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and Fabrizio and we study some related fractional diffeaéatjuations.
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1 Introduction

Let us recall the well known definition of Caputo fractionarivative [1]. Givenb > 0, f € HY(0,b) and 0< a < 1, the
Caputo fractional derivative df of ordera is given by

1

CDaf (t) = m

/Ot(t _99f(sds  t>0.

Fractional calculus and, in particular, Caputo fractiomedivative, finds numerous applications in different arefas
science 2,3,4,5].

By changing the kerndt —s)~? by the functionexp—a(t —s)/(1—a)) and ¥ (1—a) by 1/,/2r(1— a?), one
obtains the new Caputo-Fabrizio fractional derivative mfey 0< a < 1, which has been recently introduced by Caputo
and Fabrizio in §]. That is,

(2—a)M(a)

CFDC{f (t) — 2(1_0)

/Otexp<—%(t—s)> f'(s)ds t>0,

whereM(a) is a normalization constant depending@n

According to the new definition, it is clear that fifis a constant function, thetfiD? f = 0 as in the usual Caputo
derivative. The main difference between old and new dediniis that, contrary to the old definition, the new kernel has
no singularity fort = s.

It is well known that Laplace Transform plays an importaié¢iia the study of ordinary differential equations. In the
case of this new fractional definition, it is also known (sé that, for 0O< a < 1,

20 0] 9= 5oy gy (X016 -10),  s>0 @

where.Z [g(t)] denotes the Laplace Transform of functmr8o, it is clear that if we work with Caputo-Fabrizio derivat
Laplace Transform will also be a very useful tool.
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2 The associatedractional integral

After the notion of fractional derivative of order o < 1, that of fractional integral of order @ a < 1 becomes a
natural requirement. In this section we obtain the fra@iamtegral associated to the Caputo-Fabrizio fractioealative
previously introduced.

Let 0< a < 1. Consider now the following fractional differential edjoa,
CFDYf(t) =u(t), t>0. )
using Laplace transform, we obtain:
LD ()] (59 =L M) (s, s>0.
That is, using 1), we have that

(2—a)M(a)

2fsrai-g) ZIOE-10)=ZUOIE,  s>0

or equivalently,

Zf1)] (s) = %f(O) + mf[u(t)] (s)+ %f[u(tﬂ (s), s> 0.
Hence, using now well known properties of inverse Laplaaagform, we deduce that
_ 2(1-a) 2a t
0= 5 oma 'Vt 2 a )i /0 u(s)ds+ f(0), t>0. 3)

In other words, the function defined as

0= G et 0 = aarar J, U9Oste 120

wherec € R is a constant, is also a solution @&(
We can also rewrite fractional differential equati@) &s

%/otem(_%(t—sv f'(s)ds=u(t), t>0,

or equivalently,

t a , 2(1-a) a
_— = > 0.
/Oexp(l_a )f(s)ds (2—a)M(a)EXp(1—at> u(t), t>0
Differentiating both sides of the latter equation, we obtaiat,

F(t) = % <u/(t)+%u(t)> . t>o0

Hence, integrating now from 0 to we deduce as ir8], that

2(1-a) 2a

(0= 3 qnagay U0 U0 + @ /t us)ds+f(0), t>0.

2—a)M 0
Thus, as consequence, we expect that the fractional infg€aputo-Fabrizio type must be defined as follows.
Definition 1. Let0 < o < 1. The fractional integral of ordeo of a function f is defined by,

2(1-a) 2a
2-am(@) "V - am(a)

CRAf(t) = /Otu(s)ds, t>0.
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RemarkNote that, according to the previous definition, the fratdidntegral of Caputo-Fabrizio type of a function of
order O< a < 1is an average between functibrand its integral of order one.

Imposing
2(1-a) 2a
+ =1,
(2-a)M(a)  (2—a)M(a)
we obtain an explicit formula fo¥ (a),
M(a) = _Z 0<a<1
S 2-a’ -

Due to this, we propose the following definition of fractibdarivative of order 6< a < 1.

Definition 2. Let0 < a < 1. The fractional Caputo-Fabrizio derivative of ordearof a function f is given by,

1 t a
CFRO — (t — / >
D; f (t) =71 0 exp( 1 (t S)) f (s)ds t>0.

3 Some fractional differential equations

In this section we study some simple but useful fractionfiéential equations.
Lemma 1. LetO< a < 1and f be a solution of the following fractional differenteduation,

°DYf(t)=0, t>0. (4)
Then, f is a constant function. The converse, as indicatéueiintroduction, is also true.

