(X) CcT(X)and B(X) C S(X), 2.1

MM,N(AQZ,By,t) ﬁM,N($7y7t)
/ p(s)ds 21 o [ Ps)s) @2)
0 0

for all z,y € X, where ¢ : R.—R, is a Lesbegue integrable mapping which is

summable satisfying for each 0 < € < 1,

€ 1
0< / e(s)ds < 1, / w(s)ds =1, (2.3)
0 0
and
Lar,n(x,y,t) =min{ My n(Sz, Ty, t), Mar,n(Ax, Sz, t), My N (By, Ty, t),
MM,N(SI‘,By,t),MM7N(A$,Ty,t)}.

Suppose that the pair (A, S) or (B, T) satisfies the property (E.A), one of A(X) or B(X)
or S(X) or T(X) is a closed subset of X and the pairs (A, S) and (B, T) are weakly
compatible. Then, A, B, S and T have a unique common fixed point in X.

Proof. Suppose that the pair (B, T) satisfies the property (E.A). Therefore, there exists a
sequence {z,} in X such that

lim My n(Bxp,z,t) = lim My n(Tp, 2,t) = 11»

n—oo n—oo
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for some z € X and all ¢ > 0. As B(X) C S(X), there exists a sequence {y,}

in X such that Bx,, = Sy, hence lim M n(Syn,2,t) = 1p-. We prove that

limy, oo Mas N (Ayp, 2,t) = 11+ Sup?)zgz that lim,, oo Mg, N (Ayn, 2,t) =1 < 1p-.
Using (2.2) we have

/MM,N(AymBIn,t)

L, N (YnTn,t)
(s)ds >1- o / o(5)ds). (2.4)
0 0

where

LMM,N(ynamna t) :min{MM,N(SynaTmnat)aMJ\/I,N(Ayna Syn7t>7
M]W,N(an7Txn7t)a MAI,N(AynaT(En7t)7MM,N(Sy’ru an7t>}7

Then
lim Ly, y (Yns Tnyt) = 1.

n—oo

Taking the limit as n — oo in (2.4) we get

/ ' p(s)ds =161 / ' o(s)ds)
l
- / o(s)ds,

which is a contradiction. Then lim,, oo My N (AYn, 2,t) = 1.
Assume that S(X) is a closed subset of X. Then, there exists u € X such that Su = z.
If Au # z, using (2.2) we get

MJMYN(A'LL,Ban,t) £M,N(u,$n,7t)
i Plo)ds 210 o o(5)ds), @.5)
0 0

where

LN (U, Ty, t) =min{ Mg n (Su, Tan, t), M N (Au, Su, t), Mar N (Bxy, Tp, t),
MMVN(Au,T:En,t),MMVN(Su, an,t)}.

Hence
lim Ly n(u, zn,t) = My n(Au, 2, 1)

n—oo

Letting n — oo in (2.5), we obtain

M]yj,N(A’U.,Z,t)
/ o(s)ds
0

v

Mo, N (Au,z,t)
vy / o(s)ds)
0

MIVLN(Au,Z,t)
> - / w(s)ds
0
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Therefore, My n(Au,z,t) = 1p+; ie., Au = Su = z. Since A(X) C T(X), there
exists v € X such that Tv = z. If z # Bv using (2.2) we get

M, N (Au,Bo,t) L, N (u,v,t)
/ o(s)ds =1 o / o(s)ds),
0 0

where
Lyn(u,v,t) = min{Mpy n(Su,Tv,t), Mur,n(Au, Su,t), My n(Bv, T, t),
M N (Su, Bu,t), My v (Au, To, t)}
= MM)N(Z,B’U,t).
Hence

