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Abstract: The object of the present paper is to characterize geneds8asakian-Space-Forms satisfying certain curvaturditgams
on M-projective curvature tensor. In this paper, we studyidiectively semisymmetricé -M-projectively flat, and M-projectively
recurrent generalized Sasakian-Space-Forms. Also dameel&asakian-Space-Forms satisfying.\8=0 have been studied.
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1 Introduction the conformal curvature tens6ris a map
In 1971, G. P. Pokhariyal and R. S. Mishrkflefined a C:ToM x ToM x ToM — @(ToM) & {&p}, pE€M
new curvature tensd* on a Riemannian manifold and . . ) )
studied its relativistic significance. The&/*curvature An almost contact metric manifold is said to be
tensor of type (0,4)fof2n+ 1) Riemannian manifold is (1) conformally symmetricZq] if the projection of the
defined by image ofCin ¢(TpM) is zero,
1 (2) ¢ conformally flat B] if the projection of the image
W*(X,Y,Z,U) = 'R(X,Y,Z,U)——[(Y,Z)g(X,U) of Cin{¢p}
4n is zero,
—S(X,Z)g(Y,U) +9(Y,Z)S(X,U) (3)¢-conformally flat [7] if the projection of the image
—g(X,2)(Y,U)] (1)  Oof C[TpM x TyM x T;Min @(TyM) is zero.

) . Here cases(1),(2), and (3) are synonymous to
whe(e S is the Ricci tensor of type (0,2). Such a tensorconformally symmetric -conformally flat and
W* is known asM-— projective curvature tensor. A g conformally flat. In[20] , it is proved that a conformally
manifold whoseM —projective curvature tensor vanishes gymmetric K-contact manifold is locally isometric to the
at each point of the manifold is knownMs-projectively it sphere. In], it is proved that a K-contact manifold
flat manifold. Thus thi; tensor represents the deviationhef t is &-conformally flat if and only if it is ann -Einstein
manifold fromM— projective flainess.Second authdS[  gagakian manifold. In7] some necessary conditions for
14] defined and studied the propertiesMf- projective  _contact manifold to bep-conformally flat are proved.
curvature tensor in Sasakian and Kaehler manifolds. Heoreover, in P] some conditions on conharmonic
has also shown that it bridges the gap between conformaly,yature tensor are studied which has many applications
curvature tensor, con-harmonic curvature tensor angp physics and mathematics on a hypersurface in Semi-
con-circular curvature tensor on one side aRd-  gyclidean spac&*t. On the other hand a generalized
projective curvature tensor on the other. _ Sasakian-space-form was defined by Alegre el 8L As

Let Mbe an almost contact metric manifold {he aimost contact metric manifoltM2™+1, @, & 1. g)

equipped  with an almqst contact — metric \ynose curvature tenseis given by
structuré@,&,n,g) . At each pointp € M, decompose

the tangent spaceTpM into the direct sum R= f1R; + foRy + f3Rs, (2)
ToM = @(TpM) & {&p}, where {&p} is the 1-
dimensional linear subspace BfMgenerated b§,. Thus  Wherefy, f5, f3 are some differential functions dvi and
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for arbitrary vector fieldX andY, then(M?"1 ) is said
Ri(X,Y)Z=9g(Y,2)X —g(X,2)Y, to be an almost contact metric manifdi], and the structure
(9,€,n,9) is called an almost contact metric structure to
M2 In view of (2.1),(2.2) and(2.3), we have

Ro(X,Y)Z = g(X, 0Z) oY — g(Y, 0Z) X + 29(X, oY) 0Z
2X.Y)Z =X, 2)¢¥ — oY, g2)¢X + 20X, 9V)e 9(PX.Y) = —g(X.9Y). g(@X.X) =0,