Proof. From (3), we obtain that the solution offf must satisfyf (t) = f(0) for allt > 0. Hence, it is clear that must be
a constant function. O

Proposition 1. LetO < a < 1. Then, the unique solution of the following initial valu@plem

DA (t) = o(t), t>0, (5)
f(0)=focR; (6)
is given by
f(t) = fo+aq(o(t)—0(0)) +balto(t), t>0, (7)
where Lo denotes a primitive off and
2(1-a) 2a

Z-aM@ T 2-aM@) “

Proof. Suppose that the initial value probleB){6) has two solutionsf; and f,. In that case, we have that
cFpa fl(t)—CFDa fa(t) = [CFDG f1— fz} (t)=0 and (fl— fz) (0)=0.
So, by Lemmél, we have thaf; — f, = 0. That isfi(t) = fo(t) forallt > 0.
By (3), it is clear that the function defined b¥)(is a solution of the fractional differential equatids).(Moreover, if

we substitute by 0 in (7), we obtainfy.
Hence, the function defined by)(is the unique solution of initial value problerd){(6). O

RemarkFora = 1, we have that the solution 0B)is the usual primitive otr.
Now, we consider the following linear fractional differeltequation
CFDIf(t)=A f(t)+ut), t>0, 9)

whereA € R, A £ 0 (A = 0 corresponds to the case previously studied).
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From Propositiori, we have that solving equatio8)(is equivalent to find a functio such that
t
£(t) = fo+aa [A (F(t) - fo) + u(t) — u(0)] + ba /O Afru(ds t>0
whereag, by are given by 8). Equivalently, we must find such that

(1-Aag) f(t) =AbgIf (t) = (1—Aaq) fo+aq (ut) —u(0)) +bal*u(t), t>0.

If Aag =1, we obtain:

ag ba
— _ = >
f(t) = A by u'(t) jl u(t), t>0
In the other case, i. e}, ay # 1, we have that:
Aby 4 ~
— >
f(t)— T I*f(t) =0 (1), t>0, (20)
where
- Ay by 1
_ _ > 0.
a(t) = fo+ - (u(t) —u(0)) + - Ifu(t), t>0

The case\ = 0 is trivial, and we obtairf = &. If A # 0, we see thatl0) can be rewritten as

f)—A1Yf(t)=6(t), t>0

where

Hence, y
f'it)=Af(t)+a(t), t>0.

Thus, we have obtained an ordinary differential equatidrictvhas a unique solution if we consider an initial conditio

In consequence, we have proved the following result.

Proposition 2. Let0 < a < 1. Then, initial value problem given by

CDAf(t)=Af(t)+ut), t>0,
f(O) = fo eR;

has a unique solution for any € R.

4 Nonlinear fractional differential equations

Theorem1.LetO< o <1, T >0and¢: [0,T] x R — R a continuous function such that there exits-10 satisfying,
lp(t,s1) —P(t,)| <L|s1 — | forall si, s eR.
If (ag +bg T)L < 1, then the initial value problem given by

DT (1) = ¢ (t, f(1)), te[0,T], (11)
f(0)=fo€R; (12)

has a unique solution o#'[0, T].

(@© 2015 NSP
Natural Sciences Publishing Cor.



Progr. Fract. Differ. Appl1, No. 2, 87-92 (2015) www.naturalspublishing.com/Journals.asp NS = 91

Proof. Let¢’[0, T| be the space of all continuous functions defined on the iat@yT | endowed with the usual supremum
norm, that is,

IIf]| = sup |f(t)] forall fe%]0,T].
te[0,T]

We consider the operatot”: €0, T] — %[0, T] defined by,

A f(t)=ct+agd(t, f(t))+by /Oth(s,f(s))ds forall fe%[0,T],

where
c=—aqg9(0,fo) + fo

By (3), finding a solution of {1)-(12) in €’[0, T| is equivalent to finding a fixed point of the operatdf.
Since for allf, f, € €[0,T] and allt € [0,T] we have that

A0~ A 12001 = oo (80 120) (. 12(0) ) + b [ 9 a(5) s~ [/ (s.12(5) )

<ag |p(t, f1(t)) — o (t, fu(t))| +ba /Ot |0(s. f1(s) — ¢ (s fa(9))| ds

t
<aq LI~ Blb)] +boL [/ 1105~ F(9)] ds
<(ag+ba T)L[[f1— fof],

we conclude that operato#” is a contraction. The statement follows now from Banach®&iPoint Theorem. O

5 Application to fractional falling body problem

Consider a mass falling due to gravity. The net force acting on the body isada the rate of change of the momentum
of that body. For constant mass, applying the classical biew#cond law, we have

mv(t) = mg— kv(t),

whereg is the gravitational constant, and the air resistance ipgnnal to the velocity with proportionality constaat
If air resistance is negligible, thén= 0 and the equation simplifies to

V(t)=g.
If we replaceD! = v by D we have the following fractional falling body equation
CFD(t) = —Ev(t) +9
p- .

For an initial velocityv(0) = v then, according to Propositidh it has a unique solution.
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