MM,N(AU,BD,t) MN[,N(Z,BU,t)
/ os)ds - & / o(s)ds)
0 0

M]\/I,N(Z7BU7t)
> / w(s)ds,
0

which is a contradiction. Then, z = Bv = Tw. Since the pairs (A, S) and (B, T) are
weakly compatible we have ASu = SAu and TBv = BTwv;i.e., Az=Szand Bz =Txz.
If Az # 2 using (2.2), we get

Mo, N (Az,z,t) M, N (Az,Bo,t)
/ oods = [ o(s)ds
0 0
L, n(z,0,t)
> ol o(s)ds)
0

MNJ,N(AZ,B’U,t)
I / o(3)ds)

My N (Az,z,t)
> / o(s)ds
0

which is a contradiction. Therefore, Az = z. Similarly, we can prove that z = Bz = T'z.
Then, z is a common fixed point of A, B, S and T. The uniqueness of z follows from
(2.2). O

Now we give an example to support our theorem 2.2.

Example 2.2. Let (X, M, n, 7) be a intuitionistic fuzzy metric space, where X = [0, 1].
Denote 7 (a,b) = (a1by, min(as + ba, 1)) for all a = (a1, az) and b = (by,bs) € L*. For
each t € (0, 00), define

|z —yl
t+ |z —yl t+ |z -yl

My n(z,y,t) = ( ) forall 2,y € X,
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A, B,S,T: X — X by
Ax

1 if z isrational,
Sz = . o ;
0 if =z isirrational,

B(t1,t2) = (V/t1,0) fort = (t1,t2) € L*\ {0p+, 11+ }

x is rational,

Wl =

if z isirrational,

and ¢ : Ry —R by
o(s) = max{sl/s’Q(l —1Ins),0} fors >0 and ¢(0)=0.

Then, it is clear that for all € > 0, fgo )ds = €'/¢ > 0 and forall z,y € X and t > 0

p(s)ds = p(s)ds =
/

,CALN(z,y,t)
S / o(s)ds).
0

It is easy to see that the other conditions of theorem 2.2 are satisfied, consequently, 1 is

M, N (Az,By,t)

the unique common fixed point of A, B, S and T'.
If p(t) = 1 in theorem 2.2 we obtain a generalization of theorem 2.3 of [25].

Theorem 2.2. Let (X, Mu,n,T) be a complete intuitionistic fuzzy metric space and
A, B, S and T be self-mappings of X satisfying (2.2). Suppose that the pairs (A, S) and
(B,T) satisfy a common property (E.A), S(X) and T'(X) are closed subsets of X and
the pairs (A, S) and (B, T) are weakly compatible Then, A, B, S and T have a unique

common fixed point in X.

Proof. Suppose that (A, .S) and (B, T') satisfy a common property (E.A). Then, there exists
two sequences {x,, } and {y,, } in X such that for some z € X and for all ¢ > 0.

lim My n(Azy,2,t) = Lm My n(Szp,2,t) = lim M n(Byn, 2, 1)

n—oo
= lim My n(Tyn,2,t) = 11-.
n—oo

Assume that S(X) and T'(X) are closed subsets of X. Then, z = Su = T for some
u,v € X.
If Au # z, using (2.2) we obtain

MM.N((AuaBynst) L:IW.N(uayn;t)
/ Plo)ds 21 o | P, @O
0

0
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where
L(w, yn, t) = min{ Mps n (Su, Tyn, t), M, v (Au, Su, t), M N (BYn, Tyn, t),
MM’N(AU, Tyn7 t)v MM,N(SU7 Byn7 t)}
=min{ M N (2, Tyn,t), Mu,n(Au, 2,t), Mg N (Byn, Tyn, t),

M, N (Au, Ty, t), Mar N (2, Byn, t) }.