Rs(X,Y)Z = n(X)n(2)Y —n(Y)n(Z)X
—g(X,2)n(Y)& —g(Y,Z)n(X)& (3) (Oxm)(Y) = g(0x&,Y). (7

for any vector fieldx,Y,Zon M1 In such a case we Again we knowl( that in a (2n + 1)-dimensional
denote the manifold asM(fy, f, fs). This kind of  9eneralized Sasakian- space-form

manifold appears as a generalization of the well-knownR(X,Y)Z = f 1{g(Y,Z2)X —g(X,Z)Y}
Sasakian-space-forms by takifig= H3 fy=f3= 0%41_. ,{0(X, 0Z)@Y — (Y, 0Z)OX +29(X, &Y ) 9Z}
It is known that any three-dimensionédr, 3)-trans -Sasakian (N (X)N2)Y =nY)N(2)X

manifold with a,Bpending on £ is a generalized sU1oN nevon
Sasakian-space-formiL(]. Alegre et al. has given the +9(X,Z)n(Y)§ —g(Y,Z)n(X)E} (8
results in Plabout B. Y Chen’s inequality on for all vector fieldsX,Y,Zon M?"t1 where Rdenotes
submanifolds of generalized complex space-forms ancturvature tensor df12"+1

generalized Sasakian- space-forms. Al-Ghefari et al. _
analyze the CR submanifolds of generalized S(X,Y) = (2nf1+3f2— f5)g(X,Y)
Sasakian-space-forms],[13]. The Structure of a Class —(8f2+ (2n—1)f3)n(X)n(Y), )
of Generalized Sasakian-Space-Forms has studied by De

and Majhi [L8.Also Some Results on Generalized

Sasakian-Space-Forms have studied by U.C. De and A. QX = (2nfy+3f; — f3)X — (3f2+ (2n— 1) f3)n(X)¢,

Sarkar [19. In [20, Kim studied conformally flat (10)
generalized Sasakian- space-forms and locally symmetric
generalized Sasakian-space-forms. De and Sarkdr [ r=2n(2n+1)f;+6nf, —4nfs. (11)

have studied generalized Sasakian-space-forms regardingye aiso have for a generalized Sasakian-space-forms
projective curvature tensor. Motivated by the above ssjdie

the present paper,we study flatness and symmetry property of RX,Y)E = (f1— f3)[n(Y)X — n(X)Y] (12)
generalized Sasakian- space-forms regardMg-projective ’ ’
curvature tensor. The present paper is organized as follows

In this paper, we study thiel —projective curvature tensor _ _ _ _
of generalized Sasakian-space-forms. In Sectijn some R(EX)Y = —R(X, &)Y = (f — f3) (X, V)¢ = n(¥V)X],

preliminary results are recalled. In Sectid® we study (13)

M —projective semisymmetric generalized

Sasakian-space-forms. -M —projectively flat generalized n(R(X,Y)Z) = (f1 — f3)[n(X)9(Y,Z) — n(Y)g(X,Z)],

Sasakian-space-forms are studied in Sectighand necessary (14)

and sufficient condition for a generalized Sasakian-sjaice-

to be &- M—projectively flat is obtained. In Sectiorb, S(X, &) = 2n(f; — f3)n(X), (15)

M —projective recurrent generalized Sasakian-space-fomas a

studied. Section6 is devoted to the study of generalized

Sasakian-space-forms satisfyii§.S= 0. Q¢ = 2n(f1— f3)¢ (16)
whereQ is the Ricci operator, that is,

2 Preliminaries 9(QX,Y) =S(X,Y)

A generalized Sasakian-space-form is said tg beEinstein

; : ; ; ; 2n+1
If, on an odd-dimensional differentiable manifold of if its Ricci tensorSis of the form:

differentiability classC' 1, there exists a vector valued real
linear functiong, a 1-formn, the associated vector fiefd and S(X Y) _ ag(X Y) +bn (X)f] (Y) (17)

the Riemannian metrig satisfying
for arbitrary vector fieldsX andY, where a and b are smooth

@PX =X +n(X)E, @E&)=0, (4)  functions olM®*"%, For a2n+ 1 -dimensionaln > 1) almost
contact metric manifold th& —projective curvature tensow*

is given by B]
ni€) =1 9aX,&§)=n(X), n(ex)=0, (5 1
W*(X,Y)Z=R(X,Y)Z— n [S(Y,Z)X —S(X,Z2)Y