Therefore
nlLH;o ACM,N(U" Yn, t) = MM,N(Aua Z, t)

Letting n — oo in (2.6) we get

MM‘N(AU‘,Z,I‘/) M}uyN(Au,Z,t)
/ pods =i of [ p()ds)
0 0

MAl,N(Au,Z,t)
> / p(s)ds.
0

which is a contradiction. Hence, M n(Au, z,t) = 1p+; ie., Au = Su = Tv = 2. The
rest of the proof follows as in theorem 2.2. [

Theorem 2.3. Let A, B, S and T be self-mappings of a complete intuitionistic fuzzy metric
space (X, M, T) which has the property (C), satisfying (2.1) and there exists k > 1
such that

Mg, N (Sz, Ty, kt) M, N (Az,Sz,kt)
M n (Az,By.t) I ©(s)ds, f p(s)ds,
@(s)ds >~ ¢(min MM,N(OBy,Ty,kt) ’ ),
0 o(s)ds
0

2.7)
for every x,y € X and all t > 0, where ¢ : Ry —R_ is a Lesbegue integrable mapping
which is summable and satisfying (2.3). Suppose that one of S(X) and T(X) is a closed
subset of X and the pairs (A, S) and (B, T) are weakly compatible Then, A, B, S and T
have a unique common fixed point in X.

Proof. Let zp € X be an arbitrary point in X. We can define inductively a sequence {y., }
in X such that

Yon = Aw2p = Txon11,Y2n+1 = Brany1 = Stopie, forn=0,1,2,--- . (2.8)

First, we prove that {y,, } is a Cauchy sequence in X. Set d,,(t) = M N (Yn, Yn+1, 1),
t>0.
Using (2.7) we have

dan (t) Mo N (Y2n Y2n41,t)

o(s)ds = / o(s)ds



74 Shaban Sedghi et al.

M N (Azon,Bxani1,t)

- / o(s)ds

Mot N (Y2n—1,Y2n,kt) Mur, N (Y2n,Y2n—1,kt)

o(s)ds, / pls)ds,
. 0 ’
ZL*¢(mm Mo, N (Y2n,Y2n+1,kt)
¢(s)ds
0

don_1(kt) dapn 1 (kt)

:¢(min dan (kt)

0

If
dan (kt) dan—1(kt)

o(s)ds <p~ w(s)ds
0

(e}

for some n € N in the above inequality we get

dan (t) dan (kt)
/ o(s)ds >1- o / o(3)ds)

(=)

which is a contradiction. Hence
dan (t) dan—1(kt)

o(s)ds > / (3)ds.

Similarly
dant1(t) dan (Kt)

o(s)ds >p» / o(s)ds.

Therefore
dTL (t) dnfl(kt)

0/ ¢(s)ds >~ / p(s)ds.

Then d,,(t) >« dn—1(kt); ie.,

M(ynaynJrlat) ZL* M(ynq,ymk‘t) ZL* ZL* M(yanlaknt)~
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By Lemma 1.5, it follows that {y,} is a Cauchy sequence and the completeness of X
implies that {y,,} converges to z in X. So

lim Azg, = lim Txopy1 = lim Bzopy1 = lim Szo,i0 = 2.
n—oo n—oo n—oo n—oo

Assume that S(X) is closed. Then there exists u € X such that Su = z. If z # Au using
(2.7) we obtain

Mo, N (Au,Bxanq1,t)

p(s)ds
0
Mot (St Toam s bt) Mo, n (Au,Su,kt)
©(s)ds, / p(s)ds,
. 0 0
! (VI ’
p(s)ds
0
Letting n — oo we get
Mo N (Au,z,t) Moz, v (Au,z,0)
©(s)ds >p- / p(s)ds
; 0

which is a contradiction. Hence Au = Su = z. Since A(X) C T(X), there exist v € X,
such that Tv = z.

If z # Bv using (2.7) we have

Mg, N (2,Bv,t) M, N (Au,Bu,t)
[ oeas= [ el
0 0
M, N (Su,Tv,kt) M, N (A, Su,kt)
p(s)ds, J p(s)ds,
: 0 0
> - ¢(min Mo, n (B, T, kt) )
©(s)ds

0
M, N (z,Bv,t)

> / p(s)ds
0
which is a contradiction. Hence Tv = Bv = Au = Su = z. Since the pairs (4, .5)

and (B, T) are weakly compatible we have ASu = SAu and TBv = BTv;ie., Az = Sz
and Bz =Tz.

If Az # z using (2.7), we get
M, N (Az,z0t) M, N (Az,Bo,t)

/ o(s)ds = / o(s)ds
0
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MM,N(SZ,T’U,kt) MJW.’N(AZ,SZ,kt)
p(s)ds, / o(s)ds,
2L ¢(min MM,N(?Bv,TU,kt) 0 )
o(s)ds
0
Mo, N (Az,z,t)

> / p(s)ds,
0

which is a contradiction. Hence Az = Sz = z. Similarly we can prove that z = Bz = T'z.
Therefore z is a common fixed point of A, B, .S and 7T'. The uniqueness of z follows from
(2.7) and property (C). O

If o(t) = 1 in theorem 2.5 we get theorem 2.4 of [25].

Theorem 2.4. Let A, B, S and T be self-mappings of a complete intuitionistic fuzzy metric
space (X, My n,T) which has the property (C), satisfying (2.1) and there exists k > 1
such that
M, N (Az,By,t) M N (Sz,Ty,kt)
pdszpat) [ (s

0 0
min{ M n(Az,Sz,kt), My ~n(By,Ty,kt)}

+b(t) / o(s)ds
0
max{Ms, N (Az,Sz,kt), M N (By,Ty,kt)}

+ ¢(t) / p(s)ds, (2.9)
0

Sorevery x,y € X, where a,b,c: [0,00) — [0, 1] are three functions such that

a(t) +b(t) +c(t) =1 forall t >0,
¢ : Ry — Ry is a Lesbegue integrable mapping which is summable and satisfying (2.3).
Suppose that one of S(X) and T(X) is a closed subset of X and the pairs (A, S) and

(B, T) are weakly compatible Then, A, B, S and T have a unique common fixed point in
X.

Proof. Let xy € X be an arbitrary point in X. We can define inductively a sequence {y;, }
in X defined by (2.8).

First, we prove that {yy, } is a Cauchy sequence in X. Set d,,(t) = M, N (Un, Yn+1,1),
t > 0.

Using (2.9) we have

dont1(t) Mar, N (Y2n+2,Y2n+1,t)

p(s)ds = o (s)ds



Common Fixed Point Theorems in Intuitionistic Fuzzy Metric Spaces 77

My N (ATony2,Bxani1,t)

- / o(s)ds
0
Moar, N (Szony2,TToni1,kt)
>p-alt) / o(s)ds
0
min{ M N (Sxont2,AT2ny2,kt), M, N (TT2nt1,Bxani1,kt)}
+ b(t) / o(s)ds
0
max{Mn;, N (Stant2,AT2n12,kt) Murr N (TT2n41,Bxont1,kt)}
+ c(t) / o(s)ds
0
dan (kt) min{dan 1 (kt),dan (kt)}
—a(t) / o(s)ds + b(t) / o(s)ds+
0 0
max{d2n+1(kt),d2n(kt)}

c(t) p(s)ds.

It
dgn(kt) d2n+1(kt)

o(s)ds >p» / w(s)ds

0 0
for some n € N in the above inequality we get
don41(t) don41(kt)
p(s)ds > - / w(s)ds
0 0
dant1(1)

which is a contradiction. Hence

dan+1(t) dan (Kt)
0 0

As in the proof of theorem 2.4, {y, } is a Cauchy sequence and the completeness of
X implies that {y,,} converges to z in X. Assume that S(X) is closed. Then there exists
u € X such that Su = z.
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If z # Aw using (2.9) we have