g(eX,eY) = g(X,Y) —n(X)n(Y), (6) +9(Y,Z)QX —g(X,2)QY] (18)
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The M-projective curvature tensdf“in a generalized Sasakian- From the above equation, we have eitlige f3 or
space-form satisfies . .
on_1 g(U,W*(X,Y)&) +n(W*(X,Y)U) =0 (28)
WX, Y)E = = (f1= o) [n(Y)X = n(X)Y] which by using(2.15) & (2.16) gives
1
— 2 n(Y)QX—=n(X)QY] (19) a(Y,U)n(X)—g(X,u)n(Y)=0 (29)
. which is not possible in generalized Sasakian-space-foen t
nW*(X,Y)&) =0 (20)  from (2.10), we haveR(€,U) = 0. Then obvioushRW* = 0 is
satisfied & proof is completed.
. 2n—1
1 4 £ — M— projectively Flat Generalized
~ S 2)8=n(2)QY] (21 sasakian-Space-Forms
on 1 Definition 2.A (2n + 1) -dimensional (n > 1) generalized
nW*(&,Y)Z) = f1— f3)[9(Y,Z) — n(Z)n(Y Sasakian-space-form is said to §e- M— projectively flatp] if
W*(£,Y)Z) = ( 12n )(f1—f3)[a(Y,2) = n(Z)n(Y)] W (X.Y)E = Oforall X.¥ ¢ TM
_E[S(YZ) —2a(fi—f)n(Mn@)]  22)  Theorem 24 (2n + 1)-dimensional (n>1) generalized

2n—1
2n

1
= zn S, 2N (X) = SX, Z)n(Y)]

nW*(X,Y)Z) = ( )(f1=13)[9(Y,2)n(X) —9(X, Z)n(Y)]

(23)

3 M-projectively Semisymmetric Generalized
Sasakian-Space-Forms

Definition 1.A (2n + 1)-dimensional (n > 1) generalized
Sasakian-space-form is said to be —M projectively
semisymmetric 0] if it satisfies RW*=0, where R is the
Riemannian curvature tensorWs the M—projective curvature
tensor of the space-forms.

Theorem 1A (2n + 1)-dimensional (n > 1) generalized
Sasakian-space-form is Mprojectively semisymmetric if and
only if f1="13

Proof. Let us suppose that the generalized Sasakian-space-form

M(fq, f2, f3) is M—projectively semisymmetric. Then we have

R(E,U)W*(X,Y)E =0 (24)

which can be written as

R(E,UIWH(X,Y)E —WH(R(&,U)X,Y)¢&

“W*(X,R(§,U)Y)& —W*(X,Y)R(§,U)§ =0 (25)

Using(2.10) the above equation reduces to

(fl - f3)[g(U>W*(X>Y)6)E - U(W*(XvY)f)U
—g(X,U)W*(E,Y)&) +n(X)W*(U,Y)&
—9(U.Y)W*(X,&)&) +n(Y)W*(X,U)&

—NUW*(X,Y)§ +W*(X,Y)U] =0 (26)

Now taking the inner product of above equation wéhand
using(2.2) & (2.17), we get

XUl (@)

Sasakian-space -form &— M— projectively flat if and only if it
is Einstein manifold.

Proof. Let us consider that a generalized Sasakian-space-form is

& —M—projectively flat, that is
WH(X,Y)é =0
Then from(2.16),we have
1

R(X,Y)& = 2-[N(Y)QX=n(X)QY+S(Y, &)X — (X, §)Y
(30)
By (2.7) & (2.12) becomes
2n(f1—fa)[n (V)X =n(X)¥] = [n(Y)QX=n(X)QY] (31)
PutY =& in (4.2), we get
QX = 2n(f1 — f3)X (32)

Now taking the inner product of the above equation with U, we
get
S(X,U) =2n(f1 — f3)g(X,U) (33)

which implies that generalized Sasakian-space-form istEin
manifold. Conversely, suppose thdt4) is satisfied. Then from
(4.1) and(4.3), we get

W*(X,Y)E =0

Hence the proof is completed.

5 M-projectively Recurrent Generalized
Sasakian-Space-Forms

Definition 3. A nonflat Riemannian manifold #t+lis said to be
M—projectively recurrent if its M-projective curvature tensor
W*satisfies the condition

TW* = AW*,
where A is nonzero 1form[5]

(34)
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Theorem 3. A (2n + 1)-dimensional (n > 1) generalized
Sasakian-space-form is Mprojectively recurrent if and only if
f1 = fa.

Proof. Let us define a functioi? = g(W*,W*) on M1 where
the metric g is extended to the inner product between thetens
fields. Then we have

(Y f) = F2A(Y) (35)
this implies
Y f=f(AY)(f £0) (36)
From (5.3), we have
XY ) =Y(Xf) = {XAY)-YAX) - A(X,Y])f (37)

since Left hand side of5.4) is identically zero and # 0 on
M2%+1 then

dAX,Y)=0 (38)
that is, I-form is closed. Now from
(VxWH(Y,Z)U = AX)W*(Y,Z)U (39)

we get,
(Vv VxWH(Y,Z)U = {VA(X) + AV)AX)W*(Y,Z)U} (40)
From(5.5) & (5.7), we have

(RV,X)W*)(Y,Z)U = [2dA(V,X)]W*(Y,Z)U =0  (41)

Thus by theorem 1, we obtaif = f3 and converse follows
from retreating the steps.

Corollary 1.M—projectively recurrent generalized
Sasakian-space-form is-Morojectively semi-symmetric.

ProofFollows from above theorem & theorem 1

6 Generalized Sasakian-Space-Forms
satisfyingW*.S=0

Theorem4A (2n + 1)-dimensional (n>1) generalized
Sasakian-space-form satisfying “V8=0 is an n—Einstein
manifold.

Proof. Let us consider generalized Sasakian-space-fdff 1
satisfying
W*(€,X).S=0

Thus we can write

SW* (&, X)Y,Z) +S(Y,W*(¢,X)Z) =0 (42)

By (2.18) above equation reduces to
2(2n—1)(f1 — f3).2n(f1 - f3)[g(X,Y)
—-9(X,2)n(Y) =n(Y)S(X,Z) = n(2)S(X,Y)]
—[2n(f1 = f3){S(X,Y)n(Z2) +S(X, Z)n(Y)}

—n(Y)S(QX,Z2)+n(Z)S(QX,Y)] =0 (43)

PuttingZ = ¢ in (6.2), we get

SQX,Y) = 2n(fy — f3)[{2(2n - 1)(f1 - f3) - L}S(X,Y)
+2(2n—1)(f1 — f3)g(X,Y)]
—[(2n(f1— f3) +1).2(2n+ 1)(f1 — f3)n (X)n (¥4)
In view of (2.7) the above equation reduces to

SX.Y) = Lk_@ [2.2n(2n— 1)(f; — f3)g(X,Y)

+n(3fy+(2n—1)f3)

—(2n(f1—f3)+1).2n=1)n(X)n(Y)] (45)

where,
k=[(2nfy +3f2— f3) —2n(f1 — f3){2(2n—1)(f1 — f3) — 1}]

Thus the proof is completed.

7 Conclusion

In  this paper we have characterized generalized
Sasakian-space-forms satisfying certain curvature tiondion
M-projective curvature tensor.
We have found that
— A (2n+1)-dimensional(n > 1) generalized Sasakian-
space-form is  M-projectively semisymmetric if and only
if f1=f3.

If a (2n+ 1)— dimensional (n > 1) generalized
Sasakian-space-form  is M—projectively  flat  then
3fy = (1—2n)f3 & f1=0.

If f;= % = f3then a(2n+ 1)—dimensionaln > 1)
generalized Sasakian-space-fornMis-projectively flat.

A (2n+1)—dimensionaln > 1) generalized Sasakian-
space -form i€ — M— projectively flat if and only if it is
Einstein manifold.

A (2n+1)—dimensionaln > 1) generalized Sasakian-
space-form isM— projectively recurrent if and only if; =
fs.

M —projectively recurrent generalized Sasakian-space-
form is M—projectively semi-symmetric.

A (2n+1)—dimensionaln > 1) generalized Sasakian-
space-form satisfying W*.S = 0 is ap—Einstein manifold.

References

[1] C. Ozgur, “Ong-conformally flat Lorentzian para-Sasakian
manifolds,” Radovi Mathemaicki, vol. 12, no. 1, pp.-96.06,
2003

[2]C. Ozgur, “Hypersurfaces satisfying some curvature
conditions in the semi-Euclidean space,” Chaos,Solitorts a
Fractals, vol. 39, no. 5, pp. 24572464, 2009

[3] D. B. Abdussattar, “On conharmonic transformations in
general relativity,” Bulletin of Calcutta Mathematical Sety,
vol. 41, pp. 409- 416, 1966

[4] D. E. Blair, Contact Manifolds in a Riemannian Geometry,
vol. 509 of Lecture Notes in Mathematics, Springer, Berlin,
Germany, 1976

(@© 2018 NSP
Natural Sciences Publishing Cor.