Mot n (Au,Bropi1,t) Mot n (Su, Tz i1,kt)
peidszatt) [ s
0 0
min{ Mz, n (Au,Su,kt), Mar, N (Bxan+1,Tx2n11,kt)}
+b(1) / p(s)ds
0
max{Mar, v (Au,Su,kt), Mar, § (Boon 11, T2 11,kt)}
+ c(t) / o(s)ds
0
Letting n — co we get
Mo n (Au,z,t) Mo, v (Au,z,kt)
/ o(s)ds >r- a(t) —+b(¢) / w(s)ds + c(t)

0 0
Mar, v (Au,z,t)
> / w(s)ds
0
which is a contradiction. Hence Au = Su = 2. Since A(X) C T(X), there exist v € X,
such that Tv = z.
If =z # Bv using (2.9) we obtain

M, N (2,Bv,t) My, N (Au,Bu,t)
ods= [ s
0 0

M, N (Su,Tv,kt)

>r-a(t) / p(s)ds

0
min{ M s, N (Au,Su,kt), M, N (Bv,Tv,kt)}
+0(t) / o(s)ds
0
max{ M, N (Au,Su,kt), Mnr, n(Bv,Tv,kt)}
+ c(t) / ©(s)ds
0
MM'N(A’U.,B’U,t) MMYN(AU,B’U,t)
—y b)) [ e e [ s,
0 0

which is a contradiction. Hence Tv = Bv = Au = Su = z. Since the pairs (A, S) and
(B, T) are weakly compatible we have ASu = SAu and TBv = BTv;i.e., Az = Sz and
Bz =T-xz.
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If Az # 2 using (2.9), we have

M, N (Az,z,t) M, N (Az,Bu,t)
cds = [ s
0 0

M, N (Sz,Tv,kt)

> pa) [ s
0
min{ M, n(Az,Sz,kt),Mnr, N (Bv,Tv,kt)}
+b(t) / ©(s)ds
0
max{Mn,n(Az,Sz,kt), My, ~n(Bv,Tv,kt)}
+c(t) / p(s)ds
0

M, N (Az,z,kt)

. / o(s)ds + b(t) + e(t)
MM,N(jz,z,t)

> L / ¢(s)ds,

0

which is a contradiction. Hence Az = Sz = 2. Similarly we can prove that z = Bz = T'z..
Therefore z is a common fixed point of A, B, .S and T'. The uniqueness of z follows from

(2.9). O
If p(t) = 1 in theorem 2.6 we obtain a generalization of theorem 2.6 of [25].
Example 2.3. Let (X, My n,7T) as in example 2.3. Define 4, B, S,T : X — X by

Arx =Bz =1

3

l .
Sx:{?i if x€]0,1), T:E:{

if =1,

—_ O

it xzelo,1),
if =1

9

P(t1,t2) = (vVt1,0) fort = (t1,t2) € L*\ {0p, 11+ },
¢ :Ry—R, by
©(s) = max{s'/*"2(1 —Ins),0} fors> 0and p(0) =0
and a,b,c: [0,00) — [0,1] by

M= ety =
:77 :770 =
t2+t+1 t24+t+1 t2+t+1

a(t)

forall ¢ > 0.
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Then, it is clear that for all € > 0, [ ¢(s)ds = e« >0andforall z,y € X andt > 0
0

M, N (Az,By,t)

p(s)ds = [ p(s)ds =1
/

M]\LN(SI,Ty,kt)

palt) [ el
0
min{ M, n (Az,Sz,kt), M~ (By,Ty,kt)}
+ b(t) / o(s)ds
0
max{ M, n (Az,Sz,kt),Mar,n (By,Ty,kt)}
+ ¢(t) / p(s)ds
0
It is easy to see that the other conditions of theorem 2.6 are satisfied, consequently, 1 is
the unique common fixed point of A, B, S and T'.
Moreover, for ¢(t) = 1, theorem 2.6 of [25] is not applicable since S and T are not
continuous.
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