Math. Sci. Lett.7, No. 1, 43-47 (2018) www.naturalspublishing.com/Journals.asp

[5] G. P. Pokhariyal and R. S. Mishra, Curvature tensor apd th
relativistic significance Il, Yokohama Mathematical Jalrn
vol. 19, pp. 97- 103, 1971

[6] G. Zhen, J. L. Cabrerizo, L. M. Fernandez, and M. Fernande
“On &-conformally flat contact metric manifolds,” Indian
Journal of Pure and Applied Mathematics, vol. 28, no. 6, pp.
725—734, 1997

[7]1J. L. Cabrerizo, L. M. Fernandez, M. Fernandez, and Z.
Guo, “The structure of a class of K-contact manifolds,” Acta
Mathematica Hungarica, vol. 82, no. 4, pp. 33340, 1999

[8] M. M. Boothby and R. C. Wong, On contact manifolds, Ann.
Math. vol. 68 , pp. 421450, 1958

[9] P. Alegre, A. Carriazo, Y. H. Kim, and D. W. Yoon, “B.
Y. Chen’s inequality for submanifolds of generalized space
forms,” Indian Journal of Pure and Applied Mathematics, vol
38, no. 3, pp. 185 201, 2007

[10] P. Alegre and A. Carriazo, “Structures on generalized
Sasakian-space-forms,” Differential Geometry and its
Applications, vol. 26, no. 6, pp. 656666, 2008

[11] P. Alegre, D. E. Blair, and A. Carriazo, “Generalized
Sasakian-space-forms,” Israel Journal of Mathematick, vo
141, pp. 157183, 2004

[12] R. Al-Ghefari, F. R. Al-Solamy, and M. H. Shahid,
“CR-submanifolds of generalized Sasakian space forms,”
JP Journal of Geometry and Topology, vol.6, no. 2, pp.
151166, 2006

[13] R. Al-Ghefari, F. R. Al-Solamy, and M. H. Shahid,
“Contact CR-warped product submanifolds in generalized
Sasakian space forms,” Balkan Journal of Geometry and its
Applications, vol. 11, no. 2, pp.-+ 10, 2006

[14] R. H. Ojha, A note on the M-projective curvature tensor,
Indian J. Pure Appl. Math. vol. 8, no.12, pp.1531534,
1975

[15] R. H. Ojha, M-projectively flat Sasakian manifolds, izl
J. Pure Appl. Math. vol.17, no.4 , 481484, 1986

[16] R. S. Mishra, Structures on a Differentiable Manifold
and Their Applications, vol. 56 A, Bairampur House,
Allahabad, India, 1984

[17]U. C. De and A. Sarkar, “On the projective curvature
tensor of generalized Sasakian-space-forms,” Quaestione
Mathematicae, vol. 33, no. 2, pp. 24252, 2010

[18] U.C. De and Majhi, “The Structure of a Class of
Generalized Sasakian-Space-Forms,” extracta matheamatic
Vol. 27, Num. 2301 308(2012).

[19] U.C. De and A. Sarkar, “Some Results on Generalized
Sasakian-Space-Forms  studied,” Thai Journal of
MathematicsVolume @010 Number 1 : 13- 10.

[20] U. K. Kim, “Conformally flat generalized Sasakian-spac
forms and locally symmetric generalized Sasakian-space-
forms,” Note di Matematica, vol. 26, no. 1, pp. 5%7, 2006

Shyam Kishor Asst
professor at dept of Mathematics
& astronomy University
of Lucknow Lucknow,
India UG/PG teaching :11 years

Prerna Kanaujia Research
Scholar at dept of Mathematics
& astronomy University
of Lucknow Lucknow, India

(@© 2018 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

	Introduction
	Preliminaries
	M-projectively Semisymmetric Generalized Sasakian-Space-Forms
	-M- projectively Flat Generalized Sasakian-Space-Forms
	 M-projectively Recurrent Generalized Sasakian-Space-Forms
	Generalized Sasakian-Space-Forms satisfying W.S=0
	Conclusion

